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ABSTRACT

In this article, we define an interval-valued picture fuzzy subsemigroup and an
interval-valued picture fuzzy left ideal[right ideal, ideal, bi-ideal, interior ideal, quasi-ideal]
of a semigroup, as well as investigate some properties of an interval-valued picture fuzzy sub-
semigroup and various types of an interval-valued picture fuzzy ideal of a semigroup. Fur-
thermore, we will study the relationship between each ideal of a semigroup and its interval-
valued picture fuzzification.

Keywords: Interval-valued fuzzy sets; Interval-valued picture fuzzy sets; Interval-valued

picture fuzzy ideals

1. Introduction and Preliminaries
For the purpose of completeness, we
start by reviewing a few basic concepts.
Throughout this paper, let X be a nonempty
set, A and B nonempty subsets of X and
let S be a semigroup. For nonempty sub-
sets T and Y of § we define a multiplica-
tionTY = {ty |t € T,y € Y}. Let T be
a nonempty subset of S. We call T a sub-
semigroup of S it T?> C T, it is a left ideal
of Sif ST C T, and it is a right ideal of S if
TS C T. By an ideal, we mean that it is both
a left ideal and a right ideal of S. Again, we
say that T is a bi-ideal of S if TST C T and

T must also be a subsemigroup of S. Ad-
ditionally, if T is a subsemigroup of § and
STS C T, then T is an interior ideal of S.
In addition, we call T a quasi-ideal of S if
TSNST CT.If for each s € §, there exists
an element ¢ € S such that s = sts, then S is
said to be regular.

Theorem 1.1. [§] For any right ideal R and
left ideal L of S, we have RN L = RL if and
only if S is regular.

Let a be a function from X to a close
interval [0, 1]. Then we call « a fuzzy sub-
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set of X. It was launched by Zadeh [[18] in
1965.

A decade later, Zadeh [[19] presented
the basic idea of an interval-valued fuzzy
subset. It is a more general version of fuzzy
subsets. We now review some concepts of
interval numbers.

Let CI[0, 1] be the set of all closed
subintervals within [0, 1], that is,

CI[0,1] = {[x,y] |x <yandx,ye€ [0,1]}.

We denote [0,0] and [1,1] by 0 and 1,
respectively.

Let [x1, y1] and [x2, y2] be elements
of CI10, 1].

1. The refined minimum of [x1, y1] and
[x2, y2] is defined by

rmin{ [x1, y1], [x2, y2]} = [l*,u*],

where [, = min{x{,xs} and
u. = min{y1, y2}.

2. The refined maximum of [x1, y1] and
[x2, y2], is defined by

rmax{[x1, y1], [x2, y2]} = [l*’”*]’

where [I* = max{x1,x2} and
u” = max{y1, y2}.

3. [x1,y1] = [x2, yo] iff

X1 > x2 and y; > yo.

4. [x1,y1] = [x2,yo] iff

x1 < xg and y; < yo.

5. [x1,y1] = [x2, yo] iff

x1 =x2 and y1 = ya.

6. [x1,y1] = [x2,y2] iff

7. [x1,y1] < [x2, y2] iff

[x1,y1] 2 [x2,y2] and [x1, y1] # [x2, y2].

Let {[xi,yi] | i e A} be the collec-
tion of close subintervals of [0, 1]. We de-
fine

) =
sup [x;, yi] = sup yi,
ieA ieA
rinf [, yi] = [}gﬁxl}g vil
and rsup [x;, y;] = [sup x;,sup y;].
ieA ieA i€A

We call a function from X into
CI[0,1] an interval-valued fuzzy subset
(IVFS) of X.

Let @ and o be IVFSs of X. We define

1. @ Coiffa(z) X o(z) forall z € X.
2.a=piffa Coandp C@.

3. (@VU 0)(z) = max{a(z),0(z)} for
all z € X.

4. (anp)(z) = min{a(z), 0(z)} forall
z€X.

Proposition 1.2. [9] Let o, 0 and v be
IvFSs of X.

Q) Ifo

4) If o Co,thenT U
yuo cvUp.

<|
IN
|
-
<|
S
S
Y

(5) Ifoc Co,thenaT NV CoNVand
yNno cvNnop.

[x1,y1] = [x2,y2] and [x1,y1] # [x2, y2].
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Define interval-valued fuzzy subsets
ka and ¥/, of X by

Za(a) 1 ifacA,
K a) =
A 0 ifag¢A,
and
2 (@) 0 ifacA,
K a) =
A 1 ifa¢A.

Proposition 1.3. [9] The following proper-
ties are true.

(1) AC Bifandonly ifka C xp.
(2) Kaup =Ka UKp.
(3) Kan =KaNKp.

Proposition 1.4. The following properties
are true.

(1) A C Bifandonly if Ky C K.
(2) Ryp €Ky UR).
(3) ¥4 NKy C Kpnp-
(4) K4 UKp =Kynp-
(5) K4 NKp =Kyyp-

Proof. The proofs of these five properties
are straightforward. O

Let @ and o be two IvFSs of S. De-
fine @ 0 o and @ ® p of S by

rsup rmin{@(v), 0(1)} if s € S,

Ss=vt

(@c0)(s) =
0

and

ifs ¢ S2,

rinf rmax{@(v), 0(¢)} if s € 52,

@2)(s) = {
1

It is well-known that the operations © and
are associative.

ifs ¢ S2.
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Proposition 1.5. Let o, ¢ and v be IvFSs
of S. Then

(1) If o €V, then

coCoovandpooog CvooU.
(2) If o €V, then
cgepoCoevandpoeo Cver.

Proof. The proofs these two statements are
straightforward. O

Proposition 1.6. Let o, 0 and v be IVFSs of
S. Thus the following properties list below
are true.

(1) ?o(oUv)=(cop)U(T o).
Q) oco(onv)=(cop)n(cov).
3) (cUp)ov=(cov)U(ooV).
4) (cno)ov=(cov)n(gsy).
(5) ce(ouv)=(cep)U(TeV).
6) ce(onv)=(ceo)N(ceV).
(7) (cup)ev=(ceVv)U(oeV).
8) (cnNno)ev=(cev)Nn(oeV).

Proof. (1) Lets € S.
Case 1: s ¢ S2. Then

(To(@UY))(s) =
= (oo V(T ov)(s).

Case2: s € §2. So

(s (@UM)(s)
= rsup rm1n{0'(v) (oy v)(t)}

s=vt

= rsup rmm{O'(v), rmax{o(t), V(f)}}

Ss=vt

= rsup rmax{rmin{F(V), o)},
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rmin{o (v), V(t)}}

= rmax{rsllp rmin{c (v), 0(7)},

rsup rmin{o-(v), v(¢)}}
= rmax{(c ° 0)(s), (¢ 2 V)(s)}
=((Fo2) U(@ToV))(s).

Therefore, o 6 (oUV) = (o 0)U(T V).
The proofs of (2)—(8) are the same
manner as those of (1). O

Proposition 1.7. [9] Let T and Y be
nonempty subsets of S. Thus

KT © Ky = KTY.

Proposition 1.8. Let T and Y be nonempty
subsets of S. Thus

- == =
KT .KY = KTY'

Proof. Lets e S.
Casel: s € TY. Thuss =ty forsomer € T
and y € Y. Then

(Ry 8 %) (5) = rinf rmax (%} (n), 7y ()}

< rmax{x7 (1), ky (y)}
= rmax{0,0} = 0.

