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ABSTRACT
In this paper, the set of terms of a weakly fixed variable of type 𝜏 which is a gener-

alization of terms of a fixed variable is introduced. Applying the generalized superposition
operation, the superassociative algebra of terms of a weakly fixed variable is formed. Binary
associative systems induced by such operations are obtained. We also discuss properties of
functions whose images are terms of a weakly fixed variable called wfv-generalized hyper-
substitions.
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1. Introduction and Preliminaries
Let 𝑋 = {𝑥1, 𝑥2, . . .} be a count-

ably infinite set of symbols called variables.
The set 𝑋𝑛 = {𝑥1, 𝑥2, . . . , 𝑥𝑛} denotes
the set of 𝑛 elements, i.e., {𝑥1, . . . , 𝑥𝑛}.
Let ( 𝑓𝑖)𝑖∈𝐼 be an 𝑛𝑖-ary operation symbol,
where 𝑛𝑖 ≥ 1 is a natural number. The
type 𝜏 = (𝑛𝑖)𝑖∈𝐼 is a sequence of 𝑛-ary
operation symbols 𝑓𝑖 . Formally, an 𝑛-ary
term of type 𝜏 is defined as follows: (1)
the variable 𝑥 𝑗 ∈ 𝑋𝑛 is an 𝑛-ary term of
type 𝜏 and (2) 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ) is also an 𝑛-
ary term of type 𝜏 if 𝑡1, . . . , 𝑡𝑛𝑖 are 𝑛-ary
terms of type 𝜏 previously. The set of all 𝑛-
ary terms of type 𝜏 is denoted by 𝑊𝜏 (𝑋𝑛).

Over alphabet 𝑋 , we write 𝑊𝜏 (𝑋) instead
of 𝑊𝜏 (𝑋𝑛). Moreover, 𝑣𝑎𝑟 (𝑡) stands for
the set of all variables in a term 𝑡. Recent
progress in the study of terms can be seen
in [1–5]. Besides, terms under which the
longest path form the root to each vertex
is equal called completely expanded terms
were mentioned in [6].

Terms used in the theory of strong hy-
peridentities and solid varieties, see [7, 8],
can be computed by the generalized su-
perposition 𝑆𝑛 : 𝑊𝜏 (𝑋)𝑛+1 → 𝑊𝜏 (𝑋),
where 𝑛 is a fixed positive integer, which
is defined by the following steps: for 𝑡 ∈
𝑊𝜏 (𝑋),
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(1) if 𝑡 is a variable 𝑥 𝑗 , 1 ≤ 𝑗 ≤ 𝑛, then
𝑆𝑛 (𝑥 𝑗 , 𝑡1, . . . , 𝑡𝑛) = 𝑡 𝑗 ,

(2) if 𝑡 is a variable 𝑥 𝑗 from 𝑋 \ 𝑋𝑛, then
𝑆𝑛 (𝑥 𝑗 , 𝑡1, . . . , 𝑡𝑛) = 𝑥 𝑗 ,

(3) if 𝑡 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) for any
𝑠1, . . . , 𝑠𝑛𝑖 ∈ 𝑊𝜏 (𝑋), then
𝑆𝑛 (𝑡, 𝑡1, . . . , 𝑡𝑛)
= 𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑡1, . . . , 𝑡𝑛), . . . , 𝑆𝑛 (𝑠𝑛, 𝑡1, . . . , 𝑡𝑛))
where 𝑆𝑛 (𝑠𝑖 , 𝑡1, . . . , 𝑡𝑛) for all
1 ≤ 𝑖 ≤ 𝑛 are defined.

It was proved in [9] that the op-
eration 𝑆𝑛 is superassociative, which
means that it satisfies the equation
𝑆𝑛 (𝑆𝑛 (𝑎, 𝑏1, . . . , 𝑏𝑛), 𝑑1, . . . , 𝑑𝑛)
= 𝑆𝑛 (𝑎, 𝑆𝑛 (𝑏1, 𝑑1, . . . , 𝑑𝑛), . . . , 𝑆𝑛 (𝑏𝑛, 𝑑1, . . . , 𝑑𝑛)).
For more details on superassociativity, see
[10].

In 2020, Wattanatripop and Chang-
phas [11] observed that there are many
equations having only one variable, for in-
stance 𝑥 + 𝑥 = 𝑥, an idempotent law. For
this reason, a specific class of terms called
a term of a fixed variable of type 𝜏 was in-
ductively defined as follows:

(1) every 𝑥𝑖 ∈ 𝑋𝑛 is an 𝑛-ary term of a
fixed variable of type 𝜏,

(2) if 𝑡1, . . . , 𝑡𝑛𝑖 are 𝑛-ary terms of a fixed
variable of type 𝜏 and if 𝑣𝑎𝑟 (𝑡 𝑗) =
𝑣𝑎𝑟 (𝑡𝑘) for all 1 ≤ 𝑗 < 𝑘 ≤ 𝑛𝑖 ,
then 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ) is an 𝑛-ary term of
a fixed variable of type 𝜏.

Let 𝑊 𝑓 𝑣
𝜏 (𝑋𝑛) be a set of all 𝑛-ary terms of

a fixed variable of type 𝜏. Furthermore,
we write 𝑊

𝑓 𝑣
𝜏 (𝑋) = (𝑊 𝑓 𝑣

𝜏 (𝑋𝑛))𝑛≥1. Let
us see the following examples: for a
binary operation symbol Δ of type (2),
𝑥1, 𝑥2, 𝑥3, 𝑥7,Δ(𝑥1, 𝑥1),Δ(Δ(𝑥3, 𝑥3), 𝑥3)
are elements in 𝑊

𝑓 𝑣
(2) (𝑋), but Δ(𝑥2, 𝑥4)

and Δ(𝑥1,Δ(𝑥1, 𝑥2)) are not. For more

details and backgrounds on terms of a fixed
variable, the reader is referred to [12–14].

