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ABSTRACT

This work investigates the performance of three distance measures including Grass-
mann, Binet-Cauchy and Chordal distances in the complexity reduction of parameterized
nonlinear dynamical systems using K-medoids clustering and neural network. The Grass-
mann distance provides a geometric perspective by measuring the subspace angles, while
the Binet-Cauchy distance utilizes determinants to measure volume distortion between sub-
spaces. The Chordal distance, on the other hand, considers a straightforward metric that uses
the Euclidean distance between points on a unit sphere. Each of these distances is employed
in the K-medoids clustering process to construct a dictionary of projection basis sets used in
reduced-order modeling. The neural network is then trained to automatically select the most
suitable basis sets in the dictionary for a given parameter vector. The numerical experiments
are demonstrated using the parameterized Burgers’ equation, where the governing partial dif-
ferential equation, initial conditions and boundary conditions are all parameter-dependent.
The Grassmann distance is shown to give the most accurate result across different parameter
settings when compared with the Binet-Cauchy and Chordal distances.
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1. Introduction

Reduced-order modeling plays a cru-
cial role in the simulation of complex dy-
namical systems, offering a computation-
ally efficient alternative to full-order model
(FOM) without compromising accuracy. Its
importance spans across several fields such
as fluid dynamics, control systems and opti-
mization, where high-dimensional simula-
tions can become prohibitively expensive.
By reducing the number of degrees of free-
dom, a reduced-order model (ROM) en-
ables faster computation, providing real-
time simulation with reliable accuracy.

Recently, various model order reduc-
tion techniques have been proposed. One
widely-used method for ROM construc-
tion is the POD-Galerkin approach cou-
pled with the discrete empirical interpo-
lation (DEIM), often called POD-DEIM.
In [[]]], D. Chen and H. Song proposed
the POD-DEIM reduced-order method for
stochastic Allen—Cahn equations with mul-
tiplicative noise. A. Roy and M. Nabi
[2] presented a reduced-order modeling
for three dimensional electrothermal mi-
crogripper with thermal nonlinearity using
POD-DEIM. Also in [3], a POD-DEIM-
ROM for compressible gas reservoir flow
based on the Peng-Robinson equation of
state was introduced. More details on us-
ing POD-DEIM in the construction of ROM
for various problems can be found in [4-7].
Detailed analyses of the effectiveness of the
POD-DEIM approach including error esti-
mation can be found in [8,9].

Despite the success of the POD-
DEIM approach in reduced-order model-
ing, it still encounters notable challenges
when dealing with parameterized systems.
In many parameterized problems, a global
reduced basis is employed to represent the
entire parameter space with the assumption
that this basis will sufficiently capture the

system’s dynamic across all parameter vari-
ation. However, it can fail in cases where
the system exhibits highly localized be-
haviors or significant changes in dynamics
for different parameter values. To address
these limitations, several studies have ex-
plored the use of local reduced bases, which
are constructed for specific regions of the
parameter space. In particular, physics-
informed cluster analysis and a priori effi-
ciency criterion for the construction of lo-
cal reduced-order bases were introduced in
[10], where the local bases are generated
by the corresponding centroids of the clus-
ters. In [|LL], J. Cortés et al. presented a lo-
cal reduced-order method for computing bi-
furcation diagrams in 2D Rayleigh—Bénard
convection problems, where the locality of
the method is achieved through K-means
clustering as well. In 2024, N. Sukun-
tee and S. Chaturantabut [[12] employed the
Grassmann distance to partition the param-
eter space, allowing for more effective con-
struction of local ROMs by measuring the
distance between subspaces. Further de-
tails and comprehensive analyses of these
approaches can be found in [[12,]13].
Previous researches have largely fo-
cused on studying the effects of parame-
ters on the system’s dynamics without ex-
plicitly considering the impact of parame-
terized initial and boundary conditions. In
this article, we extend these approaches
by focusing on the construction of local
bases depending on different distance mea-
sures, including Grassmann, Binet-Cauchy
and Chordal distances, specifically applied
to parameterized Burgers’ equations. We
study how these distance measures perform
in the context of parameterized partial dif-
ferential equation (PDE), initial conditions
(ICs) and boundary conditions (BCs), com-
paring their effectiveness in capturing local-
ized solution behaviors and assessing their
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impact on the accuracy of the ROMs.