Thus (k7 ® ky)(s) = 0 =Ky (s).

Case2: s¢TY.

If s € §2, then s = ty for some ¢,y € S with
té¢TorygY.

(Ry 8 ) (s) = rinf rmax{®; (), &y ()}

< rmax{x7 (), ky (y)}

=1=%py(s).
If s ¢ S2, then
(k7 o &) (s) =1 =Kpy (s).

- — = _ =/
Therefore, k- ® Ky = K7y
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In 1983, Atanassov []l]] extended a
fuzzy subset to an intuitionistic fuzzy set.
For an intuitionistic fuzzy set (IFS), an ele-
ment is expressed by a degree of member-
ship and non-membership, where the sum-
mation of these two degrees of membership
is always less than or equal to one. Later,
Atanassov and Gargov [2, 3] proposed an
interval-valued intuitionistic fuzzy set (Iv-
IFS) based on an IFS and an IvFS. Mathe-
mathecians studied a concept of an IVFS in
various algebraic structures.

Many years later, in 2013, Cuong et.
al. [4,5] presented a picture fuzzy set (PFS),
which are extensions of a fuzzy subset and
an IFS.

A picture fuzzy set of X is defined as
the set

{(p.a(p).0(p)v(p)) | p € X},

where a, o, v are fuzzy subsets of X, satis-
fying the following condition:

0<a(p)+o(p)+v(p) <1lforall p € X.

We refer to a(p), o(p), and v(p)
as the degree of positive membership, neu-
tral membership, and negative membership
of p, respectively. The degree of refusal
membership of p in X is then defined as
L -a(p) - o(p) - v(p).

In general, a situation in which hu-
man decisions necessitate a greater range of
responses: yes, abstain, no, and refuse, a
PFS can be applied. Additionally, a defi-
nition and properties of an interval-valued
picture fuzzy set (IVPFS) was simultane-
ously created.

An abstention is a term in election
procedure that refers to when a voter does
not vote (on election day).

In 2015, Yang et al. [14] redefined
picture fuzzy sets without mentioning the
Cuong’s defining of PFSs.
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A picture fuzzy set (PFS) of X is de-
scribed as the set

{(p.a(p).o(p).v(p)) | p € X},

where a, o, v are fuzzy subsets of X, satis-
fying the following conditions:

0<a(p)+v(p) <land

0<a(p)+o(p)+v(p) <2forall p € X.

A PFS of X is briefly denoted by

(a, 0,Vv).
An interval-valued picture fuzzy set
(IvPFS) of X is defined by,

{(r.3p).20).7(p) | p € X},

where @, 0, v are IvFSs of X, satisfying the
following conditions:

0 < sup @(p) +sup v(p) <1and

0 < sup a(p) +sup o(p) + v(p) <2

for all p € X. The IVPFS of X is briefly
denoted by (@, 0,V).

Let %G (@1,0;,71) and K>
(a2, 04, v2) be two IVPFSs of X.

1. K1 € Ko iff
a1 C a2, 09 € 01 and Vo C 5.

2. K1 =9G4 iff K € Ko and Ko € K.

3. We define a union of K and K5 by
FLUKs = (51 Uao, El 052, Vi ﬁVQ) .

4. We define an intersection of K; and
7(2 by
KiNKy = (51 Nas, 51 U§2’ Vi UVQ) .

The next results are following from
Proposition [1.2.

Proposition 1.9. Let K, Ko, and K3 be
IvPFSs of S. The following properties are
valid.
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(1) K1 €Ki UKy and Ko € Ky U Ks.
2) K1 NKy C Ky and K1 N Ko C K.

3) If K1 € Ko and Ko C K, then Ky C
XKs.

4) If K1 C Ko, then K1 U K3 C Ko UK
and K3 UK, C K3 U Ks.

(5) IfIG € Ko, then G NI S Ko NKs
and K3 N Ky C K3 N K.

The characteristic interval-valued
picture fuzzy set (CIvPFS) of A in X is de-
fined by

{(p,?A(p),FA(p),FA(p)) |pe X}.

We denote the CIVPFS of A in X by
(ka, &y, k) and write S instead of
(Ks, Kg, Kg).

The next proposition is a direct con-
sequence of Proposition |L.3 and Proposition

L4

Proposition 1.10. Let (ka,ky,K,) and
(KB, K, Kg) be two CIVPFSs of subsets A
and B of X, respectively. Then

(1) A € Bifandonly if

2) (ka

-’ =/

KA’ KA) U (EB,ElB,E};)
= (EAUB’E:AUB’E:AUB)’
(3) (Ka.Ky.Ky) N (KB, Ky, Kp)
Z _, 7k
= (KanB: Kznp: Kang)-
The product of two IvPFSs K; =

(alaél’vl) a'nd 7(2 = (aQ’EQaVQ) Of S’
written K ©,, K>, is defined by

(ay o@2, 01 ® 0y, V1 ®V2).

Proposition 1.11. Let K1, Ko, and K3 be
IvPESs of S. If Ko € K3, then Ky 0, Kz C
K op I3 and Ko op 1 C K3 op XK.
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The next results follow directly from
Proposition [L.4.

Proposition 1.12. Let K, Ko and K3 be
IvPESs of S. The properties list below are
true.

(1) K1 5p (1 N K3)

= ((](1 6[, 7(2) N (7(1 5p 7(3)

2) (7(1 N 7(2) Op Ks

= (K1 5p Ks) N (Ka 5 %)
(3) Kiop (KU 7(3)
(7<1 op Ka) U (K1 5p Ks).

4 ((](1 U (](2) 617 XKs

= ('7(1 op 7(3) U (7(2 op 7(3).

Proposition and Proposition
yield the following result.

Proposition 1.13. Let (kr,k7,k7) and
(Ky, Ky, Ky) be two CIvPFSs of nonempty
subsets T and Y of S, respectively.

= (ETY, E”TY? E,Ty)

-/ =/

KY’ KY

The idea of a fuzzy subset was ap-
plied to a group by Rosenfeld [|13], to that
rings by Liu [[11]], and to that semigroups by
Kuroki [8,9].

Let a be a fuzzy subset of S. Then we
call @ a fuzzy subsemigroup of § if it follows
a condition

a(tw) > min{a(?), a(w)},

forallt,w € S, it is a fuzzy left ideal of S if
it satisfies the following condition

a(tw) = a(w),

for all z,w € S, and it is a fuzzy right ideal
of S if
a(tw) = a(t),
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forallz,w € S. If @ is both a fuzzy left ideal
and a fuzzy right ideal, then it is said to be a
fuzzy ideal of S. Let a be a fuzzy subsemi-
group of S. We call « a fuzzy bi-ideal of S
if
a(tws) > min{a(t), a(s)},

for all £,w,s € S, and « is called interior
ideal of S if

a(tws) > a(w),

for all t,w,s € §. A fuzzy subset a of S is
a fuzzy quasi-ideal of S if

(@nks)o(ksNa) C a,

where kg is a characteristic function of S.

In 2003, Kuroki et. al. studied some
properties of a fuzzy left ideal, a fuzzy right
ideal, a fuzzy ideal, and a fuzzy bi-ideal
of a semigroup. For the IVFS, Narayanan
and Manikantan [[12] gave the notions of
an interval-valued fuzzy subsemigroup and
various tpyes of an interval-valued fuzzy
ideal of a semigroup in 2006. Furthermore,
an IFS and an IvIFS were studied of semi-
groups. Recently, lampan et. al. [[7,]10,[17]
discussed PFSs and IvPFSs in UP-algebras.
In addition, Yiarayong []15,[16] applied the
concept of a PFS to a semigroup and stud-
ied a picture fuzzy subsemigroup, a picture
fuzzy left ideal, a picture right ideal, a pic-
ture fuzzy ideal, and a picture fuzzy bi-ideal
of a semigroup.