We remark that the condition
𝑣𝑎𝑟 (𝑡1) = 𝑣𝑎𝑟 (𝑡2) = · · · = 𝑣𝑎𝑟 (𝑡𝑛𝑖 ) is
strong, which means that there is one
variable occuring in a term of a fixed
variable. This leads us to seek for a weaker
one. Thus, as a continuation of the papers
[11–14], the main purposes of this work
are to introduce a generalization of terms
of a fixed variable of arbitrary type under
which in some position the sets of variables
are identical and to apply the generalized
superposition to this set. In Section 2, we
also define binary operations arising from
such operations and study some algebraic
properties. The set of generalized hyper-
substititons whose ranges are restricted to
the set of terms of a weakly fixed variable
is given in Section 3.

2. Construction of Terms of aWeakly
Fixed Variable

In this section, we begin with the def-
inition of terms of a weakly fixed variable
of arbitrary type and some examples.

Definition 2.1. A term of a weakly fixed
variable of type 𝜏 is inductively defined by

(1) every variable 𝑥𝑖 in 𝑋 is a term of a
weakly fixed variable of type 𝜏,

(2) if 𝑡1, . . . , 𝑡𝑛𝑖 are terms of a weakly
fixed variable type 𝜏 and 𝑣𝑎𝑟 (𝑡 𝑗) =
𝑣𝑎𝑟 (𝑡𝑘) for some 1 ≤ 𝑗 < 𝑘 ≤
𝑛𝑖 , then 𝑓 (𝑡1, . . . , 𝑡𝑛𝑖 ) is a term of a
weakly fixed variable of type 𝜏,

(3) the set 𝑊𝑤 𝑓 𝑣
𝜏 (𝑋) of all terms of a

weakly fixed variable of type 𝜏 is the
smallest set which is closed under fi-
nite application of (2).

Example 2.2. Consider type 𝜏 = (3, 2)
with ternary operation symbol 𝑓1 and binary
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operation symbol 𝑓2 on infinite set of vari-
able 𝑋 . Then some examples of elements in
𝑊

𝑤 𝑓 𝑣
(3,2) (𝑋) are:

𝑥1, 𝑥2, 𝑥7, 𝑓1(𝑥1, 𝑥1, 𝑥2), 𝑓1(𝑥1, 𝑥5, 𝑥5), 𝑓2(𝑥6, 𝑥6),
𝑓2( 𝑓2(𝑥4, 𝑥4), 𝑥4), 𝑓1( 𝑓2(𝑥1, 𝑥1), 𝑥3, 𝑥1),

𝑓2( 𝑓1(𝑥8, 𝑥8, 𝑥9), 𝑓1(𝑥8, 𝑥8, 𝑥9).

In this list, we see that 𝑥1, 𝑥2, 𝑥7 and
𝑓2(𝑥6, 𝑥6) also belong to the sets𝑊𝑤 𝑓 𝑣

(3,2) (𝑋)
and𝑊 𝑓 𝑣

(3,2) (𝑋), but the others only contains
in the𝑊𝑤 𝑓 𝑣

(3,2) (𝑋).

Example 2.3. Let us consider type 𝜏 =
(5, 4, 3) with 5-ary operation symbol 𝑓1,
quaternary operation symbol 𝑓2 and ternary
operation symbol 𝑓3 on infinite set of vari-
able 𝑋 . Then some elements in𝑊𝑤 𝑓 𝑣

(5,4,3) (𝑋)
are:

𝑥1, 𝑥2, 𝑓1(𝑥1, 𝑥2, 𝑥1, 𝑥3, 𝑥4), 𝑓2(𝑥3, 𝑥5, 𝑥7, 𝑥5),
𝑓3(𝑥9, 𝑥8, 𝑥8), 𝑓1(𝑥1, 𝑓3(𝑥2, 𝑥1, 𝑥1),

𝑓3(𝑥1, 𝑥2, 𝑥1), 𝑥3, 𝑥2).

On the other hand, the following do
not contain in𝑊𝑤 𝑓 𝑣

(5,4,3) (𝑋):

𝑓1(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5),
𝑓3( 𝑓2(𝑥7, 𝑥7, 𝑥1, 𝑥2), 𝑓3(𝑥1, 𝑥2, 𝑥3), 𝑓3(𝑥1, 𝑥7, 𝑥1)).

Remark 2.4. The relationship between
𝑊

𝑓 𝑣
𝜏 (𝑋) and𝑊𝑤 𝑓 𝑣

𝜏 (𝑋) is described as fol-
lows:

(1) if 𝜏 = (1, 1, . . .) or 𝜏 = (2, 2, . . .),
then𝑊𝑤 𝑓 𝑣

𝜏 (𝑋) = 𝑊
𝑓 𝑣
𝜏 (𝑋),

(2) if 𝜏 = (𝑛𝑖)𝑖∈𝐼 where 𝑛𝑖 > 2, then
𝑊

𝑓 𝑣
𝜏 (𝑋) ⊂ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋).

To ensure that the set 𝑊𝑤 𝑓 𝑣
𝜏 (𝑋) is

closed under an application of the operation
𝑆𝑛, we prove the following lemma.