This manuscript is arranged as fol-
lows. Section [ provides a fundamen-
tal overview of the methods in construct-
ing ROMs, particularly focusing on proper
orthogonal decompostion (POD), Galerkin
projection and the discrete empirical inter-
polation method (DEIM). In Section [, we
introduce our proposed approach for con-
structing local POD bases using different
distance measures across parameter range.
Section [ presents the numerical results of
applying our approach to the parameterized
Burgers’ equation. Finally, we briefly sum-
marize our work in Section F.

2. Preliminaries

This section provides some back-
ground on a projection-based model reduc-
tion technique using POD and DEIM.

2.1 Proper orthogonal decomposition
Proper orthogonal decomposition
(POD) is a widely-employed technique for
constructing a low-dimensional basis that
optimally approximates a given dataset.
Given a dataset {uy,uo,...,u,} < R"
and define U = span{uy,us,..., Wy},
POD identifies an orthonormal basis set

{vi,va,...,vi}, where | < r = dim(U)

such that the subspace spanned by

{vi,vo,..., v/} approximates the

subspace spanned by the original set

{uy,ug,...,uy},ie.,

span{vy, va,...,v;} = span{u, ua, ..., Uy }.
(2.1)

It is well-known that the aforementioned
orthonormal basis can be obtained through
singular value decomposition (SVD). In
particular, let U = [ug,ug,...,w,] €
R™™ be a matrix that represents a given
dataset. The SVD of U is given by

U=VIW', (2.2)

where V. € R™ and W € R"™"
are orthogonal matrices and X =
diag(oy,09,...,0,) € R™ is a diagonal

matrix containing the singular values in
decreasing order. The first / columns of V,
denoted by V; = [vi,va,...,v;] € R™/
is called the [-dimensional POD basis
of U and satisfies Eq. (R.1)), making the
best approximation in terms of £?-norm.
Equivalently, the /-dimensional POD basis
solves the following minimization problem

min Znu] Z<u odill3.  (23)

{¢’ i= 1] i=1

with constrains ¢;r¢ j = 0ij, where ¢;; is the
Kronecker delta function fori, j = 1,..., 1.
For a given dimension [, the corresponding
minimum error of approximating (2.3) by
using the /-dimensional POD basis from the
columns of V; is given by

Znu, Z(u vi)vill3 = Z ol (24)

i=l+1

2.2 Reduced-order modeling via
Galerkin projection and DEIM

Consider a system of parameterized
ODEs arising from the spatial discretization
of nonlinear PDE

d
7;0(p) = L(p)u(s; p) +£(7, (15 p)),
(2.5)
with initial condition u(0;p) = wug(p),

where L € R™" is the linear part, f

7 x R" — R" is the nonlinear part and
u : 7 — R"is the time-dependent vector
of state variables with parameter p € P C
RY. Eq. (2.3) is called the full-order model
(FOM) of dimension n. To obtain accurate
numerical solution for (2.9), the dimension
n might have to be large, which often makes
simulations slow. To handle this issue, di-
mensionality reduction techniques can be
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employed as discussed next. For simplic-
ity, we will omit the notation of the param-
eter p for a cleaner and more concise pre-
sentation. Suppose that we have a solution
matrix U, representing a set of snapshots.
From this solution, we can construct a POD
basis as described in Subsection 2.1 The
POD procedure applied to U yields an /,,-
dimensional POD basis, denoted by V;i =
[vi.,v§,..., VZ] € R™*lu This implies that
the solution u(#) can be estimated as

u(r)

where 1 is the reduced-representation of u.
By substituting (2.6) into (2.9) and subse-
quently applying the Galerkin projection,
we obtain

~ Vi d(r), (2.6)

f(z,8(1))

%ﬁ(t} =La@) + Vi T £ Vi),

——
luXn nx1
2.7)
where L = Vi TLV“ € RluXlu  The re-

sulting reduced order “model (@) is called
the POD-Galerkin-ROM or POD-ROM of
dimension /,, <« n. However, the com-
putational efficiency of the POD-Galerkin
technique is limited to the linear part of the
system, as the complexity of the nonlinear
term f(¢,7(7)) remains largely unreduced
depending on the full-order dimension n.
To address this issue, the discrete empir-
ical interpolation method (DEIM) is used
in conjunction with Galerkin projection to
further reduce the computational complex-
ity associated with nonlinear term. Suppose
that we also have nonlinear snapshots, de-
noted by F = [f1, fo, ... f,,] € R™™, which
are arranged in matrix form. We perform
the POD method on F, which can be com-
puted as described in Subsection P.9, to ob-
tain an / ;-dimensional POD basis of I, de-

noted by V{f = [V{,Vg, . ..,Vlff] e R,

10

The DEIM requires the POD basis of non-
linear snapshots as input to construct inter-
polation matrix. It can be summarized in
the following algorithm.