In this paper, we introduce an
interval-valued picture fuzzy subsemigroup
and various types of interval-valued pic-
ture fuzzy ideal (left ideal, right ideal, ideal,
bi-ideal, interior ideal, quasi-ideal) of a
semigroup and study some properties of an
interval-valued picture fuzzy subsemigroup
and each types of an interval-valued pic-
ture fuzzy ideal of a semigroup. Moreover,
we will investigate the relationship between
each ideal of semigroups and its interval-
valued picture fuzzification.
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2. Main Result

We begin this section by introducing
an interval-valued picture fuzzy subsemi-
group and giving some properties of them.

Definition 2.1. An interval-valued picture
fuzzy set (@, 0, v) of S is called an interval-
valued picture fuzzy subsemigroup (IvPF-
subsemigroup) of S if it satisfies:

1. @(st) = rmin{a(s), @(1)},

2. o(st) = rmax{o(s), 0(1)},

3. v(st) 2 rmax{v(s),v(1)},
forall 5,7 € S.

Example 2.2. Consider the semigroup S =
{a, b, ¢, d} with a multiplication table:

. ‘ a b ¢ d
ala a a a
bla a a a
cla a a b
dla a b b

and define the IVPFSs (@1, 0,,v1) and
(52,?2,72) of § by
(@1,01,v1)

- {(a, 0.8,1.0], [0.0,0.0], [0.0,0.0]),

[ [ [
(b,[0.7,0.7],[0.0,0.2], [0.1,0.1]),
(¢, [0.5,0.8],[0.0,0.0], [0.0,0.2]),

[ [

(d,[0.3,1.0], o.o,o.O],[o.o,o.O])},
(EQ’EQ’VQ)
- {(a, 0.7,1.0], [0.0,0.0], [0.0,0.0]),

[ [ [
(b,[0.5,0.5],[0.3,0.3],[0.1,0.2]),
(¢, [0.4,0.5],[0.0,0.3], [0.1,0.2]),
[

(d,[0.1,0.2], [0.0,0.0], [0.2,0.8 )}.

|
]

Then (@1, 01, v1) and (a2, 04, v2) are IVPF-
subsemigroups of S.
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Lemma 2.3. Let T = (@, 0,V) be an IVPFS
of §. Thus T is an IvPF-subsemigroup of S

if and only if

TopT CT.
Proof. Firstly, we suppose that 7 is an
IvPF-subsemigroup of S.
Let s be an element of S.
Case 1: s ¢ S?. Then
(@oa)(s) =0, (o ®0)(s) =1, and
(vev)(s) = 1. S0 (@oa)(s) = a(s),
o(s) 2 (0®0)(s), and v(s) 2 (Ve V)(s).

Case 2: s € S2. Since 7 is an IVPF-
subsemigroup of S, we have

(@doa)(s) = rsup rmin{a(v), a(t)}

= rsu[; a(vt)
= 5Es).
Moreover, we have
(€ % 9)(s) = rinf rmax{3(»), (1)}
= rsi:nviz o(vt)
=20(s).
Similarly, we get (v  v)(s) = v(s).
Then we conclude that 7 6, 7 C 7.
Conversely, we first suppose that
TopT CT.
Lets,t € S. Thus
a(st) = (@o@)(st) = rmin{a(s),a(t)}
and
o(s1) 2 (0 ®0)(st) = rmax{o(s), 0(1)}.
Similarly, we have v(st) < rmax{v(s),v(t)}.

Hence, we get 7 is an IvPF-subsemigroup
of S. O



A. Simuen et al. | Science & Technology Asia | Vol.30 No.1 January - March 2025

Theorem 2.4. Let O # T C S. Thus T is a
subsemigroup of S if and only if (kr, Ky, K7)
is an IvPF-subsemigroup of S.

Proof. Let T be a subsemigroup of S. Thus
T? C T. By Propositions and [1.10, we

have that

(ETa E;"y F’,T) 6[7 (ET’ E,T’ E',T)
= (ET2 N E;—Q N ETQ)
Therefore, by Lemma 2.3, we obtain that
(1, K7, K7) is an IVPF-subsemigroup of S.
Conversely, assume that (k7, K7, K7)
is an IvPF-subsemigroup of S. Then

(Kg2,Krp, Koy
T4» T2° "2
(= =l =1\ = - = =
- (KT7 KT’ KT) OP (KT7 KT7 KT)
C (K1, K7, K7).
Hence, T2 C T by Proposition [[.10. Con-
sequently, T is a subsemigroup of S. O

Theorem 2.5. If 71 and 73 are IvPF-
subsemigroups of S, then 71 N T3 is also an
IvPF-subsemigroup of'S.

Proof. Assume that 77 and 75 are two [vPF-
subsemigroups of S. Then 71 6, 71 C 71
and 73 o, 72 € 72 by Lemma R.3. By
Proposition [1.12,

(71N T2) op (T1 N T2)
= (7; 5, (710‘5)) n (72‘ op (71075))
= (73, i) N (T3 5, o))
N (73, i) 0 (T35, T3))

<70 (750 ) 0 (7.9, 1) 1
ChNTs.

Therefore, by Lemma @, we have 71 N 75
is an IvPF-subsemigroup of S. O

Example 2.6. Consider the semigroup
(N,+) where + is the usual addition.
By Theorem P.4, (Kon, Koy, Kog)  and
(K3m, Kapy, Kipg) are IvPF-subsemigroups of
N. We have

(EQNa EIQN9 E,QN) U (?3N7 ?’SN’ EéN)
= (Kanusn, Konuzns Kanuan)-

Since 2N U 3N is not a subsemigroup of
(N, 4), it follows from Theorem .4 that

g — —/ - il -/
(Ko, Kons KQN) U (K3N, K3N» K3N)
is not an IvPF-subsemigroup of N.

Example 2.6 shows that in general,
the union of two IvPF-subsemigroups of S
need not be an IvPF-subsemigroup of S.

Definition 2.7. Let (@, 0, v) be an IVPFS of
X and I, I», I3 € CI[0, 1]. Define

(@, 0. V) (1.1.13}
={xe X |a(x) = [1,0(x) 2 I, 7(x) 2 I3}.

We call (@, 0,V)(1,.1,,1,} an interval-valued
picture {11, I, I3}-level set.

Theorem 2.8. Let (a, 0,V) be an IvPFS of

S. Thus (@, 0,V) is an IvPF-subsemigroup

of S if and only if for each I, I>, I3 € CI[0,1],
i (@, 0, V) (1,115} # 0, then (@, 0,V) (1, 15,15}
is a subsemigroup of 'S.

Proof. Suppose that (@, p,Vv) is an IvPF-
subsemigroup of S.
Let I1, I, I3 € CI[0, 1] such that

(@, 0,V)(1,1,15) # 0.
Lets,t € (5,@7){11,12,13}' Then

a(s) = I1,0(s) 2 I, v(s) 2 I3,
a(l) = 11,5(1‘) < 12,7(1) < Is.