Lemma 2.5. For a positive integer 𝑛, if
𝑠, 𝑡1, . . . , 𝑡𝑛 are terms of a weakly fixed vari-
able of type 𝜏, then 𝑆𝑛 (𝑠, 𝑡1, . . . , 𝑡𝑛) is a
term of a weakly fixed variable of type 𝜏.

Proof. We give a proof by induction on the
complexity of a term 𝑠. If 𝑠 = 𝑥𝑖 ∈ 𝑋𝑛,
then 𝑆𝑛 (𝑠, 𝑡1, . . . , 𝑡𝑛) = 𝑡𝑖 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋). If

𝑠 = 𝑥𝑖 ∈ 𝑋 \ 𝑋𝑛, then 𝑆𝑛 (𝑠, 𝑡1, . . . , 𝑡𝑛) =
𝑠 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋). If 𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 )

and without loss of generality, we as-
sume that 𝑣𝑎𝑟 (𝑠𝑙) = 𝑣𝑎𝑟 (𝑠𝑘) for some
𝑙, 𝑘 ∈ {1, . . . , 𝑛𝑖} and 𝑙 ≠ 𝑘 , we prove
that 𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑡1, . . . , 𝑡𝑛) ∈ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋).

Because 𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑡1, . . . , 𝑡𝑛)
= 𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑡1, . . . , 𝑡𝑛), . . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑡1, . . . , 𝑡𝑛)),
we need to show that the term
𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑡1, . . . , 𝑡𝑛), . . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑡1, . . . , 𝑡𝑛))
belongs to𝑊𝑤 𝑓 𝑣

𝜏 (𝑋). This means that

(1) 𝑆𝑛 (𝑠 𝑗 , 𝑡1, . . . , 𝑡𝑛) ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋)

for all 1 ≤ 𝑗 ≤ 𝑛𝑖 ,

(2) 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑙, 𝑡1, . . . , 𝑡𝑛))
= 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘 , 𝑡1, . . . , 𝑡𝑛))
for some 1 ≤ 𝑙 < 𝑘 ≤ 𝑛𝑖 .

To show that the condition (1) holds, let 𝑗 ∈
{1, . . . , 𝑛𝑖}. If 𝑠 𝑗 is a variable from 𝑋𝑛, then
𝑆𝑛 (𝑠 𝑗 , 𝑡1, . . . , 𝑡𝑛) belongs to 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋).

If 𝑠 𝑗 is a variable from 𝑋 \ 𝑋𝑛, then
𝑆𝑛 (𝑆 𝑗 , 𝑡1, . . . , 𝑡𝑛) equals 𝑠 𝑗 , which contains
in 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋). Let 𝑠 𝑗 = 𝑓𝑖 (𝑠′1, . . . , 𝑠′𝑛𝑖 ) and

𝑆𝑛 (𝑠′𝑝, 𝑡1, . . . , 𝑡𝑛) ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋) for all

𝑝 = 1, . . . , 𝑛𝑖 . Without loss of general-
ity, suppose that 𝑣𝑎𝑟 (𝑠′𝑙) = 𝑣𝑎𝑟 (𝑠′𝑘) for
some 1 ≤ 𝑙 < 𝑘 ≤ 𝑛𝑖 . Then we obtain
𝑆𝑛 ( 𝑓𝑖 (𝑠′1, . . . , 𝑠′𝑛𝑖 ), 𝑡1, . . . , 𝑡𝑛)
= 𝑓𝑖 (𝑆𝑛 (𝑠′1, 𝑡1, . . . , 𝑡𝑛), . . . , 𝑆𝑛 (𝑠′𝑛, 𝑡1, . . . , 𝑡𝑛))
belongs to 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋) because 𝑣𝑎𝑟 (𝑠′𝑙) =

𝑣𝑎𝑟 (𝑠′𝑘). Moreover, 𝑣𝑎𝑟 (𝑆𝑛 (𝑠′𝑙 , 𝑡1, . . . ,
𝑡𝑛)) = 𝑣𝑎𝑟 (𝑆𝑛 (𝑠′𝑘 , 𝑡1, . . . , 𝑡𝑛)). Thus, the
condition (1) holds. Next, we show that
(2) holds. Since we know that there exist
𝑙, 𝑘 ∈ {1, . . . , 𝑛𝑖} and 𝑙 ≠ 𝑘 such that
𝑣𝑎𝑟 (𝑠𝑙) = 𝑣𝑎𝑟 (𝑠𝑘), by the definition of
𝑆𝑛, we obtain 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑙, 𝑡1, . . . , 𝑡𝑛)) =
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘 , 𝑡1, . . . , 𝑡𝑛)). This completes the
proof. □
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As a consequence, by Lemma 2.5, we
have the folllowing results.

Theorem 2.6. (𝑊𝑤 𝑓 𝑣
𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1) is a

subalgebra of (𝑊𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1).

Proof. It follows immediately fromLemma
2.5. □

The fact that the generalized clone
axioms are also valid in the algebra
(𝑊𝑤 𝑓 𝑣

𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1) is now proposed.

Theorem 2.7. (𝑊𝑤 𝑓 𝑣
𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1) sat-

isfies the following axioms:

(1) 𝑆𝑛 (𝑆𝑛 (𝑠, 𝑡1, . . . , 𝑡𝑛), 𝑢1, . . . , 𝑢𝑛)
= 𝑆𝑛 (𝑠, 𝑆𝑛 (𝑡1, 𝑢1, . . . , 𝑢𝑛), . . . ,
𝑆𝑛 (𝑡𝑛, 𝑢1, . . . , 𝑢𝑛)),

(2) 𝑆𝑛 (𝑥𝑖 , 𝑡1, . . . , 𝑡𝑛) = 𝑡𝑖 for 1 ≤ 𝑖 ≤ 𝑛,

(3) 𝑆𝑛 (𝑥𝑖 , 𝑡1, . . . , 𝑡𝑛) = 𝑥𝑖 for 𝑖 > 𝑛,

(4) 𝑆𝑛 (𝑡, 𝑥1, . . . , 𝑥𝑛) = 𝑡.