Algorithm 1 DEIM [9]

1: Input: Vf v/, v],. .-,V‘l);] e R™Y
2: procedure
3 [lplp1] = max{|v]|}
4: Vz[v{],P—[em],QZ[@l]
5: for j =2: lf do
6: c= (P V) 1P f
7: r= V).C - Ve
8: [lpl, 9,1 = max{[r]}
9: V « [V V{], P « [P e%’j]’
|9
(_
v KJJ}
10: end for
11: end procedure
12: Output cP= 13 = [epl,ems s »eplf] €
R, 6 = [p1,92,...,91,]T € RY

By utilizing the interpolation matrix
P obtained from Algorithm [ll, the nonlinear
term can be approximated as follows:

£(2, V() ~ Vl’; (PTv;; )'PTE( V(D))

£DEIM (£

2.8)

By substituting (R.§) into (2.7), we obtain
the reduced-order model, which is entirely
independent of the full computational size
shown below.

iﬁ(t) = Lu()+F() (2.9)
dt

where

F(r) = Vi TPPM(p)

V;;Tvg; _ (PTV{; )T PTE(n VI () -
—_— ——
Lexly Ipxly Irx1
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This reduced system (2.9) is called
POD-Galerkin-DEIM-ROM  or POD-
DEIM-ROM.

3. Automated Local Pod Basis Selec-
tion from Multi-Distance Clustered
Dictionary via K-Medoids and Neu-
ral Network

Previously in Subsection 2.2, we
have discussed the projection-based tech-
nique POD-Galerkin-DEIM-ROM, where
the essential ingredients are POD bases.
When studying the parameterized system
(£.9), the simplest approach is to construct
a single global POD basis from snapshots
taken across the entire range of parameters,
offering a broad approximation of the sys-
tem’s behavior. However, a single global
POD basis may not always provide suffi-
cient accuracy for system with complex or
highly localized dynamics. In such cases,
the approximation can be improved by us-
ing local POD bases. Rather than relying
on one global basis, the parameter space is
divided into clusters based on a suitable dis-
tance measure. This allows the construc-
tion of POD bases to better suit specific re-
gions of the parameter spaces for capturing
localized variations in the system’s dynam-
ics more efficiently. To achieve the parti-
tioning of the parameter space, an effective
clustering algorithm will be employed and
discussed in the following subsection.

3.1 K-medoids clustering algorithm
One of the efficient clustering meth-
ods is the K-medoids algorithm, which is
particularly beneficial when the data set
does not permit straightforward computa-
tion of centroids, such as when distances are
not derived from standard Euclidean space.
Unlike other centroid-based methods, K-
medoids algorithm selects actual data points
(medoids) as the center of each cluster,

11

making it more robust for data sets where
the concept of a centroid may not exist or
is difficult to compute. Also, the benefit
of using K-medoids is its flexibility in han-
dling arbitrary distance metrics, allowing it
to operate effectively even when the dis-
tance between data points is defined in com-
plex ways, such as through manifold or sub-
space distances. The K-medoids algorithm
can be summarized in Algorithm [,

Algorithm 2 K-medoids clustering algo-
rithm
I: Input : iter e N, K <5, {p;}]_;
2: procedure
3: Choose randomly K initial
medoids, P1, Do, ..., Pk from {pi}‘i‘:1

4: € = zeros(s, 1)

5: for g =1 :iter do

6: fori=1:sdo

7: fork=1:Kdo

8: dix = d.(pi, Dx)

9: end for

10: (i) = argmin dj
ke{1,2,...,K}

11: end for

12: fork=1:Kdo

13: Px < argmin 2, d.(pi,p;j)
(’(liai: [(j):k

14: end for

15: end for

16: end procedure
17: Output : {Pi}r_,

From Algorithm P, the inputs are the
number of iterations iter, the desired num-
ber of clusters K, and the data set {p;}_,,
where s is the total number of samples.
It begins by selecting K initial medoids
{Pxk }szl from the data set. Each parame-
ter p; is then assigned to the cluster k cor-
responding to the closest medoid. Inside
each cluster k, the medoid py is updated

by choosing the parameter belonging to this
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cluster, which minimizes the sum of dis-
tances to all other points. This procedure
is repeated for ¢ = 1,2,...,iter. Once
the clustering process is completed, a dic-
tionary of local POD bases can be defined,
where each cluster k is represented by the
POD basis computed from the snapshots as-
sociated with medoid parameter py.