Thus

a(st) = rmin{a(s),a(t)} = I,

124



A. Simuen et al. | Science & Technology Asia | Vol.30 No.1 January - March 2025

o(st) 2 rmax{o(s),0(n)} < Iz,
v(st) 2 rmax{v(s),v(#)} 2 Is.

Hence, st € (@, 0,V){1,,1,,1;}- Therefore,
(@, 0,V){1 1,13} 1S a subsemigroup of .

Conversely, we assume that for each
I, I, I3 € CI[0,1], if (a, o, 7){]1,12,13} *
0, then (@, 0,V)(1,.15,15} 1S a subsemigroup
of S. Lets,t € S. Given

I = rmin{@(s), @(t)},

Iy = rmax{o(s), 0(1)},
I3 = rmax{v(s),v(¢)}.

Then I, 15,13 CI[0,1]. It is clear
that, s,¢ € (5,5,;){]1’[2’]3}. So,
(@,0,V){1,,I,,13) 18 a subsemigroup of S,
by assumption. So st € (@, 0,V) {1,115} -
Then

€

a(st) = I = rmin{a(s),@(1)},

o(st) 2 Iy = rmax{o(s), 0(1)},
v(st) 2 I3 = rmax{v(s),v(1)}.

Hence, (@, 0,V) is an IvPF-subsemigroup
of S. |

Next, we define an interval-valued
picture fuzzy left ideal and an interval-
valued picture fuzzy right ideal of a semi-

group.

Definition 2.9. An interval-valued picture
fuzzy set (a,0,v) of S is an interval-
valued picture fuzzy left [right] ideal (IvPF-
left[right] ideal) of § if it satisfies

1. @(st) = a(t) [ a(st) = a(s) |,
o(st) 2 0(1) [ 2(sr) 22(s) |,
V(st) 2 V(1) [ v(st) 2 V(s) |,

forall s, € S and if an IVPFS (@, 0, V) of S
is both an IvPF-left ideal and an IvPF-right

ideal, then we call it an interval-valued pic-
ture fuzzy ideal (IvPF-ideal) of S.

2.
3.
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Example 2.10. Let § be a semigroup
in an Example R.J. Define the IvPFSs
(@1,0;,v1) and (@2, 09, v2) of S by

@1.81,71) = {(a [1,1],10,0], [0,0]),

(b, 1,11, (0,01, [0,0]),

(e, 10,01, [1, 11, [1, 1)),

(d. 10,01, [1,1], [1,1])}, and
@81 7) = {(a [1,11,10,0], [0,0),

(b, 1,11, (0,01, [0,0]),

(¢, [1,11, 10,01, [0, 0,

(d.[0.01, [L.1]. [L. 1.

Then (a1, 01, v1) and (a2, 04, v2) are IVPF-
ideals of S because they are both IvPF-left
ideals and IvPF-right ideals of S.

Lemma 2.11. Let L, R and I be IvPFSs of
S. The following statements are true.

(1) LisanIvPF-leftideal of S if and only
if
So, LcL.

(2) R is an IvPF-right ideal of S if and

only if
Rop,SCR.

(3) 7 is an IvPF-ideal of S if and only if
So,7 CTandlo5,SCI.

Proof. (1) Assume that £ = (@, 0,V) is an
IvPF-left ideal of S. Let [ € S.

Case 1: [ ¢ S%. Then

(ks o @)(l) =0, (kg ® 0)(I) = 1, and
(ks ®v)(I) =1. So

(ks o @)(l) = a(l), o(l) = (x5 0)(I),
and V(1) 2 (kg ¢ v)(I).

Case 2: [ € S%. Since £ is an IvPF-left ideal
of S, we get

(ks © @)(l) = rsup rmin{xs(a), @(b)}
l=ab
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< rsup rmin{1, a(ab)}
l=ab

= rsup a(l)
=a(l),

and
(R 8 D)(1) = rinf rmax(%s(a), (b))
= {i:rcllgrmax{ﬂ, o(ab)}
= rinf o(l)
=o(0).

Similarly, we can get (ks ® v) () = v(I).
Then we conclude that S o, £ € L.

To prove the converse, we suppose
that So, L € L. Lets,t € S. Then

a(st) = (ks o @)(st)
= rmin{ks(s), a(t)}
= rmin{1, a(z)}
= (1),

and

o(st) = (kg ® 0)(st)
< rmax{x5(s), 0(¢)}
= rmax{0,0(1)}
=0(1).

In a similar way, we have v(st) < v(¢).
Hence, £ is an IvPF-left ideal of S.

(2) This proof is similar to (1).

(3) This result is following from
Statements (1) and (2). O

Theorem 2.12. Let L, R and I be nonempty
subsets of S. The following statements list
below are valid.

(1) L is a left ideal of S if and only if
(KL, K7, %) is an IvPF-left ideal of
S.
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(2) R is a right ideal of S if and only if
(KR, Ky, Kg) is an IvPF-right ideal of
S.

(3) I is an ideal of S if and only if
(x1,%7,%7) is an IvPF-ideal of S.

Proof. (1) Let L be a left ideal of S. Then
SL C L. By Proposition and [L.10], we

have that

(ES’E:S‘,E,/S) ap (ELJE’L’E/L)
= (ESL’EZQL’E:S‘L)
C (KL, K7, K7)
It follows from Lemma PR.11| that
(KL,kp,k7) is an IvPF-left ideal of
S.

On the other hand, suppose that
(KL, Ky, K7 ) is an IvPF-left ideal of S. Then

(KsL.Ksp,Ksp)
= (Ks, g, Kg) op (KL, Kp, kL)
C (KL, K, Kp)-
Hence, SL C L. So that L is a left ideal of
S.

The proof of (2) is similar to (1), and
(3) follows from (1) and (2). O

Theorem 2.13. All of the following proper-
ties are valid.

(1) If L1 and Ly are IvPF-left ideals of
S, then L1 N Lo is also an IvPF-left
ideal of S.

(2) If R1 and Ry are IvPF-right ideals of
S, then Ry N Ry is also an IvPF-right
ideal of S.

(3) If 11 and 15 are IvPF-ideals of S, then
I1 N 1y is also an IvPF-ideal of S.
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Proof. To prove (1), let £; and L5 be two
IvPF-left ideals of S. Then by Lemma 2.11],
S5, L£1and S5, L. By Proposition [[.12,

So, (£1 m£2) = (S Sp £1) N (S Sp 1:2)
cLinL,.

Therefore, by Lemma P.11, we have that
L1 N Ly is an IvPF-left ideal of S.

The proof of (2) is similar to the proof
of (1) and the proof of (3) follows from (1)
and (2). O

Theorem 2.14. Let (a, 0, V) be an IVPFS of
S. Thus

(1) (@,0,v) is an IvPF-left ideal of S
if and only if for each I, 12,135 €
CI1[0,1], #(5,5,7){11,12’13} # 0,
then (@, 0, V) (1, 1,15} Is a left ideal of
S.

(2) (@, 0,v) is an IvPF-right ideal of S
if and only if for each I, 12,13 €
CI[O’ 1]' l,f‘ (a’ 57 7){11,12,[3} ¢ 0:
then (@, 0,V)(1,.15,1} IS a right ideal

of S.

3) (a,0,v) is an IvPF-ideal of S if
and only if for each Ii,15,13 €
CI[0,1], #(5,5,7){11,12’[3} = 0,
then (@, 0,V){1,,1,,15} Is an ideal of S.