Proof. It follows from Theorem 2.6. □

Other properties of the algebra
(𝑊𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1), we refer to [9].

From Theorem 2.7, we say that the
algebra (𝑊𝑤 𝑓 𝑣

𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1) is a unitary
superassociative algebra where each vari-
able 𝑥𝑖 in 𝑋 acts as a scalar.

In the paper [15], consider 𝑠 and 𝑡 in
𝑊𝜏 (𝑋). The operations +𝐺 and ·𝑟 , where
1 ≤ 𝑟 ≤ 𝑛, are defined on 𝑊𝜏 (𝑋) as the
following:

(1) +𝐺 : 𝑊𝜏 (𝑋)2 → 𝑊𝜏 (𝑋) is defined
by 𝑠 +𝐺 𝑡 = 𝑆𝑛 (𝑠, 𝑡, . . . , 𝑡),

(2) ·𝑟 : 𝑊𝜏 (𝑋)2 → 𝑊𝜏 (𝑋) is defined by
𝑠 ·𝑟 𝑡 = 𝑆𝑛 (𝑠, 𝑥1, 𝑥2, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛).

Then we have the following results.

Theorem 2.8. For a type 𝜏𝑛 = (𝑛𝑖)𝑖∈𝐼
where 𝑛𝑖 = 𝑛, the following statement
holds:

(1) 𝑊
𝑤 𝑓 𝑣
𝜏𝑛 (𝑋) is a subsemigroup of

𝑊𝜏𝑛 (𝑋) with respect to the operation
+𝐺 ,

(2) 𝑊
𝑤 𝑓 𝑣
𝜏𝑛 (𝑋) is a subsemigroup of

𝑊𝜏𝑛 (𝑋) with respect to the operation
·𝑟 .

Proof. We show that 𝑠 +𝐺 𝑡 ∈ 𝑊
𝑤 𝑓 𝑣
𝜏𝑛 (𝑋).

To do this, we consider a few cases. If
𝑠 and 𝑡 are variables from 𝑋 , it is clear
that 𝑠 +𝐺 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). If 𝑠 = 𝑥𝑘

for 1 ≤ 𝑘 ≤ 𝑛 and 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ),
then 𝑠 +𝐺 𝑡 = 𝑥𝑘 +𝐺 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ) =
𝑆𝑛 (𝑥𝑘 , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )) =
𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ). Thus 𝑠 +𝐺 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋).

If 𝑠 = 𝑥𝑘 for 𝑛 < 𝑘 and 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ),
then 𝑠 +𝐺 𝑡 = 𝑥𝑘 +𝐺 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ) =
𝑆𝑛 (𝑥𝑘 , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )) =
𝑥𝑘 . Thus 𝑠 +𝐺 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). If

𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) and 𝑡 is variable in 𝑋 ,
and we assume that 𝑣𝑎𝑟 (𝑠𝑘) = 𝑣𝑎𝑟 (𝑠𝑚)
for some 1 ≤ 𝑘 < 𝑚 ≤ 𝑛𝑖 . Then
𝑠 +𝐺 𝑡 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) +𝐺 𝑥𝑙 =
𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑥𝑙, . . . , 𝑥𝑙), . . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑥𝑙, . . . , 𝑥𝑙)).
Because 𝑣𝑎𝑟 (𝑠𝑘) = 𝑣𝑎𝑟 (𝑠𝑚) we have that
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘 , 𝑥𝑙, . . . , 𝑥𝑙)) = 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑚, 𝑥𝑙, . . . , 𝑥𝑙)).
Hence 𝑠 +𝐺 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). If

𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) and 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ).
Suppose that 𝑣𝑎𝑟 (𝑠𝑘1) = 𝑣𝑎𝑟 (𝑠𝑚1)
for some 1 ≤ 𝑘1 < 𝑚1 ≤ 𝑛𝑖
and 𝑣𝑎𝑟 (𝑡𝑘2) = 𝑣𝑎𝑟 (𝑡𝑚2) for some
1 ≤ 𝑘2 < 𝑚2 ≤ 𝑛𝑖 . Then 𝑠 +𝐺 𝑡

= 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) +𝐺 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )
= 𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ),

. . . , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ))
= 𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . ,

𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )), . . . ,
𝑆𝑛 (𝑠𝑛𝑖 , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . ,
𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ))).
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Since 𝑣𝑎𝑟 (𝑠𝑘1) = 𝑣𝑎𝑟 (𝑠𝑚1), we get that
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘1 , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ))
= 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑚1 , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), . . . , 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )).
Therefore 𝑠 +𝐺 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋).

