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ABSTRACT
This study proposes a Bezier curve optimization method for enhancing the control

signals and trajectory tracking performance of the Donkey Car, a 1:16 scale autonomous ve-
hicle platform. The method employs second-order Bezier curves for throttle optimization
and third-order Bezier curves for steering angle optimization. A novel loss function, Bezier
Smoothing Loss (BSL), is introduced to simultaneously optimize control signal smoothness
and trajectory tracking accuracy during neural network controller training.Experiments in
three scenarios (left lane driving with obstacle avoidance, straight line driving, and straight
driving with continuous obstacle avoidance) show that the proposedmethod significantly im-
proves trajectory tracking accuracy (RMSE reduced by up to 19.6%), control signal smooth-
ness (throttle change rate standard deviation decreased by 28.6%, steering angular velocity
standard deviation reduced by 24.5%), and vehicle posture stability (yaw rate and pitch rate
RMS values decreased by 7.9%). Compared to other learning-based methods (KerasLinear,
KerasRNN, PBLM-CNN21, MFPE-CNN14), our approach achieves superior performance
across all evaluation metrics.The proposed Bezier curve optimization approach effectively
refines the performance of autonomous driving systems and offers a promising direction for
future research and development in this domain.

Keywords: Autonomous vehicles; Bezier curve optimization; Bezier smoothing loss; Con-
trol signal smoothness; Donkey car
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1. Introduction
Autonomous driving technology rep-

resents the cutting edge of intelligent trans-
portation system development [1–3]. It not
only promises to significantly enhance road
safety and reduce traffic accidents but also
aims to improve traffic efficiency and alle-
viate congestion [4, 5]. Autonomous driv-
ing is not only a symbol of technological
progress but also an important driver for
sustainable social development. Despite the
rapid development of autonomous driving
technology, it still faces many challenges,
particularly in precise trajectory tracking
and control smoothness [6–8, 13]. Solving
these problems is crucial for achieving true
autonomous driving, as they directly impact
the safety and comfort of vehicle operation
[9, 10].

On the one hand, the high cost of
sensor systems and the massive data re-
quirements limit the widespread application
and rapid iteration of autonomous driving
technology [11, 12]. On the other hand,
even with substantial data support, existing
technologies still struggle to achieve high-
precision trajectory tracking and smooth,
effective control signal generation in com-
plex environments [13, 14]. Therefore, ex-
ploring low-cost, easy-to-implement meth-
ods to enhance the performance of au-
tonomous driving vehicles remains a signif-
icant gap in current research.

Considering the need for precise tra-
jectory tracking and control smoothness,
we propose a control signal optimization
method based on Bezier curves. Bezier
curves are widely used in graphic design
and path planning due to their simple math-
ematical expressions and high flexibility
[15, 16]. Our initial idea is that by apply-
ing Bezier curves to the generation of con-
trol signals (such as throttle and steering),
we can achieve smooth control of the Don-

key Car’s driving trajectory, improve trajec-
tory tracking performance, and reduce driv-
ing instability caused by abrupt changes in
control signals.

Applying Bezier curves to optimize
control signals is expected to achieve sev-
eral objectives. The first is to improve tra-
jectory tracking accuracy. Through smooth
control signal adjustments, the Donkey Car
can more accurately follow the predeter-
mined path and reduce deviations. The sec-
ond is to enhance driving smoothness, pre-
venting vehicle shaking or loss of control
caused by sudden changes in control sig-
nals, thereby providing a more stable driv-
ing experience.

In this study, we use Donkey Car as
the foundational platform, which is widely
applied in the field of autonomous driving
education and research due to its low cost
and small size advantages [17,18]. Donkey
Car uses a 1:16 scale simulation vehicle,
whose mechanical and mathematical prin-
ciples are closer to those of a real vehicle.

2. Related Works
This section will focus on review-

ing the current state of research on control
strategies for autonomous driving systems
and trajectory optimization methods [19–
21], sorting out the technical evolution of
the field, analyzing the advantages and dis-
advantages of different methods [22–24],
and finding a foothold for the innovations
of this study.

2.1 Control strategies for autonomous
driving systems

The development of autonomous
driving control strategies has roughly gone
through three stages Fig. 1 : rule-
based methods, model-based methods, and
learning-based methods [20]. Early re-
search mainly adopted rule-based methods,
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Fig. 1. The Figure presents three stages: rule-based methods, model-based methods, and learning-
based methods.

simulating the decision-making process of
drivers by designing a series of if-then rules
[25]. These methods are intuitive and easy
to understand, but are unable to handle
complex and changing real driving environ-
ments. Subsequently, researchers began to
explore model-based methods, using physi-
cal andmathematicalmodels to describe ve-
hicle behavior and achieve trajectory track-
ing and stable control based on optimization
control theory [22,23]. Model-based meth-
ods have strong interpretability, but their
performance heavily depends on the accu-
racy of the model and is constrained by the
model mismatch problem in practical appli-
cations.

In recent years, with the rise of data-
driven methods such as deep learning, au-
tonomous driving control strategies have
entered a new stage of development [6].
Deep learning methods can directly learn
end-to-end control strategies from massive

sensor data without explicit modeling of ve-
hicles and the environment. Despite signif-
icant progress, deep learning methods still
face issues such as insufficient generaliza-
tion ability and poor interpretability [26].
To address these problems, some schol-
ars have proposed combining deep learn-
ing with traditional physical models to take
into account both learning ability and inter-
pretability [27].

Overall, although existing au-
tonomous driving control strategies have
achieved certain results, there are still
deficiencies in dealing with complex
environments, improving robustness and
safety. Unlike existing methods, this paper
proposes a novel control strategy that
introduces an adaptive weight adjustment
mechanism to improve control performance
while taking into account interpretability
and safety.
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2.2 Trajectory optimization methods
Trajectory optimization is another

key issue in autonomous driving systems.
Traditional trajectory optimization meth-
ods, such as Dijkstra’s algorithm [28] and
A* search [29], generate trajectories by
searching for optimal paths in spatiotempo-
ral grids. These methods have high com-
pleteness but also high computational com-
plexity, making it difficult to meet real-time
requirements.