Proof. (1) Assume that (@, 0, v) is an IvPF-
left ideal of S. Let I, I2, I3 € CI[0, 1] such
that (@, 0,V)(1,.1,,1;} # 0. Let s € S and

t € (6, E’V){Il,lz,ls}‘ Then E(t) = I,
o(t) X I», and v(t) X I5. Thus

a(st) =a(t) = I,

o(st) 20(1) 2 I,
v(st) 2 v(t) < Is.

Hence, st € (@, 0,V){1,1,,1;}- Therefore,
(@, 0,V) {1,115} 1s a left ideal of S.
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On the other hand, we assume
that for each I,I,,I3 € CI[0,1],
if (a,o, 7){]1,]2,]3} * 0, then
(@,0,V){1,,I,,15y 1s a left ideal of S.
Lets,t € Sand let Iy =a(t), I o(1),
and I3 = ¥(¢). Then I, Iy, I € CI[0, 1]. Tt
is easy to see thatt € (@,0,V)(1,,1,,15)- By
assumption (@, 0, V){r, 1,15} 1s a left ideal
of S. Then st € (@, 0,V){(1,,1,,1;}- Then

a(st) = I =a(1),

o(st) 2 I =0(1),
v(st) X I3 =v(t).

Hence, (@, 0, V) is an IvPF-left ideal of S.

We can prove (2) similar to (1) and
(3) follows from (1) and (2). |

Next, an interval-valued picture
fuzzy bi-ideal of a semigroup will be
defined and its some properties will be
studied.

Definition 2.15. An IvPF-subsemigroup
(a,0,v) of S is called an interval-valued
picture fuzzy bi-ideal (IvPF-bi-ideal) of S
if it satisfies the following conditions given
below:

1. a(svt) = rmin{a(s), a(r)},

2. o(svt) 2 rmax{o(s), 0(1)},
3. v(svt) < rmax{v(s),v(¢)},
for all s,v,t € S.

Example 2.16. Define the IvPFS (@, 0, v)
of the semigroup S in an Example 2.2 by

(@3.7) = {(a.10.5,06], 0,01, [0,00),
(b,10.5,0.61,[0,0], [0,0]),
(¢, [0,01, 09,11, [0.9,1]),
(d, [0,0], [0.7,0.7], [0.7, 0. 7])}.
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Since (a, o, v) satisfies all conditions of an and
IvPF-bi-ideal of S, it follows that (@, o, V) I
is an IvPF-bi-ideal of S. (0 ®kg®0)(b)

= rinf rmax{o(s), (k. ® 0)(k
Lemma 2.17. Let 8 = (@,0,v) be an pin rmax{e(s). (€5 © @) ()}
IvPFS of S. Then B is an IvPF-bi-ideal of S = ii_ntl;rmax{ﬁ(s), 1}
if and only if =

=1=0(b).

5 S5 BCB
BopSopBcB Similarly, we get (v @ kg ® v)(b) = v(b).

Proof. Assume that 8 = (a,p,v) is an Then we conclude that 85, S5, B C B.

IvPF-bi-ideal of S. Let b € S. For the converse, assume that
Case 1: b ¢ S2. Then Bo,S80, 8 C B. Lets,v,t be elements
(@doksoa)(b)=0, (55?'535)(17):1, of S. Then

@s ks sm(b) Sa(b). 0(b) < (@arg ), O @K o)
and v(b) < (v 8 kg s v)(b). = rmin{a(s), ks (v), @ (1)}

Case2: b € S2. If b € §3, then rmin{a(s), @(t)}

(o ks oa)(b) and

= Jsup rmin{a(s), ks (k). a@(w)} a(svi) < (T3, 3 0)(sw)

rmax{0(s),ks(v), 2(1)}

A

=< rsup rmin{1, a(skw)}

b=skw — —
_ = rmax{o(s), (1)}
=rsup a(b)
=a(b), Similarly, we get
and v(svt) < rmax{v(s),v(?)}.
(0eks®0)(b) Hence, 8 is an IvPF-bi-ideal of S. |
- br:iilkfwrmax{E(s), K (k), 0(w)} Theorem 2.18. Let B be a nonempty subset

of S. Thus B is a bi-ideal of S if and only if

= rinf rmax{0, o(skw)}
b=skw (KB, Kp,Kp) is an IvPF-bi-ideal of S.

=rinf o(b)

= o(b) Proof. Suppose that B is a bi-ideal of S.

- o) Then BSB C A. By Proposition and
Similarly, we get (v @ kg ® v)(b) = v(b). .1, we have that

Ifb ¢ S3, then ) e e =y,
¢ (KBaKB’KB) OP S Op (KB9KB’KB)

(@ oksoa)(b) = (Kps,Kgs>Kgsg) op (KB, K, Kp)
= rsup rmin{a(s), (ks © @) (k)} = (KBsB,Kpsp: Kpsp)
bk C (g, Ky, Klp).
= rsup rmin{a(s), 0}
b=sk By Lemma R.17, we get (kp, K, K5) is an
=0=a(b), IvPF-bi-ideal of S.
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On the other hand, assume that
(KB, K, Kpg) is an IvPF-bi-ideal of S. Then
(KBsB-Kpsp  Kgsp)
C (kKp,Kg.Kg).
Hence, BSB C B. This implies that B is a
bi-ideal of S. m]

Theorem 2.19. If By and Bs are IvPF-bi-
ideals of S, then B1 N By is also an IvPF-
bi-ideal of S.

Proof. Let B; and 85 be two [vPF-bi-ideal
of S. By Proposition and Lemma .17,

(B1NBy) 5, S5, (B1NBy)
- ((31 5, S) N (B, 5, S)) 5, (BN By)
= ((B15, )5, (810 5))
N ((82 opS)op (B1N BQ))
— ((B1 5,85, B81)N (815,85, BQ))
N (825,83, BN (825, S5, By))
C (815, S5, 81)n (825,55, 8)
C B1N B

Therefore, 81 N By is an IvPF-bi-ideal of S
by Lemma R.17. m|

Theorem 2.20. Let (a,0,v) be an IVPFS
of S. Thus (a,0,v) is an IvPF-bi-ideal
of S if and only if for each 11,125,135 €
CI[0,1], #(6,5,7){11’]2,]3} # 0, then
(@, 0, V)1, 1,13} 1s a bi-ideal of 'S.

Proof. Firstly, suppose that (a,p,Vv) is
an IvPF-bi-ideal of S. Let I1,15,1I35 €
CI[0,1] such that (5,5,7){11,]2’13} *
0. By Theorem P.§, (@, 0. V) (1, Io,13} 18
a subsemigroup of S. Let v € S and
S, € (5,5,7){]1’[2’]3}. Then

a(s) = I1,0(s) X 12, v(s) = I3,
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Thus

a(svt) = rmin{a(s),a(t)} = I,

o(svt) 2 rmax{o(s), 0(1)} =2 I,
v(svt) 2 rmax{v(s),v(t)} < Is.

Hence, svt € (@, 0,V){1,,1,,15}- Therefore,
(@, 0,V) {1,115} 1S a bi-ideal of S.

Next, we will prove the converse.
Suppose that for each I, I, Is € CI[0, 1],
if (@, 0,V)(1,15,133 # 0, then (@, 0, V) (1,,1,15)
is a bi-ideal of S. (@,0,v) is an IvPF-
subsemigroup of S, by Theorem R.§ . Let
s,v,t € S and let

I = min{a@(s), @(1)},

Iy = rmax{o(s), 0(1)},
Is = rmax{v(s),v(¢)}.