To prove that (2) holds. It is clear
that 𝑠 ·𝑟 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋) for 𝑠, 𝑡 ∈ 𝑋 . If 𝑠 = 𝑥𝑘

for 1 ≤ 𝑘 ≤ 𝑛 and 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), then
𝑠 ·𝑟 𝑡 = 𝑆𝑛 (𝑥𝑘 , 𝑥1, . . . , 𝑥𝑟−1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛)
= 𝑥𝑘 for 𝑘 ≠ 𝑟 and 𝑠 ·𝑟 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )
for 𝑘 = 𝑟 . So 𝑠 ·𝑟 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). If 𝑠 = 𝑥𝑘

for 𝑛 < 𝑘 and 𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), then
it is clearly 𝑠 ·𝑟 𝑡 = 𝑥𝑘 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). If

𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) and 𝑡 is variables in 𝑋
and we assume that 𝑣𝑎𝑟 (𝑠𝑘) = 𝑣𝑎𝑟 (𝑠𝑚) for
some 1 ≤ 𝑘 < 𝑚 ≤ 𝑛𝑖 . Then 𝑠 ·𝑟 𝑡 =
𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑥𝑙, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛)
= 𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑥𝑙, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛),
. . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑥𝑙, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛)).
Because of 𝑣𝑎𝑟 (𝑠𝑘) = 𝑣𝑎𝑟 (𝑠𝑚), we get that
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘 , 𝑥𝑙, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛)) =
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑚, 𝑥𝑙, . . . , 𝑥𝑟−1, 𝑡, 𝑥𝑟+1, . . . , 𝑥𝑛)),
thus 𝑠 ·𝑟 𝑡 = 𝑥𝑘 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). Let

us consider 𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) and
𝑡 = 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ) and assume that
𝑣𝑎𝑟 (𝑠𝑘1) = 𝑣𝑎𝑟 (𝑠𝑚1) for some
1 ≤ 𝑘1 < 𝑚1 ≤ 𝑛𝑖 and 𝑣𝑎𝑟 (𝑡𝑘2) = 𝑣𝑎𝑟 (𝑡𝑚2)
for some 1 ≤ 𝑘2 < 𝑚2 ≤ 𝑛𝑖 . Then
𝑠 ·𝑟 𝑡 = 𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑥1, . . . , 𝑥𝑟−1,
𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛) =
𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑥1, . . . , 𝑥𝑟−1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛),
. . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑥1, . . . , 𝑥𝑟−1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛)).
Since 𝑣𝑎𝑟 (𝑠𝑘1) = 𝑣𝑎𝑟 (𝑠𝑚1), then we have
𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑘1 , 𝑥1, . . . , 𝑥𝑟−1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛))
= 𝑣𝑎𝑟 (𝑆𝑛 (𝑠𝑚1 , 𝑥1, . . . , 𝑥𝑟−1, 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 ), 𝑥𝑟+1, . . . , 𝑥𝑛)).
Therefore, 𝑠 ·𝑟 𝑡 ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). □

Example 2.9. Let 𝐴 be the set
{𝑥2, 𝑥5, 𝑓 (𝑥4, 𝑥5, 𝑥4), 𝑔(𝑥7, 𝑥7, 𝑥7)}, which
is a subset of 𝑊𝑤 𝑓 𝑣

(3,3) (𝑋). The results of
operations +𝐺 and ·3, are shown in the
Tables 1-2.

3. Functions Whose Images are
Terms of a Weakly Fixed Variable

This section starts with recalling
the definition of generalized hypersubstitu-
tions. Recall that the generalized hypersub-
stitution of type 𝜏 is a mapping 𝜎 : { 𝑓𝑖 | 𝑖 ∈
𝐼} → 𝑊𝜏 (𝑋), which does not necessarily
preserve the arity, and the set of all general-
ized hypersubstitutions of type 𝜏 is denoted
by 𝐻𝑦𝑝𝐺 (𝜏). By the symbol 𝜎𝑡 we mean
a generalized hypersubstitution which takes
each operation symbol to a term 𝑡.

It may be seen that we can not ap-
ply the usual composition of funtions to the
set 𝐻𝑦𝑝𝐺 (𝜏). So it is possible to set some
preparations. Actually, the extension 𝜎̂ of
each 𝜎 on 𝐻𝑦𝑝𝐺 (𝜏) is defined by

(1) 𝜎̂[𝑥𝑖] = 𝑥𝑖 ∈ 𝑋 ,

(2) 𝜎̂[ 𝑓𝑖 (𝑡1, . . . , 𝑡𝑛𝑖 )]
= 𝑆𝑛𝑖 (𝜎( 𝑓𝑖), 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛𝑖 ]), for
any 𝑛𝑖-ary operation symbol 𝑓𝑖 and
𝜎̂[𝑡 𝑗], 1 ≤ 𝑗 ≤ 𝑛𝑖 , are already de-
fined.

Thus the binary operation ◦𝐺 :
𝐻𝑦𝑝𝐺 (𝜏)2 → 𝐻𝑦𝑝𝐺 (𝜏) is defined by
𝜎1 ◦𝐺 𝜎2 = 𝜎1 ◦ 𝜎2. Let 𝜎𝑖𝑑

be a hypersubstitution mapping which
maps each 𝑛𝑖-ary operation symbol 𝑓𝑖 to
the term 𝑓𝑖 (𝑥𝑖 , . . . , 𝑥𝑛𝑖 ). The fact that
(𝐻𝑦𝑝𝐺 (𝜏), ◦𝐺 , 𝜎𝑖𝑑) forms a monoid was
proved in [7, 9, 16].

Another binary composition on the
set𝐻𝑦𝑝𝐺 (𝜏𝑛) is denoted by+𝐺 . By the def-
inition, for all 𝑖 ∈ 𝐼 and 𝛼, 𝛽 ∈ 𝐻𝑦𝑝𝐺 (𝜏𝑛),
(𝛼+𝐺 𝛽)( 𝑓𝑖) = 𝑆𝑛 (𝛼( 𝑓𝑖), 𝛽( 𝑓𝑖), . . . , 𝛽( 𝑓𝑖)).
Because of the fact that a generalized super-
position 𝑆𝑛 is superassociative, thus +𝐺 is
associative. Consequently, we have a semi-
group (𝐻𝑦𝑝𝐺 (𝜏𝑛), +𝐺).