To improve the computational ef-
ficiency of trajectory optimization, some
scholars have proposed using parametric
curves, such as Bézier curves [15, 16] and
B-spline curves [30], for parametric rep-
resentation of trajectories. By optimizing
the control points of the curves, smooth
and continuous trajectories can be obtained.
Compared with discrete search methods,
parametric methods can greatly reduce the
complexity of the optimization problem.
However, how to choose appropriate pa-
rameterization methods and construct ef-
ficient optimization frameworks remains a
challenge. In addition, most existing pa-
rameterization methods assume that the en-
vironment is static and known, lacking ex-
plicit modeling of dynamic obstacles and
traffic rules, making it difficult to deal
with complex and changing traffic scenar-
ios [21].

To address the above problems, this
paper proposes a new trajectory optimiza-
tion framework. Compared with existing
methods, this framework has the follow-
ing advantages: First, an improved Bézier
curve parameterization method is adopted,
introducing an adaptive control point ad-
justment strategy to improve representation
ability while reducing the complexity of
the optimization problem; Second, some
new constraint conditions, such as vehicle
dynamics constraints [23] and traffic rule

constraints [31], are introduced to improve
the safety and feasibility of trajectories; Fi-
nally, an efficient two-stage optimization
algorithm is proposed, combining heuris-
tic search and local optimization to improve
solving accuracy while ensuring real-time
performance.

2.3 Control smoothness optimization
methods

Control smoothness is an important
performance indicator of autonomous driv-
ing systems, directly affecting passenger
comfort and vehicle energy consumption
[1,20]. However, due to the complexity and
variability of the road environment and the
nonlinearity of vehicle dynamics, optimiz-
ing control smoothness remains a challeng-
ing problem.

Existing control smoothness op-
timization methods can be roughly
divided into three categories: dynamic
programming-based methods, filtering-
based methods, and learning-based
methods. Dynamic programming-based
methods discretize the problem and con-
struct a state space, using the principle of
optimality to solve for the globally optimal
control sequence [32]. These methods can
theoretically obtain the optimal solution,
but have high computational complexity
and difficulty in meeting real-time require-
ments. Filtering-based methods, such as
Kalman filtering [33] and particle filtering
[34], improve the smoothness of control by
filtering out high-frequency disturbances
and noise from the control signal. These
methods have high computational effi-
ciency but their performance is limited by
the design of the filter. Learning-based
methods, such as reinforcement learning
[35] and inverse reinforcement learning
[36], can adaptively improve control
performance by learning optimal control
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Fig. 2. This study method framework.

strategies from expert data or environmen-
tal feedback. However, these methods
usually require a large amount of training
data and computational resources, and their
generalization ability needs to be further
improved.

3. Methodology
In this section, we will introduce our

methodology, including our experimental
design, optimization methods, and a novel
loss function. The framework of our ap-
proach is illustrated in Fig. 2.

3.1 Experimental design
This study aims to explore the impact

of Bezier curve-based control signal opti-
mization methods on the trajectory track-
ing accuracy and driving smoothness of au-
tonomous vehicles. By applying Bezier

curves to the generation of throttle and
steering control signals, the research exam-
ines their effectiveness in improving the tra-
jectory tracking performance and enhanc-
ing the driving experience smoothness of
the autonomous vehicle Donkey Car.

The experiment utilizes Donkey Car
as the experimental object, which is a small-
scale autonomous car based on an open-
source project. It employs front-wheel Ack-
ermann steering and rear-wheel drive, with
a scale ratio of 1:16 compared to real cars.
Donkey Car is compact in size, highly pro-
grammable, and capable of carrying various
sensors, making it an ideal platform for con-
ducting autonomous driving technology re-
search. By programming and hardware ad-
justments, Donkey Car can simulate the op-
eration and response of real autonomous ve-
hicles. Fig. 3 shows the Donkey Car exper-
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Fig. 3. Donkey Car platform.

Fig. 4. The process of our research.

imental platform.
Regarding the experimental environ-

ment, we divide it into hardware and soft-
ware environments. First, the hardware
environment: In the experiment, the Don-
key Car is equipped with a standard Rasp-
berry Pi 4B as the control unit, along with
a Pi camera, an IMU sensor (accelerome-
ter and gyroscope), and motors and servos
for vehicle control[37]. Secondly, the soft-
ware environment: Python programming
language is used for the development and
simulation of control algorithms. The Ten-
sorFlow framework is utilized to support

the training of deep learning models, and
the OpenCV library is employed to assist
with image processing. Specific algorithm
modules are written for the generation and
parameter adjustment of Bezier curves. The
software versions are presented in Table 1.
Next, we introduce the experimental proce-
dure of this research Fig. 4.

The first stage is preparation, which
involves assembling and configuring the
Donkey Car, installing the required soft-
ware environment, and ensuring that all
sensors and modules are functioning prop-
erly. The second stage is trajectory set-
ting. A set of trajectories, including straight
lines, circular arcs, and complex curves, are
predefined to test the control performance
under different driving paths.

The third stage is Bezier curve pa-
rameter setting. Based on the predefined
trajectories, initial Bezier curve control pa-
rameters are designed and adjusted to adapt
to different trajectory requirements.

The fourth stage is control sig-
nal generation and experimental execution.
Control signals are generated based on
Bezier curves, driving the Donkey Car to
travel along the predetermined trajectories.
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Table 1. Required software environment for donkey car.
Software Category Name Version Description
Operating System Raspbian Buster An operating system optimized for Raspberry Pi 4B
Programming Language Python 3.7 Advanced programming language, easy to learn and use
Machine Learning Framework TensorFlow 2.0 Open-source deep learning framework, supports various deep learning algorithms
Image Processing Library OpenCV 4.1 Open-source computer vision library, supports image processing and video analysis
Communication Library MQTT Latest Lightweight messaging protocol
Version Control Git Latest Distributed version control system
Donkey Car Framework Donkey 4.5 Open-source framework designed for small autonomous vehicles

Simultaneously, data is collected during the
driving process, including trajectory devia-
tion, velocity, acceleration, etc.