Then I1,1,,I3 € CI[0,1]. It is evident
that s, € (@, 0,V){1,,1.15} - By assumption
(@, 0.V){1,I,,1} 1s a bi-ideal of S. Then
SVt € (E,E,V){II’IQ,IS}. Then

a(svt) = I = min{a(s), a(r)},

o(svt) 2 Iy = rmax{o(s), 0(1)},
v(svt) 2 I3 = rmax{v(s),v(t)}.

Hence, (@, o,v) is an IvPF-bi-ideal of
S. |

Next, we introduce an interval-
valued picture fuzzy interior ideal of a semi-
group and give some properties of it.

Definition 2.21. We call an IvPF-
subsemigroup (a@,0,v) of S an interval-
valued picture fuzzy interior ideal (IvPF-
interior ideal) of S if it satisfies the
following conditions:

1. a(svt) = a(v),

2. o(svt) 2 0(v),
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3. v(svt) 2 v(v),
forall s,v,t € S.

Example 2.22. From the semigroup S in an
Example .2, define the IVPFS (@, 0,7) of
S by

(5,5,7)={(a, 0.1,0.1], [0, 0], [0, 0]),

[

(b,10.1,0.1], [0, 0], [0, 0]),

(¢,[0.1,0.1], [0, 0], [0, OD),
[0,

|
0]
0]
(d, 10,01, 09,11, [0.9, 1D}
We have that (a, 0, V) is an IvPF-interior
ideal of S because (a, o, v) satisfies all con-
ditions of IvPF-interior ideals of S.

Lemma 2.23. Let M be an IvPFS of S.
Thus M is an IvPF-interior ideal of S if and

only if
So,

Ms,S M.

Proof. The proof is similar to that for

Lemma . O

Theorem 2.24. Let M be a nonempty sub-
set of S. Thus M is an interior ideal of
S if and only if (Kp, Ky, Kyy) is an IvPF-
interior ideal of S.

Proof. The proofis the same fashion to that

for Theorem P.18§. O

Theorem 2.25. If My and My are IvPF-
interior ideals of S, then My N My is also
an IvPF-interior ideal of S.

Proof. This proof is the same fashion as the
proof of Theorem R.19. O

Theorem 2.26. Let (a, 0, V) be an IVPFS of
S. Then (@, 0,Vv) is an IvPF-interior ideal
of S if and only if for each 11,1215 €
CI[0,1], if (@, 0. V)1, 10,15y #* O, then
(@, 0,V) (1,113} is an interior ideal of S.
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Proof. We assume that (@, g, V) is an [vPF-
interior ideal of S. Let I, I», I3 € CI[0,1]
such that (@,0,V)(1,.1,,1;; # 0. By The-
orem R.8, (@,0, V){I,.,I,,1;} 1S a subsemi-
group of S. Let s, ¢ be elements of S and v
be an element of (@, 0, V)1,.1,,15}- Then

E(V) = 11,5(\/) =< IQ,V(V) =< 13.
Thus

a(svt) =a(v) = I,
o(svr) 20(v) 2 1,
v(svt) 2 v(v) 2 Is.

Hence, svt € (@, 0,V){1,.15,15}- Therefore,
(@, 0,V){1,,I,.13} 1s an interior ideal of S.

Conversely, suppose that for each /7,
I, I3 € CI[0,1], if (5,5,7){11’12,13} + 0,
then (@, 0,V){1, 1,13} 15 an interior ideal
of S. By Theorem R.§, (@,0,v) is an
IvPF-subsemigroup of S. Let s, v, € S and
let

I = a(v)’ I = E(V)’ I3 = 7(V)

Then 11, I», I3 € CI[0,1]. It is easy to see
that v € (@,0,V){1,,1,.15}- By assumption
(@, 0,V){1,I,,13} 1s an interior ideal of S.
Then svt € (@, 0,V)(1,.15,15}- Then

a(svt) = I =a(v),
o(svt) 2 I =0(v),
v(svt) 2 I3 =v(v).

Hence, (@, 0,V) is an IvPF-interior ideal of
S. |

We define an interval-valued picture
fuzzy quasi-ideal of a semigroup as follows

Definition 2.27. An IVvPFS (@, 0,v) of S
is called an interval-valued picture fuzzy
quasi-ideal (IvPF-quasi-ideal) of S if for
each g € S,
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1. @(g) = rmin{(a@ © k5)(q), (ks © @)(q)} = min{l, @(b)} = a(b),
(0 ® %) (q) = rmax{o(1),Ks(h)}

=rmax{o(t),0} = o(1),
3. ¥(q) 2 rmax{(vV e K5)(q), (K5 ® V)(q)} (K5 # 0)(q) < rmax{Ky(e), 0(b)}

2. 2(q) < rmax{(2 ® k5)(q), (ks 8 0)(q)}

Example 2.28. Consider the semigroup =rmax{0,0(b)} = o(b),
S in an Example .2, define the IvPFSs (v e k5)(q) = rmax{v(t),xs(h)}
(@1,01,v1) and (@2, 09, V2) of S by = rmax{v(¢), 0} = v(¢),
@.2,,%) = {(a.[1,11, 10,01, [0,0)) (s $7)(a) % max{Fs(e), V)Y
=rmax{0,v(b)} = v(b).
(b,[0,0], [1,1], [1,1]),
(¢, [0,01, [1,1],[1,1]), Hence,
(d,[0,0], [1,1], [1, 1])}, @(q) = min{(a ° ks)(q), (ks © @)(q)}
(@1,00.7) = {(@ 111, 10,01, [0.0), e amn
0(q) 2 rmax{(0 ® k5)(q), (ks ® 0)(q
T o < max(3(1), 2(h)).
e v(g) = rmax{(v ® K5)(q), (ks  v)(q)}
(d, 10,01, [1, 1], [1, 1])}. < rmax{7(1), 7(b)}.
By the conditions of IvPF-quasi-ideal of For the converse, let ¢ € S. Then

S, (@1, 07,v1) and (@2, 04, v2) are IVPF- g =th=eb forsomet, h,e,b €S. Thus
quasi-ideals of S.
a(q) = rmin{&(t),&(b)}

= rmin{rsup rmin{@(¢), ks (1)},
qg=th

Proposition 2.29. Assume that for each q €
S, there exist t,h,e,b € S such that q =

th = eb. Then an IVPFS (@, 0,V) of S is an rsup rmin{Xs (e) E(b)}}

IvPF-quasi-ideal of S if and only if amch
1. @(q) = min{@(e), @(b)}, = min{(@ 5 Xs)(¢). (ks 5 @) (9)}.
2. Blg) = max{3(1), 3(5)} ;;C)I < x50, 300}
3. v(g) 2 max{v(1),v(b)}, = rmax{gig%rmax{@(t),?’s(h)},

forall g €S. rint})rmax{?&(e),@(b)}}
q=e

Proof. Let (@, 0,V) be an IvPF-quasi-ideal
of Sand let g € S. Thus g = th = eb for
somet, h,e,b € S. So that

= rmax{ (0 ® ¥)(q), (Ks # 2)(q) }.
Similarly,
v(q) = rmax{(v 8 ¥)(q), (K5 ® V)(q)}.
(@5%s)(q) = rmin{a(t), ks (h)}
= rmin{a(r), 1} = @(1),
(Ks 8 @)(q) = rmin{Ks(e),a(b)}

Therefore, (@, 0,Vv) is an IvPF-quasi-ideal
of S. |
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Lemma 2.30. Let Q (a,0,v) be an
IvPES of S. Thus Q is an IvPF-quasi-ideal

of S if and only if

(Qs,8)N(S5,Q) caQ.