In this section, we restrict our study
from the set𝑊𝜏 (𝑋) to the set𝑊𝑤 𝑓 𝑣

𝜏 (𝑋) of
all terms of a weakly fixed variable. It is
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Table 1. Example of the computational process of elements in 𝐴 ⊂ 𝑊
𝑤 𝑓 𝑣
(3,3) (𝑋) under +

𝐺 .

+𝐺 𝑥2 𝑥5 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑔(𝑥7, 𝑥7, 𝑥7)

𝑥2 𝑥2 𝑥5 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑔(𝑥7, 𝑥7, 𝑥7)

𝑥5 𝑥5 𝑥5 𝑥5 𝑥5

𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4)

𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7)

Table 2. Example of the computational process of elements in 𝐴 ⊂ 𝑊
𝑤 𝑓 𝑣
(3,3) (𝑋) under ·

3.

·3 𝑥2 𝑥5 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑔(𝑥7, 𝑥7, 𝑥7)

𝑥2 𝑥2 𝑥2 𝑥2 𝑥2

𝑥5 𝑥5 𝑥5 𝑥5 𝑥5

𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4) 𝑓 (𝑥4, 𝑥5, 𝑥4)

𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7) 𝑔(𝑥7, 𝑥7, 𝑥7)

known that an identity 𝑥𝑦𝑥 ≈ 𝑥 is an iden-
tity which uses to classify any semigroup to
a variety of regular semigroups. In this case
we see that both sides of this equation are
terms of a weakly fixed variable. In order
to study strong hyperidentities and strong
hypervarieties of regular semigroups, it is
necessary to define a mapping that changes
any operation symbol to a term of a weakly
fixed variable in the first step and apply
term operations on algebraA in the second
one.

Definition 3.1. A generalized hypersub-
stitution of type 𝜏 is called a generalized
hypersubstitution of weakly fixed variable
(for short, wfv-generalized hypersubstitu-
tion) of type 𝜏 if 𝜎( 𝑓𝑖) ∈ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋). The

set of all wfv-hypersubstitutions of type 𝜏 is
denoted by 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏), i.e., 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏) =

{𝜎 : { 𝑓𝑖 | 𝑖 ∈ 𝐼} → 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋)}.

Example 3.2. We try to compute in terms
of a weakly fixed variable 𝐻𝑦𝑝𝐺 (3) = {𝜎 :
{ 𝑓 } → 𝑊

𝑤 𝑓 𝑣
(3) (𝑋)} as follows:

(1) if 𝜎( 𝑓 ) = 𝑓 (𝑥1, 𝑥1, 𝑥2), then
𝜎̂[ 𝑓 (𝑥3, 𝑥1, 𝑥3)] = 𝑆3( 𝑓 (𝑥1, 𝑥1, 𝑥2), 𝑥3, 𝑥1, 𝑥3)

= 𝑓 (𝑥3, 𝑥3, 𝑥1),

(2) if 𝜎( 𝑓 ) = 𝑓 ( 𝑓 (𝑥7, 𝑥6, 𝑥7), 𝑥7, 𝑓 (𝑥6, 𝑥7, 𝑥6)),
then 𝜎̂[ 𝑓 (𝑥4, 𝑥5, 𝑥4)]
= 𝑆3( 𝑓 ( 𝑓 (𝑥7, 𝑥6, 𝑥7), 𝑥7, 𝑓 (𝑥6, 𝑥7, 𝑥6)), 𝑥4, 𝑥5, 𝑥4)
= 𝑓 ( 𝑓 (𝑥7, 𝑥6, 𝑥7), 𝑥7, 𝑓 (𝑥6, 𝑥7, 𝑥6)),

(3) if𝜎( 𝑓 ) = 𝑓 (𝑥1, 𝑓 (𝑥2, 𝑥5, 𝑥2), 𝑓 (𝑥5, 𝑥5, 𝑥2)),
then 𝜎̂[ 𝑓 (𝑥3, 𝑥7, 𝑥3)]
= 𝑆3( 𝑓 (𝑥1, 𝑓 (𝑥2, 𝑥5, 𝑥2), 𝑓 (𝑥5, 𝑥5, 𝑥2)), 𝑥3, 𝑥7, 𝑥3)
= 𝑓 (𝑥3, 𝑓 (𝑥7, 𝑥5, 𝑥7), 𝑓 (𝑥5, 𝑥5, 𝑥7)).

To guarantee that we can apply the
extension of each generalized hypersubsti-
titon to the set 𝑊𝑤 𝑓 𝑣

𝜏 (𝑋), the following
lemma is essential.

Lemma 3.3. For any 𝜎 ∈ 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏), the

extension 𝜎̂ of 𝜎 maps a term of a weakly
fixed variable to a term of a weakly fixed
variable.

Proof. Let 𝜎 be a mapping in 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏)

and 𝑡 ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋). We show that

𝜎̂[𝑡] ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋). For this, we give a

proof on complexity of a term 𝑡. Clearly,
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𝜎̂[𝑡] ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋) if 𝑡 is a variable from 𝑋 .

Suppose that 𝑡 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) belongs to
𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋). Without loss of generality, we

assume that 𝑣𝑎𝑟 (𝑠𝑙) = 𝑣𝑎𝑟 (𝑠𝑘) for fixed
integers 1 ≤ 𝑙 < 𝑘 ≤ 𝑛𝑖 . Inductively,
we also assume that each 𝜎̂[𝑠 𝑗] belongs
to 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋) for 𝑗 = 1, . . . , 𝑛𝑖 . Since

we assume that 𝑣𝑎𝑟 (𝑠𝑙) = 𝑣𝑎𝑟 (𝑠𝑘), we
have 𝑣𝑎𝑟 (𝜎̂[𝑠𝑙]) = 𝑣𝑎𝑟 (𝜎̂[𝑠𝑘]). Be-
cause 𝜎( 𝑓𝑖) ∈ 𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋), it follows that

𝑆𝑛𝑖 (𝜎( 𝑓𝑖), 𝜎̂[𝑠1], . . . , 𝜎̂[𝑠𝑛𝑖 ]) ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋).