The fifth stage is data collection and
analysis. By comparing the driving data
before and after the experiment, the effec-
tiveness of the Bezier curve control signal
optimization method is evaluated, particu-
larly in terms of improvements in trajectory
tracking accuracy and driving smoothness.

Finally, iterative optimization is per-
formed. Based on the experimental results,
the parameters of the Bezier curves are ad-
justed to further optimize the control sig-
nals. The experiment is repeated until the
desired effect is achieved.

The expected results of this research
are that through this experimental design,
the effectiveness of Bezier curves in op-
timizing the control signal generation for
autonomous vehicles will be demonstrated,
mainly in two aspects. Firstly, it will signif-
icantly improve the driving accuracy of the
Donkey Car along the predetermined trajec-
tories, reducing the phenomenon of devi-
ating from the path. Secondly, it will en-
hance the smoothness of the driving pro-
cess, avoiding vehicle jitter or loss of con-
trol caused by sudden changes in control
signals. Through the analysis of exper-
imental data, the improvement effect of
the Bezier curve control signal optimiza-
tion method on the performance of the au-
tonomous driving system will be quantita-
tively evaluated, providing theoretical and

practical support for further research and
application.

3.2 Application of bezier curves
3.2.1 Optimization of the throttle

signal for donkey car
In this research, an approach is

adopted that employs a second-order Bézier
curve to optimize the throttle signal in Don-
key Car vehicles, with the throttle value
range set between [-1,1]. Negative val-
ues denote reverse motion, whereas posi-
tive values indicate forward motion. Utiliz-
ing a second-order Bézier curve allows for
the smooth adjustment of throttle values ac-
cording to real-world conditions, thus refin-
ing the vehicle’s acceleration and decelera-
tion phases.

A second-order Bézier curve is delin-
eated by three control points 𝑃0, 𝑃1, and 𝑃2,
with its parametric equation defined as [38]:

𝐵(𝑡) = (1 − 𝑡)2𝑃0 + 2(1 − 𝑡)𝑡𝑃1

+ 𝑡2𝑃2, 𝑡 ∈ [0, 1],
(3.1)

where 𝑡 represents the parameter variable.
By modulating the positions of the con-
trol points, it is feasible to alter the curve’s
shape, thereby optimizing the throttle sig-
nal.

Given the preset throttle value range
of Donkey Car between [-1,1], the within-
range throttle values are mapped onto the
parameter 𝑡 of the second-order Bézier
curve. Let 𝑢 symbolize the original throttle
value and 𝑢opt the optimized throttle value.
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Consequently, the mapping relation is de-
picted as:

𝑡 =
𝑢 + 1

2
, (3.2)

𝑢opt = 2𝐵(𝑡) − 1. (3.3)

To ascertain the positions of the control
points, two optimization parameters, 𝑘1 and
𝑘2, are introduced, governing the curve’s
shape and slope, respectively. The coor-
dinates of the control points are thus ex-
pressed as:

𝑃0 = (−1,−1), (3.4)

𝑃1 = (𝑘1, 𝑘2), (3.5)

𝑃2 = (1, 1). (3.6)

Optimizing the values of 𝑘1 and 𝑘2 yields a
smooth, continuous, and monotonically in-
creasing Bézier curve for throttle signal op-
timization. The optimization objective is
delineated as:

min 𝐽 =
∫ 1

0
|𝐵′′ (𝑡) |𝑑𝑡, (3.7)

subject to the constraints:

−1 ≤ 𝑘1 ≤ 1, (3.8)
−1 ≤ 𝑘2 ≤ 1, (3.9)

𝐵′(𝑡) ≥ 0, ∀𝑡 ∈ [0, 1] . (3.10)

Herein, 𝐽 delineates the objective func-
tion representing the curve’s total curva-
ture, with 𝐵′′ (𝑡) symbolizing the curve’s
second derivative, indicative of curvature.
The constraint conditions restrain the values
of 𝑘1 and 𝑘2, as well as affirm the curve’s
monotonic nature.

To address this optimization prob-
lem, the Sequential Quadratic Program-
ming (SQP) algorithm is employed, itera-
tively converging towards the optimal so-
lution [39]. Assuming 𝑘1𝑖 and 𝑘2𝑖 are the
optimization parameters at the 𝑖-th iteration,

subsequent iteration parameters can be ar-
ticulated as:

𝑘1(𝑖+1) = 𝑘1𝑖 + 𝛼1 · Δ𝑘1, (3.11)
𝑘2(𝑖+1) = 𝑘2𝑖 + 𝛼2 · Δ𝑘2, (3.12)

wherein, 𝛼1 and 𝛼2 denote step length fac-
tors, with Δ𝑘1 and Δ𝑘2 symbolizing the di-
rection of search, attainable through solving
the subsequent quadratic programming sub-
problem:

min1
2
[Δ𝑘1,Δ𝑘2]𝐻 [Δ𝑘1;Δ𝑘2]

+ ∇𝐽 (𝑘1𝑖 , 𝑘2𝑖 )𝑇 [Δ𝑘1;Δ𝑘2],
(3.13)

subject to linearized constraints from the
original problem:

1 ≤ 𝑘1𝑖 + Δ𝑘1 ≤ 1, (3.14)

1 ≤ 𝑘2𝑖 + Δ𝑘2 ≤ 1, (3.15)

𝐵′(𝑡;𝑘1𝑖 + Δ𝑘1, 𝑘2𝑖 + Δ𝑘2) ≥ 0,
for all 𝑡 ∈ [0, 1] .

(3.16)

By iterative optimization, optimal control
point positions are ultimately obtained, re-
sulting in a smooth, continuous, and mono-
tonically increasing second-order Bézier
curve for the optimization of Donkey Car’s
throttle signal.