Proof. First, we recall
(@3 8)n(s5, Q)
= (@s7s) n (®s 5 @),
(0®ks) U (kg 8 0).
(Vo Ry U (R, V)).
Next, we assume that Q is an IvPF-quasi-
ideal of S. Let g be an element in S. Since
(@, 0,7v) is an IvPF-quasi-ideal of S,
((@oks) N (ks 0 @))(q)
= rmin{ (@ 5 Xs)(q), (ks 5 @)(q)}
2 al(q),
((ee¥s) U (ks *0)(q)
= rmax{ (2 ® ) (¢), (ks 8 2)(9)}
= 0(q),
(v e &) U (K5 7)) (q)
= rmax{(V 8 K5)(¢), (K5 8 V) ()}
= v(q).
Then we conclude that
(@3, s)n(ss,q)ca
To prove the converse, we assume that
(@3, s)n(ss,q)ca
Let g be an element of S. Thus

@(q) = ((@5%s) N (ks 5 @))(q)

= mmin{(@ 5 ks5)(q), (ks 5 @)(q)},
2(q9) 2 ((@9%) U (kg 8 2))(q)

= rmax{ (g & ¥5)(q), (K5 ® 0)(¢)},
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v(g) 2 (V8 &) U (ks 7))(q)
= rmax{(? * k5)(q), (ks ® V)(q)}.

Therefore, Q is an IvPF-quasi-ideal of
S. O

Theorem 2.31. A nonempty subset Q is a
quasi-ideal of S if and only if (kg, Xy, Kp)
is an IvPF-quasi-ideal of S.

Proof. Suppose that Q is a quasi-ideal of S.
Then QS N SQ € Q. By Propositions
and [1.10, we have that

(R - Tp) 5p (%s, R, 7o) |
N ((®s, %5, %) 5 (Ro. Koo Rp))
= (Kos, Kgs: Kos) N (Ksg, Kgos Ksg)
= (EQSQSQ’E,QSQSQ’EIQSHSQ)
C (Rg, Ry, Rp).-
Therefore, (kg, kg, Kp) is an IvPF-quasi-
ideal of S.
To prove the converse, assume that
(kg, kg, Kp) is an IvPF-quasi-ideal of S.
Hence,
(EQSﬁSQ’ E/QSOSQ’ E/QSOSQ)
= (Kos, Kgs: Kgs) N (Ksg, K5, Ksp)
= ((Ro: . Rp) 5y (Rs. 7. R5))
N (R, Ry, %) 3 (R R Ro)
C (EQ,E'Q,F’Q).
Thus QSNSQ C Q. Therefore, Q is a quasi-
ideal of S. O

Theorem 2.32. If Qi and Qo are IvPF-
quasi-ideals of S, then Q1 N Qs is also an
IvPF-quasi-ideal of S.

Proof. Let Q; and Qs be two IVPF-
quasi-ideal of S. Then by Lemma 2.30)
(@ o, &) N (S o, Q1) S @ and



A. Simuen et al. | Science & Technology Asia | Vol.30 No.1 January - March 2025

(Q20, S) N (S5, Q) € Q. By Propo-
sition [L.12),

((@n@)s,s)n(Ss, @na))
= (@3, 8)n (@3, 9)
N (Sspann(Ss, )
=(Q15,S)N (S5, Q)
N(Q20,S)N(So, Q)
cC@QNQs.

Therefore, Q1 N Qo is an IvPF-quasi-ideal
of S. ]

Theorem 2.33. Let (@, 0, V) be an IvVPFS of
S. Thus (@, 0, v) is an IvPF-quasi-ideal of S

if and only if for each 11, Is, Is € CI[0, 1],

(@, 0,V){1,Io.13} iS a quasi-ideal of S.

Proof. First of all, we suppose that
(a,0,v) is an IvPF-quasi-ideal of
S. Let I,I,Is € CI[0,1]. Let

q € (@0, 7){11,12,13}5' nS(a,o, V){11,12,13}'

Then g = th = eb for some h,e € S and
t,b e (5,5,7){]1’12,]3}. We get

a(r) = 1, 0(1) 2 I3, v(1) 2 I,
@(b) = I1,0(b) X 1, v(b) X Is.

Thus

(@oks)(q) = rmin{a(r), ks(h)}
=rmin{a(?),1} = a(1),

and

(ks ©@)(q) = rmin{ks(e), @(b)}
=mmin{l,@(b)} = a(b).

Then

@(q) = min{(@ 5 Ks)(q), (Ks © @)(q)}
> mmin{a(r),@(b)} = I,

also,

(0 * k) (g) = rmax{o(t),Ks(h)}

=rmax{0(t),0} = o(t),

and

(ks 0)(gq) = rmax{Kg(e),0(b)}
=max{0,0(b)} = 0(b).

Then

2(q) 2 max{(2 *x5)(q), (ks ® 0) ()}
= rmax{@(t),@(b)} =< Is.

Similarly, we get v(q) < I5.
Hence, g € (@, 0,7) (115,15} -
Therefore, (@, 0,V){1,,15,15} 1S @ quasi-ideal
of S.

Conversely, suppose that for each
11, 12, 13 € CI[O, 1], (6,5,7){11,12,13} 1sa
quasi-ideal of S. Let g € S
Case 1: ¢ ¢ S%. Then

@(q) = 0 =min{(@ o ks)(q), (ks ° @)(q)},
0(q) =2 1=rmax{(0*ks)(q), (ks ®0)(q)},
v(g) = 1 =rmax{(v®ks)(q), (K5 ®v)(q)}.
Case2: g € S?. Then g = tb forsomet,b €
S. Let

Iy = rmin{a(1), @(b)},

I, = max{o(), 0(b)},

I3 = rmax{v(t),v(b)}.

Then Iy, Is, Is € CI[0,1]. By assumption,
(@, 0,V){1 1,13} 1 a quasi-ideal of S. It is
clear thatt,b € (@, 0,V)(1,,1,.15)- Then

q =1tb € (@, 0,V){1,,15,15)SNS (@, 0, V) (1, 1,15} -

Since (@, 0, V){1,,1,,15} 15 a quasi-ideal of S,
we obtain that g € (@, 0,V)(1,,1,.15}- Then
a(q) = I =min{a(t),@(b)}

= mmin{(a@ ° ks)(¢), (ks © @)(q)},
o(q) 2 I = max{o (1), 2(b)}

= rmax{ (¢ * k) (q). (K5 ¢ ©)(9)},
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v(q) X I3 = max{v(z),v(b)}

= rmax{(v ® k5)(q), (kg * v)(q)}.

Therefore, (@, 0,V) is an IvPF-quasi-ideal
of S. O

Finally, we investigate some relation-
ships between each type of the interval-
valued picture fuzzy ideal.

Theorem 2.34. If R is an IvPF-right ideal
and L is an IvPF-left ideal of S, then RN L
is a IvPF-quasi-ideal of S.

Proof. Let R be an IvPF-right ideal of S,
and L be an IvPF-left ideal of S. Then

(Rn0)5, 8)n (S5, R0 0))
= ((R3, 8)n (L5, 9))
(83, R)N (ST, L)
CRN(Lo,S)N(So,R)NL
CRNL.