Note that the distance d. in Algo-
rithm P is used to assign points to cluster and
the type of this distance can be chosen to ac-
commodate different types of data of objec-
tives. In this work, d.. is specifically chosen
to reflect the differences between the POD
bases obtained from solutions correspond-
ing to different parameters. This distance
can be based on metrics such as Grassmann
distance, Binet-Cauchy distance or Chordal
distance, which will be discussed in Subsec-

tion B.2.
3.2 Distances between subspaces

In many applications, the distance
between subspaces plays a crucial role in
quantifying the similarity or divergence of
different vector spaces. Several metrics
have been developed to measure these dis-
tances, each offering unique insights into
subspace alignment and separation. Con-
sider two subspaces A and B with dimen-
sions dim(A) = a and dim(B) = b. Let
A and B be represented by an orthonor-
mal basis A € R"™% and B € R"*?. This
work considers the distances between sub-
spaces based on Grassmann distance, Binet-
Cauchy distance and Chordal distance as
discussed next.

3.2.1 Grassmann distance

The Grassmann distance measures
the separation between subspaces within
the Grassmann manifold (Grassmannian),
where each point represents a subspace of
fixed dimension. This distance captures
the angular deviation between subspaces

12

and is commonly used to quantify how
much one subspace has rotated relative to
another. A general Grassmann distance
that can calculate distances between sub-
spaces of different dimensions was defined
n [14]. This generalization extends the
concept of the Grassmann manifold to the
doubly-infinite Grassmannian, denoted by
Gr (o0, 00), which parametrizes subspaces
of varying dimensions without requiring a
fixed ambient space. This extension greatly
increases the flexibility of Grassmannian
geometry in applications where subspaces
of different dimensions need to be com-
pared. This Grassmann distance formula-
tion is given by

min (a,b)
—|a -b|+ 9
i=1
3.D
where 6; = cos™! (o) are the principle an-
gles of ATB.

dgr(A, B) =

3.2.2 Binet-Cauchy distance

The Binet-Cauchy distance is based
on the Binet-Cauchy theorem. It measures
the similarity between subspaces by com-
paring the volumes of the parallelepipeds
The Binet-

formed by their basis vectors.
Cauchy distance is defined as

where o are singular values of ATB.

3.2.3 Chordal distance

The Chordal distance measures the
Euclidean distance between the subspaces
in projective space. It is sensitive to large
angular differences, making it suitable for
applications where significant deviations
between subspaces matter. The Chordal
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distance is given by

min (a,b)

Z sin?(6;),
i=1

(3.3)
where 6; = cos™! (o) are the principle an-
gles of ATB.

Once the clusters and correspond-
ing POD bases are obtained, the challenge
arises when dealing with new unseen pa-
rameters. For these parameters, calculat-
ing exact distances to determine the appro-
priate cluster is impractical due to limited
information. In particular, the solution of
the dynamical system corresponding to the
new parameter may not be available. Con-
sequently, we cannot directly assign an un-
seen parameter to a specific cluster based
purely on subspace distances. Instead, a
more efficient strategy is required to pre-
dict the cluster that should be assigned to
a new parameter, based on learning infor-
mation from known parameters. In the next
subsection, we introduce a neural network
classifier to automate the cluster assignment
process for unseen parameters.

dchor (ﬂ’ B) =

3.3 Predictive cluster classification via
neural network

Neural networks, inspired by the
structure of the human brain, are powerful
tools in machine learning designed to rec-
ognize patterns and solve complex systems
through a system of interconnected nodes
(neurons) between layers. The first layer,
also referred to as the input layer, is an ar-
ray of input parameters and does not incor-
porate with any activation function. The in-
put signals are then propagated to the sub-
sequent layer (the hidden layer), where they
undergo some internal calculations, such
as weighted combinations and the applica-
tion of an activation function, before being
transformed into the hidden layer’s output.

13

This process can be repeated across multi-
ple hidden layers, allowing the network to
progressively transform and refine the in-
put signals before passing them to the final
layer as depicted in Figs. [I-2.

Hidden layer

Input layer

/

X1

X2

Xn

Fig. 1. Example of neural network’s structure.