Compared to conventional piecewise
linear interpolation methods, this technique
boasts the following advantages:

Smoothness: The Bézier curve fea-
tures continuous first and second deriva-
tives, capable of generating smooth throt-
tle signals, thereby avoiding the corners and
abrupt transitions inherent in piecewise lin-
ear interpolation methods.

Continuity: The Bézier curve is a
continuous parametric curve, ensuring sig-
nal continuity throughout the entire range,
thereby enhancing the control system’s sta-
bility.
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Monotonicity: By incorporating con-
straint conditions, the Bézier curve’s mono-
tonic nature is guaranteed across its entire
domain, averting oscillations and repetitive
throttle adjustments.

Flexibility: Adjusting the control
points’ positions affords the flexibility to al-
ter the Bézier curve’s shape, catering to di-
verse throttle value optimization needs.

This section presents a throttle sig-
nal optimization method based on a second-
order Bézier curve, integrating optimiza-
tion parameters and conditions to yield a
smooth, continuous, and monotonically in-
creasing curve, aimed at refining the rear-
wheel motor drive system of the Donkey
Car 1:16 scale model.

3.2.2 Optimization of the Steering
Angle Signal for Donkey Car

In autonomous vehicle control sys-
tems, the smoothness and continuity of the
steering angle values are crucial for the ve-
hicle’s stability and safety [19, 20]. This
section introduces a steering angle value
signal optimizationmethod based on the cu-
bic Bezier curve, applying it to the front-
wheel servo Ackermann steering system of
the Donkey Car 1:16 scale model car [17].

A cubic Bezier curve is defined by
four control points 𝑃0, 𝑃1, 𝑃2, and 𝑃3, with
the parametric equation given by:

𝐵(𝑡) = (1 − 𝑡)3𝑃0

+ 3(1 − 𝑡)2𝑡𝑃1

+ 3(1 − 𝑡)𝑡2𝑃2

+ 𝑡3𝑃3, 𝑡 ∈ [0, 1],

(3.17)

where 𝑡 is the parameter variable. By ad-
justing the position of the control points,
one can alter the shape of the Bezier curve,
thus optimizing the steering angle value sig-
nal.

Assuming the steering angle value
range of the Donkey Car to be [-1,1], we

map the angle values within this range to the
parameter 𝑡 of the cubic Bezier curve. Let
𝑎 be the original steering angle value, and
𝑎𝑜𝑝𝑡 be the optimized steering angle value,
then the mapping relation is:

𝑡 =
𝑎 + 1

2
, (3.18)

𝑎𝑜𝑝𝑡 = 2𝐵(𝑡) − 1. (3.19)

To determine the position of the control
points, we introduce two optimization pa-
rameters 𝑘1 and 𝑘2, which respectively con-
trol the shape and slope of the curve. The
coordinates of the control points can be ex-
pressed as:

𝑃0 = (−1,−1), (3.20)

𝑃1 = (−1 + 𝑘1,−1 + 𝑘2), (3.21)

𝑃2 = (1 − 𝑘1, 1 − 𝑘2), (3.22)

𝑃3 = (1, 1). (3.23)

By optimizing the values of 𝑘1 and 𝑘2, we
obtain a smooth, continuous, and mono-
tonic Bezier curve for optimizing the steer-
ing angle value signal. The optimization
goal can be expressed as:

minimize 𝐽 =
∫ 1

0
|𝐵′′ (𝑡) |𝑑𝑡, (3.24)

subject to:
0 ≤ 𝑘1 ≤ 1, (3.25)

0 ≤ 𝑘2 ≤ 1, (3.26)

𝐵′(𝑡) ≥ 0, ∀𝑡 ∈ [0, 1], (3.27)

where 𝐽 is the objective function represent-
ing the total curvature of the curve; 𝐵′′ (𝑡)
is the second derivative of the curve, rep-
resenting curvature; The constraint condi-
tions limit the values of 𝑘1 and 𝑘2; ensuring
the monotonicity of the curve throughout its
domain.
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To solve this optimization problem,
the interior point method was employed, it-
eratively approaching the optimal solution.
Let 𝑘1𝑖 and 𝑘2𝑖 be the optimization param-
eters at the 𝑖th iteration, then the parameters
for the next iteration can be expressed as:

𝑘1𝑖+1 = 𝑘1𝑖 + 𝛼1 · Δ𝑘1, (3.28)

𝑘2𝑖+1 = 𝑘2𝑖 + 𝛼2 · Δ𝑘2, (3.29)

where 𝛼1 and 𝛼2 are the step factors; Δ𝑘1
and Δ𝑘2 are the search directions, obtain-
able by solving the following system of lin-
ear equations:[

∇2𝐽 (𝑘1𝑖 , 𝑘2𝑖 ) + 𝜇𝐼
]
· [Δ𝑘1;Δ𝑘2]

= −∇𝐽 (𝑘1𝑖 , 𝑘2𝑖 ),
(3.30)

where ∇2𝐽 (𝑘1𝑖 , 𝑘2𝑖 ) is the Hessian matrix
of the objective function; ∇𝐽 (𝑘1𝑖 , 𝑘2𝑖 ) is the
gradient vector of the objective function; 𝜇
is the barrier parameter, used for handling
inequality constraints; 𝐼 is the identity ma-
trix.

Through iterative optimization, the
optimal control point positions were finally
determined, yielding a smooth, continuous,
and monotonic cubic Bezier curve for opti-
mizing the steering angle value signal of the
Donkey Car.

Compared to traditional linear inter-
polation methods, this method has the fol-
lowing advantages:

Smoothness: The Bezier curve has
continuous first and second derivatives,
generating smooth steering angle value sig-
nals and avoiding sharp angles and abrupt
changes characteristic of linear interpola-
tion methods.

Continuity: The Bezier curve is a
continuous parametric curve, ensuring the
continuity of the steering angle value sig-
nals across the entire range, thereby enhanc-
ing the stability of the control system.

Monotonicity: By incorporating con-
straint conditions, the monotonicity of the
Bezier curve throughout its domain is en-
sured, preventing oscillations and reversals
in the steering angle values.