Therefore, 𝜎̂[ 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 )] belongs to
the set𝑊𝑤 𝑓 𝑣

𝜏 (𝑋). □

According to Lemma 3.3, we prove
the following:

Theorem 3.4. The extension 𝜎̂ of each
wfv-generalized hypersubstitution 𝜎 of type
𝜏 is an endomorphism of the algebra
(𝑊𝑤 𝑓 𝑣

𝜏 (𝑋), 𝑆𝑛, (𝑥𝑖)𝑖≥1).

Proof. Let 𝑠, 𝑡1, . . . , 𝑡𝑛 be terms of a
weakly fixed variable of type 𝜏. To show
that the equation 𝜎̂[𝑆𝑛 (𝑠, 𝑡1, . . . , 𝑡𝑛)] =
𝑆𝑛 (𝜎̂[𝑠], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]) holds, we give
a proof on a structure of 𝑠. If 𝑠 is a variable
𝑥 𝑗 in 𝑋𝑛, then 𝜎̂[𝑆𝑛 (𝑥 𝑗 , 𝑡1, . . . , 𝑡𝑛)] =
𝜎̂[𝑡 𝑗] = 𝑆𝑛 (𝜎̂[𝑥 𝑗], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]).
If 𝑠 is a variable 𝑥 𝑗 in 𝑋 \ 𝑋𝑛, then
𝜎̂[𝑆𝑛 (𝑥 𝑗 , 𝑡1, . . . , 𝑡𝑛)] = 𝜎̂[𝑥 𝑗] = 𝑥 𝑗 =
𝑆𝑛 (𝜎̂[𝑥 𝑗], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]). Suppose that
𝑠 = 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ) and inductively assume
that the theorem is satisfied for 𝑠1, . . . , 𝑠𝑛𝑖 .
Without loss of generality, we may as-
sume that 𝑣𝑎𝑟 (𝑠 𝑗) = 𝑣𝑎𝑟 (𝑠𝑘) for some
1 ≤ 𝑗 < 𝑘 ≤ 𝑛𝑖 . Then by Theorem 2.7, we
have 𝜎̂[𝑆𝑛 ( 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 ), 𝑡1, . . . , 𝑡𝑛)]

= 𝜎̂[ 𝑓𝑖 (𝑆𝑛 (𝑠1, 𝑡1, . . . , 𝑡𝑛), . . . , 𝑆𝑛 (𝑠𝑛𝑖 , 𝑡1, . . . , 𝑡𝑛))]
= 𝑆𝑛𝑖 (𝜎( 𝑓𝑖), 𝜎̂[𝑆𝑛𝑖 (𝑠1, 𝑡1, . . . , 𝑡𝑛)], . . . ,

𝜎̂[𝑆𝑛𝑖 (𝑠𝑛𝑖 , 𝑡1, . . . , 𝑡𝑛)])
= 𝑆𝑛𝑖 (𝜎( 𝑓𝑖), 𝑆𝑛𝑖 (𝜎̂[𝑠1], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]), . . . ,

𝑆𝑛𝑖 (𝜎̂[𝑠𝑛𝑖 ], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]))
= 𝑆𝑛𝑖

(
𝑆𝑛𝑖 (𝜎( 𝑓𝑖), 𝜎̂[𝑠1], . . . , 𝜎̂[𝑠𝑛𝑖 ]), 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]

)
= 𝑆𝑛𝑖

(
𝜎̂[ 𝑓𝑖 (𝑠1, . . . , 𝑠𝑛𝑖 )], 𝜎̂[𝑡1], . . . , 𝜎̂[𝑡𝑛]

)
.

This completes the proof. □

From Theorem 3.4, we say that the
mapping 𝜎̂ preserves the operation 𝑆𝑛.

Using Lemma 3.3 and Theorem 3.4,
we prove:

Theorem 3.5. The following statement
holds:

(1) 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏) is a subsemigroup of

(𝐻𝑦𝑝𝐺 (𝜏), ◦𝐺),

(2) 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏𝑛) is a subsemigroup of

(𝐻𝑦𝑝𝐺 (𝜏𝑛), +𝐺ℎ ).

Proof. Let 𝜎1 and 𝜎2 be elements in
𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏). We show that 𝜎1 ◦𝐺

𝜎2 ∈ 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏), i.e., for any 𝑓𝑖 , we

show that (𝜎1 ◦𝐺 𝜎2)( 𝑓𝑖) ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋).

Consider (𝜎1 ◦𝐺 𝜎2)( 𝑓𝑖) = (𝜎1 ◦
𝜎2) ( 𝑓𝑖) = 𝜎1 [𝜎2( 𝑓𝑖)]. Because 𝜎2( 𝑓𝑖) ∈
𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋) then by Lemma 3.3 we get that

𝜎1 [𝜎2( 𝑓𝑖)] ∈ 𝑊
𝑤 𝑓 𝑣
𝜏 (𝑋). Next, we show

that 𝜎1 +𝐺ℎ 𝜎2 ∈ 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏𝑛), i.e., for

any 𝑓𝑖 , we show that (𝜎1 +𝐺ℎ 𝜎2) ( 𝑓𝑖) ∈
𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). Consider (𝜎1 +𝐺ℎ 𝜎2)( 𝑓𝑖) =

𝑆𝑛𝑖 (𝜎1( 𝑓𝑖), 𝜎2( 𝑓𝑖), . . . , 𝜎2( 𝑓𝑖)). Because
𝜎2( 𝑓𝑖) ∈ 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋) then by Theorem 3.4

we get that (𝜎1 +𝐺ℎ 𝜎2)( 𝑓𝑖) ∈ 𝑊
𝑤 𝑓 𝑣
𝜏𝑛 (𝑋).