(¢ — 1)-th layer

-1 (-1
i

—>0f)— x]

-1 -1
s5t —> f — x§

-1 -1
st =0 — x5

Fig. 2. A perspective view example of transfer-
ring the signals from the (£ — 1)-th layer to the
next ¢-th layer, where each neuron computes a
weighted sum of its inputs (linear combination),
adds a bias, and then applies a non-linear acti-
vation function f.

Various types of neural networks are
commonly used for classification tasks, de-
pending on the nature of the data. For ex-
ample, feedforward neural networks work
well with structured data, while convolu-
tional neural networks (CNNs) are ideal for
image classification. Recurrent neural net-
works (RNNs) and long short-term memory

Y1

Y2

Output layer



N. Sukuntee et al. | Science & Technology Asia | Vol.30 No.2 April - June 2025

(LSTM) networks, on the other hand, are
particularly suited for handling sequential
data such as time series or natural language.
The selection of activation functions, like
ReLU, sigmoid, or tanh in the hidden lay-
ers is crucial for optimizing learning and
performance as well. This work uses opti-
mizable neural network architecture to clas-
sify parameters based on distance informa-
tion discussed in the previous sections. The
optimizable feature refers to the automatic
tuning of key hyperparameters such as the
number of fully connected layers, number
of neurons per layer or activation functions.
This optimization process ensures that the
network achieves optimal performance for
the given dataset, which allows the model
to capture more intricate patterns in the
data. This classification process is done
through MATLAB?’s Classification Learner
App. The resulting approach can be sum-
marized as shown in Fig. .

Dictionary of local POD bases

I
I

Snapshots

ction

Galerkin method & DEIM

Fig. 3. The workflow of the parametric model
reduction procedure proposed in this work.

From Fig. B, in the offline stage, sev-
eral steps are carried out to prepare the data
and train the model. First, in the POD step,
the process begins with computing the POD

14

basis for each snapshot individually. Each
snapshot, with dimensions n X m, is pro-
cessed through SVD, which has a complex-
ity of O(n - m - min(n,m)). Given that
there are s snapshots, the total complexity
for computing the POD for all snapshots in-
dividually is O(s - n - m - min(n,m)). The
next step is to calculate the distances be-
tween each pair of POD bases. This in-
volves matrix multiplications and the com-
putation of SVD for each pair. The total
number of pairwise comparisons is O(s?),
which results in a complexity for this step
of O(s? - (n-m)?). Based on the compu-
tation of distances, the complexity of this
clustering step is O(K - s? - iter), where
K is the number of clusters, and iter is the
number of iterations. Finally, the distance
information is used to train a classifier in
the offline stage. Since the Classification
Learner App automates these steps, it ab-
stracts away the underlying computations.
As a result, the computational complexity
of this step is difficult to assess precisely.
It depends on factors such as the size of
the input data (number of samples and fea-
tures) and the complexity of the neural net-
work architecture (e.g., the number of lay-
ers and neurons). While the exact complex-
ity is challenging to determine, the training
time will be shown in the numerical exper-
iment to provide insight into the computa-
tional cost of training the model with the
chosen architecture.

4. Numerical Experiments on the Pa-
rameterized Burgers’ Equation

The Burgers’ equation is a funda-
mental partial differential equation that
combines both nonlinear convection and
diffusion effects, often used to simplify
models for fluid dynamics, traffic flow and
gas dynamics. In its parameterized form,
the equation may include parameters that
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influence the initial conditions, boundary
conditions or the physical properties of the
system. In this work, we study the parame-
terized form of Burgers’ equation governed
by parameter (Re,a,y) € P = (1,5) X
(=2,2) x (-2, 2) given by

1 0%u

= Re ox?’ @D

ot ox

(x,1) € [0,27] X [0, 2], where Re is a con-
stant parameter known as Reynolds number
satisfies the initial condition

u(x,0) = @ cos(x) + 7y sin(x), “4.2)

which describes the system’s state at time
t = 0, incorporating both cosine and sine
terms parameterized by @ and y and the
boundary condition

u(0,1)
u(2m,t)

4.3)
4.4)

a,

@,

indicating that system is subject to constant
boundary values of a at both ends. To nu-
merically solve ({.1]), we use a simple cen-
tral finite difference scheme. The spatial
and temporal domains are discretized into
n = 100 and m = 5000 grid points, respec-
tively. Furthermore, we generate s = 500
samples varying the parameter (Re,a,7)
over a chosen parameter range P.