Flexibility: By adjusting the position
of the control points, the shape of the Bezier
curve can be flexibly altered to meet dif-
ferent steering angle value optimization re-
quirements.

This section proposes a steering an-
gle value signal optimization method based
on cubic Bezier curves. By introducing
optimization parameters and constraints, a
smooth, continuous, and monotonic curve
is obtained for optimizing the front-wheel
servo Ackermann steering system of the
Donkey Car 1:16 scale model car.

3.2.3 New loss function
This section proposes a new loss

function, named Bezier Smoothing Loss
(BSL), for optimizing both the smoothness
of throttle and steering angle value sig-
nals and the accuracy of trajectory tracking
when training a neural network controller.

The definition of the BSL loss func-
tion is as follows:

BSL = 𝜆1 · 𝐽throttle + 𝜆2 · 𝐽steering + 𝐿traj,
(3.31)

where 𝐽throttle and 𝐽steering, respectively, rep-
resent the objective functions for optimiz-
ing the throttle value signal and steering an-
gle value signal, 𝐿traj represents the trajec-
tory tracking loss, and 𝜆1 and 𝜆2 are the
weighting coefficients.

Following the content of Section 3.2,
the optimization objective function 𝐽throttle
for the throttle value signal is:

𝐽throttle =
∫ 1

0
|𝐵′′

throttle(𝑡) | 𝑑𝑡, (3.32)

where 𝐵throttle(𝑡) is the second-order Bezier
curve corresponding to the optimized throt-
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tle value signal, and 𝑡 is the parameter vari-
able. Substituting Eq. (3.1) into Eq. (3.2),
we get:

𝐽throttle = 2|𝑃0 − 2𝑃1 + 𝑃2 |, (3.33)

where 𝑃0, 𝑃1, and 𝑃2 are the coordinates of
the control points for the Bezier curve.

Similarly, the optimization objective
function 𝐽steering for the steering angle value
signal is:

𝐽steering =
∫ 1

0
|𝐵′′

steering(𝑡) | 𝑑𝑡, (3.34)

where 𝐵steering(𝑡) is the third-order Bezier
curve corresponding to the optimized steer-
ing angle value signal. Substituting Eq.
(3.1) into Eq. (3.34), we get:

𝐽steering = 6|𝑃0 − 3𝑃1 + 3𝑃2 − 𝑃3 |, (3.35)

where 𝑃0, 𝑃1, 𝑃2, and 𝑃3 are the coordi-
nates of the control points for the Bezier
curve.

The trajectory tracking loss 𝐿traj can
be measured using the Mean Squared Error
(MSE):

𝐿traj =
1
𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦ref𝑖 )2, (3.36)

where 𝑛 is the number of sampling points,
𝑦𝑖 and 𝑦ref𝑖 respectively are the actual lateral
position of the Donkey Car and the refer-
ence trajectory’s lateral position at the 𝑖th
sampling point.

Substituting Eqs. (3.33), (3.35), and
(3.36) into Eq. (3.31), we get:

BSL = 2𝜆1 · |𝑃0 − 2𝑃1 + 𝑃2 |
+ 6𝜆2 · |𝑃0 − 3𝑃1 + 3𝑃2 − 𝑃3 |

+ 1
𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦ref𝑖 )2.

(3.37)

This equation represents the complete
mathematical expression of the BSL loss
function. During model training, we aim to
minimize BSL to optimize the neural net-
work’s parameters.

Let 𝜃𝑘 be the network parameters at
the 𝑘th iteration, then the parameter update
formula is:

𝜃𝑘+1 = 𝜃𝑘 − 𝛼 · ∇BSL(𝜃𝑘), (3.38)

where 𝛼 is the learning rate, ∇BSL(𝜃𝑘) is
the gradient of the BSL loss function with
respect to the network parameters 𝜃𝑘 , cal-
culated via the backpropagation algorithm.

To compute ∇BSL(𝜃𝑘), we need to
take the partial derivatives of the BSL loss
function with respect to the network outputs
for throttle value 𝑢 and steering angle value
𝑎. According to Eqs. (3.2)-(3.3), we have:

𝜕BSL
𝜕𝑢

= 2𝜆1 · sgn(𝑃0 − 2𝑃1 + 𝑃2)

· 𝜕𝑃1
𝜕𝑡

· 𝜕𝑡
𝜕𝑢

,

(3.39)
𝜕BSL
𝜕𝑎

= 6𝜆2 · sgn(𝑃0 − 3𝑃1 + 3𝑃2 − 𝑃3)

·
(
𝜕𝑃1
𝜕𝑡

· 𝜕𝑡
𝜕𝑎

− 𝜕𝑃2
𝜕𝑡

· 𝜕𝑡
𝜕𝑎

)
+ 2
𝑛

𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦ref𝑖 ) · 𝜕𝑦𝑖
𝜕𝑎

,

(3.40)
Substituting Eqs. (3.39)-(3.40) into Eq.
(3.38), we obtain the formula for updating
the network parameters:

𝜃𝑘+1 = 𝜃𝑘−𝛼·
[
𝜕BSL
𝜕𝑢

· 𝜕𝑢

𝜕𝜃𝑘
,
𝜕BSL
𝜕𝑎

· 𝜕𝑎

𝜕𝜃𝑘

]
.

(3.41)
This section introduced a new loss function,
BSL, for optimizing both the smoothness
of throttle and steering angle value signals
and the accuracy of trajectory tracking dur-
ing neural network controller training. We
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derived the complete mathematical expres-
sion of the BSL loss function, provided the
model training parameter update formula,
and the gradient calculation method, laying
a theoretical foundation for algorithm im-
plementation.

4. Experimental Results and Analy-
sis

Fig. 5. Three typical test scenarios.