Hence, 𝜎1 +𝐺ℎ 𝜎2 ∈ 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏𝑛). □

Consider a type 𝜏𝑛 instead of an arbi-
trary type 𝜏 on the set 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏), we have

the set 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (𝜏𝑛) of all wfv-generalized

hypersubstitution of type 𝜏𝑛.
Our next goal is to show that the set

of terms of a weakly fixed variable of type
𝜏𝑛 under the binary operation +𝐺 can be iso-
morphically represented by a function 𝜎 on
the set 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏𝑛).

Theorem 3.6. The semigroup
(𝑊𝑤 𝑓 𝑣

𝜏𝑛 (𝑋), +𝐺) is embeddable into
(𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏𝑛), +𝐺ℎ ).
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Table 3. Example of some elements in 𝐻𝑦𝑝
𝑤 𝑓 𝑣
𝐺 (3, 3) under +𝐺ℎ .

+𝐺ℎ 𝜎𝑥2 𝜎𝑥5 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 )

𝜎𝑥2 𝜎𝑥2 𝜎𝑥5 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 )

𝜎𝑥5 𝜎𝑥5 𝜎𝑥5 𝜎𝑥5 𝜎𝑥5

𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 ) 𝜎 𝑓 (𝑥4 ,𝑥5 ,𝑥4 )

𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 ) 𝜎𝑔 (𝑥7 ,𝑥7 ,𝑥7 )

Proof. For each term 𝑡 of a weakly fixed
variable of type 𝜏𝑛, a mapping 𝜇 that maps
from 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋) to 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏𝑛) can be de-

fined by 𝜇(𝑡) = 𝜎𝑡 where 𝜎𝑡 we mean a
wfv-generalized hypersubstitution of type
𝜏𝑛 which maps every 𝑛-ary operation sym-
bol to 𝑡, i.e., 𝜎𝑡 ( 𝑓𝑖) = 𝑡 for all 𝑖 ∈
𝐼. Obviously, 𝜇 is an injection. Infact,
from 𝜇(𝑡1) = 𝜇(𝑡2), we have 𝜎𝑡1 = 𝜎𝑡2

and thus 𝑡1 = 𝑡2. To show that 𝜇 pre-
serves operations of those two sets, let 𝑠
and 𝑡 be elements in 𝑊

𝑤 𝑓 𝑣
𝜏𝑛 (𝑋). For this,

we first need to ensure that the equation
𝜎𝑠+𝐺 𝑡 = 𝜎𝑠 +𝐺ℎ 𝜎𝑡 holds. Let 𝑓𝑖 be an 𝑛-
ary operation symbol. Then we obtain that
(𝜎𝑠+𝐺 𝑡 ) ( 𝑓𝑖) = 𝑠 +𝐺 𝑡 = 𝑆𝑛 (𝑠, 𝑡, . . . , 𝑡) =
𝑆𝑛 (𝜎𝑠 ( 𝑓𝑖), 𝜎𝑡 ( 𝑓𝑖), . . . , 𝜎𝑡 ( 𝑓𝑖)) = (𝜎𝑠 +𝐺ℎ
𝜎𝑡 ) ( 𝑓𝑖). As a result, we have 𝜇(𝑠 +𝐺 𝑡) =
𝜎𝑠+𝐺 𝑡 = 𝜎𝑠 +𝐺ℎ 𝜎𝑡 = 𝜇(𝑠) +𝐺ℎ 𝜇(𝑡), which
means that a mapping 𝜇 is a homomor-
phism. □

From Example 2.9 and Theorem
3.6, we can write Table 3 which shows
a characteristic of each function on
(𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝐺 (𝜏𝑛), +𝐺ℎ ) of some type.
It appears that Table 3 is simi-

lar to Table 1, but the characteristic of
each element has been renamed by wfv-
generalized hypersubstititons. In this mat-
ter, we can compute the results of functions
in 𝐻𝑦𝑝

𝑤 𝑓 𝑣
𝜏 (𝑋) by the composition ◦𝐺 and

return the answer to the set𝑊𝑤 𝑓 𝑣
𝜏 (𝑋) under

the binary operation +𝐺 .

4. Conclusion
A term that extends a term of a fixed

variable of type 𝜏 is presented. Some con-
crete examples are given. We also ap-
ply the generalized superposition to the set
𝑊

𝑤 𝑓 𝑣
𝜏 (𝑋) and demonstrate the process of

computation. Two semigroups under the
operation +𝐺 and ·𝑟 for 𝑟 ∈ {1, . . . , 𝑛}
are proved. The semigroups of functions
called wfv-generalized hypersubstitutions
under two binary operations say ◦𝐺 and +𝐺ℎ
and their properties are discussed. To con-
tinue the work, we suggest the reader to ex-
tend the study from the set𝑊𝑤 𝑓 𝑣

𝜏 (𝑋) to the
power set 𝑃(𝑊𝑤 𝑓 𝑣

𝜏 (𝑋)) and determine the
conditions under which such power set is
closed under the non-deterministic opera-
tion.
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