Consequently, RN L is an IvPF-quasi-ideal
of §. O

Theorem 2.35. Let K be an IvPFS and B
be an IvPF-bi-ideal of S. Then K o, 8 and
B, K are both IvPF-bi-ideals of S.

Proof. We see that

(Ko, B)o, (Ko, B)
= K75, (835, K35, B)
CK3, B

Then K o, B is an IvPF-subsemigroup of
S. Next, we have

(K3, 8)3, S5, (K5, B)
c k3,85, (S5,8)35, B
C K3, (85,85, B)
c K3, B.
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Then K 5, B is an IvPF-bi-ideal of S.
Likewise, we can observe that
B o, K is an IvPF-bi-ideal of § m]

Theorem 2.36. IfQ is an IvPF-quasi-ideal
of S, then Q is an IvPF-bi-ideal of S.

Proof. Let Q be an IvPF-quasi-ideal of S.
Since

Q°,QCS°,QandQ°,QCQo, S,
we have
Q°,QC(Q5,S)N(S5,Q) cQ.

Therefore, Q is an IvPF-subsemigroup of S.
Since

Q3,S85,QcQ5,Sand
Q3,85,Q< S5, Q,

we have
Q5,8°,Qc (Q5,S)N (S35, Q) cQ.

Hence, @ is an IvPF-bi-ideal of S. m]

Corollary 2.37. If Q; or Qq is an IvPF-
quasi-ideal of S, then Q1 ©,, Qy is an IvPF-
bi-ideal of S.

Proof. The result is following Theorems

and .36, |

Theorem 2.38. Let S be a regular semi-
group. Then (a,0,v) is an IvPF-ideal of
S if'and only if (@, 0,V) is an IvPF-interior
ideal of S.

Proof. Let I = (@, 0,Vv) be an IvPF-ideal
of S. Then

Io,8SCTandSo,7 C1,s0
So5,I5,8Sc1I.

Hence, 7 is an IvPF-interior ideal of S.
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In another way, let (@, 0,v) be an
IvPF-interior ideal of S. Let x and y be el-
ements in S. Since S is regular, we have
a,b € S where x = xax and y = yby. Then

a(xy) = a(xy(by)) = a(y),
o(xy) =o(xy(by)) 2 0(y),
v(xy) =v(xy(by)) 2 v(y),
a(xy) = a((xa)xy) = a(x),
o(xy) =0o((xa)xy) 2 0(y),
v(xy) =v((xa)xy) 2 v(y).

Hence, (@, 0,V) is an IvPF-ideal of S. O

Theorem 2.39. For any IvPF-right ideal R
and IvPF-left ideal L of S, then

S is regular if and only if Ro, L =RnN L.

Proof. Assume that S is regular. Let

R = (a1, 01, v1) be an IvPF-right ideal of
S, and

L = (@2, 04, v2) be an IvPF-left ideal of S.
Thus, we have

R3, LS RS, SCR,
R3, LCSo, LC L.

Hence,
Rop, LCRNL.

Let x € S. Since S is regular, x = xsx for
some s € S. Thus,

(a1 oa2)(x) = rs_u};)rmin{al (a),a2(b)}

> rmin{a; (xs), @2(x)}
> rmin{a1 (x), @2(x)},
(51 . Ez)(x) = ii:%f;)rmax{ﬁl (a),Ez(b)}

< rmax{p; (xs), 05(x)}
< rmax{o; (x), 02(x)},
(V1 ®%2)(x) = rinf rmax{v1(a), v2(b)}

< rmax{vy(xs),va(x)}

135

=< rrnax{?l (x), VQ (x)}

Therefore, RN L C Ro, L.
Consequently, Ro, L=RN L.

To prove the converse, we assume
that R is an IvPF-right ideal and £ an IvPF-
left ideal of S such that

RS, L=RNL.

Let R be aright ideal and L be a left ideal of
S. Then (Kg, kg, Kg) is an IvPF-right ideal
and (¥, x}, Ky ) is an IvPF-left ideal of S.
Since RL € RS € Rand RL € SL C L,
we get RL € RN L. Letx € RN L. By
Proposition [1.13 and assumption,

(ERL’E/RLaE;QL)

= (ER’E;Q9E}Q) ap (EL’E/L,E/L)

= (KR, K, Kg) N (KL, K7, K7)

= (ERﬂln E}Qﬁva;{ﬂL)‘
So that kg7 (x) = krar(x) =1, and
Kgpp(x) = Kgap(x) = 0. Then x € RL.
Therefore, R N L < RL. Accordingly,
RN L =RL.Hence, S is regular. m|

Theorem 2.40. In a regular semigroup, an
IvPF-bi-ideal and an IvPF-quasi-ideal are
coincide.

Proof. By Theorem P.3d, every IvPF-
quasi-ideal of S is an IvPF-bi-ideal of S.

Let 8 = (@, 0, V) be an IvPF-bi-ideal
of a regular semigroup S. Then

(BGPS)SPSQBBPS
and
So, (SEPB)QSSPB.

Thus 8 o, S is an IvPF-right ideal of S and
S o, Bis an IvPF-left ideal of S. By Theo-

rem .39,
(B5,8)N (S5, B)
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= (B 6p S) 6p (S 6p B)
c 835,85, 8
C 8.

Consequently, 8 is an IvPF-quasi-ideal of
S. O

Example 2.41. Consider the semigroup
S = {a, b, ¢} with a multiplication table:

-‘abc
ala a a
a b b
cla b c

and define the IvPFSs
(EQa 525 V2) OfS by

(@1,01,v1) and

(@1,01,v1)
=kmumm4mﬂmmuwu
(b, [0.0,0.0], [1.0,1.0], [1.0, 1.0]),
(¢, [0.0,0.0], [1.0,1.0], [1.0, 1.0])},
(@2, 09,2)
=ﬂmummJWﬂmmamu
(b, [1.0,1.0], [0.0,0.0], [0.0,0.0]),
(¢, [0.0,0.0], [1.0,1.0], [1.0, 1.0])}.

Then (@1, 01, v1) and (a2, 04, v2) are IVPF-
right ideal and IvPF-left ideal of S, respec-
tively. Since S is a regular semigroup,
we have (a@1,01,v1) °p (@2,0,v2) =
(@1, 01, V1) N (@2, 0o, V2) by Theorem 2.39.

Moreover, (@32, 09, V2) is an IVPF-bi
ideal of S. By Theorem .40, (a2, 0, v2) is
also an IvPF-quasi ideal of S.

3. Conclusion

An IvPF-subsemigroup, an [vPF-left
ideal[right ideal, ideal, bi-ideal, interior
ideal, quasi-ideal] of semigroups were de-
fined. Some properties were investigated.
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Let A be a nonempty subset of S. Then A is
a subsemigroup (a left ideal, a right ideal, an
ideal, a bi-ideal, an interior ideal, a quasi-
ideal) of S if and only if (ka,«y,Kky) is
an IvPF-subsemigroup (an IvPF-left ideal[
right ideal, ideal, bi-ideal, interior ideal,
quasi-ideal]) of S. These are the relation-
ships between each ideal of semigroups
and its interval-valued picture fuzzification.
Every IvPF-quasi-ideal of S is an IvPF-bi-
ideal of S. An IvPF-ideal and an IvPF-
interior ideal of a regular semigroup S are
identical. Moreover, in a regular semi-
group, an IvPF-bi-ideal of § and an IvPF-
quasi-ideal are coincident.
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