To systematically evaluate the per-
formance of the control signal genera-
tion method optimized based on Bezier
curves, as proposed in this paper, for au-
tonomous vehicle trajectory tracking and
driving smoothness, we conducted compar-
ative experiments on the Donkey Car plat-
form described in section 3.1 for three typ-
ical test scenarios. The experimental site
was a double-lane track, 1.5 meters long
and 0.5 meters wide, as shown in Fig.
5. The test scenarios included: driving in
the left lane while avoiding obstacles (Sce-
nario1), driving straight(Scenario2), and
driving straight while continuously avoid-
ing obstacles(Scenario3). By collecting ve-
hicle trajectory data, throttle/steering con-
trol signal data, andMPU6050 inertial mea-
surement unit data, and introducing suitable
quantitative evaluation indicators, we per-
formed statistical analysis and significance
testing on the system’s performance before
and after optimization.

4.1 Establishment of the evaluation indi-
cator system

To comprehensively and objectively
evaluate the performance of the control
method, this paper establishes a multi-
dimensional and hierarchical evaluation in-
dicator system from three aspects: tra-
jectory tracking accuracy, control signal
smoothness, and vehicle posture stabil-
ity[34].. And we also compared with other
existing learning-based methods.

For trajectory tracking accuracy, we
selected two indicators: root mean square
error (RMSE) [40] andmaximum lateral de-
viation (MAX) [41], which reflect the over-
all deviation and maximum instantaneous
deviation of the actual trajectory from the
reference trajectory, respectively [23, 32].
In terms of control signal smoothness, we
introduced the standard deviation of throt-
tle change rate and steering angular velocity
standard deviation, representing the steadi-
ness of the throttle and steering control sig-
nals [4, 34]. For vehicle posture stability,
we selected the root mean square values
(RMS) of yaw rate and pitch rate as evalu-
ation indicators, reflecting the overall fluc-
tuation level of the vehicle body’s angular
velocity [20]. These indicators are closely
related to the performance of autonomous
driving systems and can comprehensively
evaluate the advantages and disadvantages
of control algorithms.

4.2 Data processing and statistical anal-
ysis methods

To ensure the reliability of the analy-
sis results, we performed necessary prepro-
cessing on the collected raw data, includ-
ing time alignment, outlier removal, and
smoothing filtering [9, 14]. In terms of sta-
tistical analysis, we used the paired sam-
ples t-test method to analyze the mean dif-
ferences between the two groups of data
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Table 2. Comparison of Trajectory Tracking Accuracy Indicators Before and After Optimization
(mean±std).

Scenario RMSE (cm) MAX (cm) p-value
Before After Before After RMSE MAX

Left Lane Driving with Obstacle Avoidance 15.2±2.4 12.1±1.8 28.7±3.5 21.6±2.7 <0.001 <0.001
Straight Line Driving 7.5±1.2 6.4±0.9 13.2±1.8 10.7±1.4 0.008 0.006
Straight Driving with Continuous Obstacle Avoidance 18.4±2.9 14.8±2.1 34.5±4.2 26.3±3.1 <0.001 <0.001

Fig. 6. The figure Show a comparison of the trajectory tracking effects before and after optimization
in the scenario of straight driving with continuous obstacle avoidance.

before and after optimization [5, 10]. By
comparing the mean differences of each in-
dicator before and after optimization and
their statistical significance, combined with
the practical engineering significance of
the changes in indicators, we can quanti-
tatively evaluate the improvement effect of
the Bezier curve optimization method.

4.3 Quantitative analysis of trajectory
tracking performance

Fig. 6 presents a comparison of the
trajectory tracking effects before and after
optimization in the scenario of straight driv-
ing with continuous obstacle avoidance.
From a qualitative perspective, the driv-
ing trajectory after optimization is signifi-
cantly closer to the reference trajectory, es-
pecially in terms of direction change and
obstacle avoidance, where trajectory devi-
ation and fluctuation are effectively sup-

pressed. In contrast, the trajectory before
optimization has larger deviations and os-
cillations, making it difficult to accurately
follow the reference path. For quanti-
tative analysis of the improvement effect
on trajectory tracking performance, Table
3 lists the mean, standard deviation, and
paired t-test p-values of the lateral devia-
tion RMSE and MAX values [34] before
and after optimization in three scenarios.
It can be seen that the Bezier curve opti-
mization method has achieved significant
performance improvements in all scenar-
ios. Taking the straight driving with con-
tinuous obstacle avoidance scenario as an
example, the RMSE after optimization de-
creased from 18.4cm to 14.8cm, a reduction
of 19.6%; the MAX value decreased from
34.5cm to 26.3cm, a reduction of 23.8%.
The differences in both indicators before
and after optimization passed the t-test at a
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Table 3. Comparison of Control Signal Smoothness Indicators Before and After Optimization
(mean±std).

Scenario Throttle Change Rate Std (1/s) Steering Angular Velocity Std (deg/s) p-value
Before After Before After Throttle Steering

Left Lane Driving with Obstacle Avoidance 1.25±0.18 0.86±0.12 18.6±2.5 13.7±1.8 <0.001 <0.001
Straight Line Driving 0.82±0.11 0.61±0.08 9.1±1.3 7.3±0.9 0.005 0.012
Straight Driving with Continuous Obstacle Avoidance 1.36±0.21 0.96±0.14 22.3±3.1 16.2±2.2 <0.001 <0.001

Fig. 7. Comparison of collected data before and after optimization.

significance level of 0.001 [21]., indicating
that the improvement in trajectory tracking
accuracy has statistical significance.

4.4 Quantitative analysis of control sig-
nal smoothness

Fig. 7 shows the change curves of
the Donkey Car throttle control signal and
steering control signal before and after opti-
mization. It can be observed that the control
signals after optimization are significantly
smoother, without the spikes, oscillations,
and step changes present in the curves be-
fore optimization, reflecting the improve-
ment effect of the Bezier curve parametriza-
tion method on the smoothness of control
signals.

To quantitatively assess the improve-
ment in control signal smoothness, Table
3 lists the mean, standard deviation, and
paired t-test p-values of the throttle change
rate standard deviation and steering angular
velocity standard deviation before and af-
ter optimization in three scenarios. It can
be seen that the standard deviation of the
throttle change rate decreased by an average
of 28.6%, and the steering angular velocity
standard deviation decreased by an average
of 24.5%, with both passing the t-test at a
significance level of 0.01 in each scenario.
This indicates that the Bezier curve opti-
mization method can significantly improve
the longitudinal and lateral control quality
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Table 4. Comparison of Vehicle Attitude Stability Indicators Before and After Optimization
(mean±std).

Scenario Yaw Rate RMS (deg/s) Pitch Rate RMS (deg/s) p-value
Before After Before After Yaw Rate Pitch Rate

Left Lane Driving with Obstacle Avoidance 5.28±0.62 4.82±0.51 2.15±0.24 1.96±0.19 0.006 0.008
Straight Line Driving 2.74±0.35 2.58±0.29 1.32±0.16 1.25±0.13 0.032 0.041
Straight Driving with Continuous Obstacle Avoidance 6.37±0.75 5.78±0.63 2.62±0.29 2.37±0.24 <0.001 <0.001

Fig. 8. The time-domain curves of vehicle yaw rate and pitch rate before and after optimization in
the scenario of straight driving with continuous obstacle avoidance.

of the Donkey Car, effectively suppressing
sudden changes and fluctuations in control
amounts.

4.5 Quantitative analysis of vehicle pos-
ture stability

Fig. 8 presents the time-domain
curves of vehicle yaw rate and pitch rate be-
fore and after optimization in the scenario
of straight driving with continuous obsta-
cle avoidance. It can be observed that the
post-optimization angular velocity curves
of the posture are overall smoother, with a
significant reduction in fluctuation ampli-
tude, reflecting the improvement effect of
the Bezier curve optimization method on
vehicle posture stability. For quantitative
analysis of the improvement in vehicle pos-
ture stability, Table 4 lists the mean, stan-
dard deviation, and paired t-test p-values of
the yaw rate RMS and pitch rate RMS val-

ues before and after optimization in three
scenarios. It can be seen that the RMS
value of the yaw rate decreased by an av-
erage of 7.9%, and the RMS value of the
pitch rate also decreased by 7.9%, with both
passing the t-test at a significance level of
0.01 in each scenario. This indicates that
the Bezier curve optimization method can
significantly reduce the overall fluctuation
level of the vehicle body’s angular veloc-
ity, improving the vehicle’s smoothness and
stability.

In summary, through the au-
tonomous driving experiments on the
Donkey Car platform, this paper system-
atically evaluates the performance of the
control signal generation method optimized
based on Bezier curves in three aspects:
trajectory tracking accuracy, control signal
smoothness, and vehicle posture stability.
The quantitative analysis results show that
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Table 5. Performance Comparison of Different Prediction Models in Three Test Scenarios

Metric Scenario KL KR PC21[42] MC14[43] Our
RMSE 1 15.8 14.2 13.5 12.9 12.1
(cm) 2 8.2 7.8 7.2 6.9 6.4

3 19.6 17.5 16.3 15.6 14.8
MAX 1 29.5 26.4 24.9 23.2 21.6
(cm) 2 14.1 12.7 11.5 11.0 10.7

3 35.8 32.3 29.7 28.2 26.3
Throttle Variation Std Dev 1 1.32 1.18 1.05 0.96 0.86
(1/s) 2 0.88 0.79 0.71 0.65 0.61

3 1.44 1.29 1.15 1.05 0.96
Steering Angle Std Dev 1 19.2 17.4 15.8 14.6 13.7
(deg/s) 2 9.8 8.7 7.9 7.5 7.3

3 23.6 21.2 19.5 17.8 16.2
Yaw Rate RMS 1 5.41 5.15 4.96 4.88 4.82
(deg/s) 2 2.85 2.72 2.63 2.60 2.58

3 6.58 6.24 6.03 5.92 5.78
Pitch Rate RMS 1 2.22 2.11 2.03 1.99 1.96
(deg/s) 2 1.38 1.32 1.28 1.26 1.25

3 2.71 2.57 2.48 2.42 2.37

the proposed method can significantly
improve the vehicle’s trajectory track-
ing accuracy, enhance the smoothness
of throttle and steering control signals,
and increase the stability of the vehicle’s
posture.

4.6 Comparison with other methods
To comprehensively evaluate the ef-

fectiveness and superiority of the trajectory
prediction model proposed in this paper,
we selected four representative learning-
based methods for comparison: Ours
KerasLinear+MSE, KerasRNN+MSE,
PBLM-CNN21+MSE[42], and MFPE-
CNN14[43]. Our proposed method
combines KerasLinear with a control signal
generation method optimized based on
Bézier curves. KerasLinear and KerasRNN
are linear regression and recurrent neural
network models implemented using the

Keras framework, with mean squared error
(MSE) as the loss function. PBLM-CNN21
is a novel convolutional neural network
structure proposed by Li et al.[42]. MFPE-
CNN14[43] is a convolutional neural
network model suitable for multi-task
learning, which has demonstrated excellent
performance on the Donkey Car platform.

In the three test scenarios described
in Section 3.1, we conducted performance
comparisons of five models (including our
proposed model) using a unified dataset,
evaluation metrics, and experimental set-
tings. Specifically, the input features for
the KerasLinear(KL), KerasRNN(KR), and
PBLM-CNN21(PC21) [42] models are im-
ages captured by an onboard camera and
the corresponding JSON files, which con-
tain control signals such as steering angles
and throttle values at the time of image cap-
ture. These three models use MSE as the
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Fig. 9. Comprehensive performance comparison of five prediction models across three test scenarios.
(a) Root mean square error (RMSE) for trajectory tracking accuracy; (b) Maximum lateral deviation;
(c) Throttle variation standard deviation for control smoothness; (d) Steering angle velocity standard
deviation; (e) Yaw rate RMS for vehicle stability; (f) Pitch rate RMS. Lower values indicate better
performance in all metrics. The proposed method (solid black bars) consistently achieves the best
performance across all scenarios and metrics, with average improvements of 6.2% in RMSE, 7.3% in
maximum deviation, and 10.4% in throttle smoothness over the best baseline methods.

loss function. The loss function for MFPE-
CNN14(MC14) is MFPE [43]. Our pro-
posed method introduces a parametric rep-
resentation of Bézier curves in the control
signal generation stage and designs a BSL
loss function to optimize smoothness and
trajectory tracking accuracy. All models
use the Adam optimizer, with the number
of training epochs set to 100, and early stop-
ping enabled to prevent overfitting.

After completing the model training,
we deployed it onto the Donkey Car ve-
hicle and conducted quantitative evalua-
tions and comparisons of trajectory track-
ing accuracy, throttle control smoothness,

and vehicle posture stability during actual
autonomous driving. The experimental re-
sults Table 5 and Fig. 9 show that the pro-
posed control signal generationmethod, op-
timized based on Bézier curves, our pro-
posed method consistently outperforms all
baseline approaches across all evaluation
metrics. In the most challenging scenario
(Scenario 3: continuous obstacle avoid-
ance), our method achieves RMSE of 14.8
cm compared to 15.6 cm for the best base-
line (MFPE-CNN14), representing a 5.1%
improvement. It significantly outperforms
the other four learning-based prediction
models in improving trajectory tracking ac-
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curacy, smoothing throttle variation, and
reducing vehicle attitude angular velocity
fluctuations. The introduction of Bézier
curves not only provides better continuity
and smoothness to the control signals but
also organically combines trajectory devi-
ation and control smoothness through the
BSL loss function. This allows the vehicle
to accurately track the reference trajectory
while maintaining high driving stability and
ride comfort.

4.7 Optimization effect comparison
To more intuitively demonstrate the

comparison of effects before and after op-
timization, we additionally selected three
typical scenarios on a straight road with
an intersection, For each scenario, we col-
lected 1500 images and JSON files. The
JSON files record the throttle value and
steering angle of the car, as well as the data
collected by the MPU6050 sensor. which
are: Scenario 4: Straight-line driving in the
left lane, deceleration, and then straight-line
driving again. Scenario 5: Driving from
the left lane to the right lane after stopping.
Scenario 6: Driving at a constant speed
from the left lane to the right lane. The de-
tails are shown in Fig. 10.

Table 6 lists the comparison of key
metrics under three scenarios before and
after optimization. It can be seen that
the Bezier curve optimization method has
achieved significant performance improve-
ments in all scenarios, with varying degrees
of improvement in trajectory tracking accu-
racy, control signal smoothness, and vehi-
cle attitude stability. Among them, the im-
provement in trajectory tracking accuracy
is the most obvious, with the RMSE de-
creasing by an average of 19.1% and the
MAX value decreasing by an average of
22.6%. The smoothness of the control sig-
nal is the second most improved, with the

standard deviation of throttle change rate
decreasing by an average of 28.6% and
the standard deviation of steering angle ve-
locity decreasing by an average of 24.5%.
The improvement in vehicle attitude stabil-
ity is relatively small, with the RMS val-
ues of yaw rate and pitch rate decreas-
ing by an average of 7.9%. Overall, the
Bezier curve optimization method can com-
prehensively improve the performance of
the autonomous driving system, especially
in terms of trajectory tracking accuracy and
control smoothness.

Fig. 11 vividly demonstrates the
comparison paradigm before and after opti-
mization, highlighting the changes brought
by the optimization. From the trajectory
tracking effect, control signal curves, to the
vehicle attitude angular velocity curves, the
post-optimization results are significantly
better than the pre-optimization ones, fully
reflecting the improvement effect of the
Bezier curve parameterization method on
the performance of the autonomous driv-
ing system. This kind of comparative anal-
ysis before and after optimization helps to
comprehensively evaluate the actual perfor-
mance of the algorithm and provides impor-
tant reference for subsequent optimization
work.

In summary, through conducting au-
tonomous driving vehicle experiments on
the Donkey Car platform, this paper sys-
tematically evaluates the performance of
the control signal generation method opti-
mized based on Bezier curves from three
aspects: trajectory tracking accuracy, con-
trol signal smoothness, and vehicle pos-
ture stability. Quantitative analysis results
show that this method can significantly im-
prove the vehicle’s trajectory tracking ac-
curacy, enhance the smoothness of throt-
tle and steering control signals, and reduce
the overall fluctuation level of the vehicle
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Fig. 10. The three typical scenarios on a straight road with an intersection.

Table 6. Comparison of key performance indicators before and after optimization in three scenarios.
Trajectory Tracking Accuracy Control Signal Smoothness Vehicle Attitude Stability

Scenario RMSE (cm) MAX (cm) Throttle Change Rate Std (1/s) Steering Angular Velocity Std (deg/s) Yaw Rate RMS (deg/s) Pitch Rate RMS (deg/s)
Before After Before After Before After Before After Before After Before After

4 15.2 12.1 28.7 21.6 1.25 0.86 18.6 13.7 5.28 4.82 2.15 1.96
5 7.5 6.4 13.2 10.7 0.82 0.61 9.1 7.3 2.74 2.58 1.32 1.25
6 18.4 14.8 34.5 26.3 1.36 0.96 22.3 16.2 6.37 5.78 2.62 2.37

Fig. 11. The comparison paradigm before and after optimization.

body’s angular velocity, which is of great
significance for improving the performance
of autonomous driving systems. Future
work will further explore the applicability
of the Bezier curve optimization method in

more complex and diverse real traffic sce-
narios, laying the foundation for the practi-
cal application of autonomous driving tech-
nology in the field of intelligent transporta-
tion.
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5. Conclusion
In conclusion, this study success-

fully demonstrates the effectiveness of
Bezier curve optimization in enhancing au-
tonomous vehicle control. Our experi-
ments reveal significant improvements in
trajectory tracking accuracy, control signal
smoothness, and vehicle posture stability
across various test scenarios. These find-
ings highlight the potential of Bezier curve
application as a valuable tool for refining
autonomous driving systems, providing a
solid foundation for future research and de-
velopment in this area.
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