Note that, in Fig. H, the posi-
tions of the cluster labels correspond to
the medoids, which are represented by e.
Points that belong to the same cluster are
color-coded accordingly. For easier visual-
ization, dashed lines are drawn from each
data point to its respective medoid, high-
lighting the connections between the points
and their cluster medoids. In Fig. H, we
present the results of the K-medoids with
K = 10. This is done primarily to make
the patterns more visually discernible and

15

easier to interpret. Three different distance
measures reveal distinct patterns in the data.

K-medoids with Grassmann distance
for nonlinear snapshot

K-medoids with Grassmann distance
for snapshot

(a) Grassmann distance: Snapshots (left) and nonlinear snapshots
(right)

Kt

(b) Binet-Cauchy distance: Snapshots (left) and nonlinear snapshots
(right)

K-medoids with Chordal distance K-medoids with Chordal distance
t

(c) Chordal distance: Snapshots (left) and nonlinear snapshots (right)

Fig. 4. The results of K-medoids clustering with
K = 10, using Grassmann (top), Binet-Cauchy
(middle), and Chordal (bottom) distances. This
comparison highlights how the choice of dis-
tance metric affects clustering behavior for each
type of data representation.

In particular, the results for Binet-
Cauchy and Chordal distances are nearly
identical, exhibiting minimal variation in
cluster patterns. This observation indi-
cates that these two distance metrics pro-
duce the similar clustering outcomes, which
might suggest they capture analogous as-
pects of the data’s structure. In contrast,
the clustering based on the Grassmann dis-
tance demonstrates a more varied distribu-
tion of clusters, with several distinct group-
ing. This difference suggests that the Grass-
mann distance provides a more nuanced dif-
ferentiation between clusters compared to
those two distances. The Grassmann dis-
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tance captures subtler variations in the so-
lution spaces and reveals more complicated
patterns that are not apparent with other dis-
tance measures. This disparity highlights
the sensitivity of the clustering results to the
choice of distance metric and underscores
the importance of selecting an appropriate
distance measure based on the specific char-
acteristics of the problems. As shown in
Fig. B, using a cluster count of K = 10
is insufficient for clearly distinguishing lo-
cal POD bases. Consequently, the resulting
ROMs lack stability, as the selected POD
bases may not adequately capture the essen-
tial characteristics of the parameter space of
interest. The small number of clusters also
leads to high training accuracy, as the train-
ing data remains relatively simple and less
complex demonstrated in Table [. Despite
this high accuracy, the number of clusters is
still insufficient for effective classification,
leading to a failure in properly distinguish-
ing the local POD bases.

Table 1. Comparison of classifier performance
based on different distance measures, showing
the accuracy of classifiers during training phase
for K = 10.

Distance type K Dictionary type Training accuracy
Grassmann 10 Galerkin 90.8%
DEIM 85.4%
Binet-Cauchy 10 Galerkin 87.0%
DEIM 90.2%
Chordal 10 Galerkin 91.8%

DEIM 92.4%

Based on more detailed analysis and
underlying structure of the data, the actual
number of clusters is determined to be K =
30, as shown in Fig. [d. It is important to
note that while a higher number of clusters
can offer a more accurate representation of
parameter space, leading to better approx-
imation and potentially enhanced perfor-
mance in reduced-order modeling. It also
comes with increased computational costs.

[Gr-ROM] I, = 10, I, = 10, (Re,,7) = (1.24,-1.44,1.68)

1)

ulx,

:
0
-
2
-3
2

[BC-ROM] |, = 10,1, = 10, (Re,a,) = (1.24,1.44,1.68)

[Chor-ROM] I =10, I, = 10, (Re, ;1) = (1.24,-1.44,1.68)
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[FOM] n = 100, (Re,a,1) = (1.24,-1.44,1.68)
CPU time = 0.0147

6
4
t %o 2

Component-wise absolute error between

CPU time = 0.0052 FOM and Grassmann-based local ROM

1
6

4
t %o 2
x
Component-wise absolute error between
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Fig. 5. Using K = 10, the ROM solutions cor-
responding to Grassmann distance (Gr-ROM),
Binet-Cauchy distance (BC-ROM) and Chordal
distance (Chor-ROM) of size [, = [y = 10 for
parameter (Re,a,y) = (3,0, 1) are shown and
compared to the FOM of size n = 100.

In this case, K = 30 is used specif-
ically to investigate the effect of differ-
ent distance measures on the clustering re-
sults. Therefore, for each distance met-
ric, we have two local POD basis dictionar-
ies, one for Galerkin projection and one for
DEIM. For the classifier task, we employ
a 5-fold cross-validation scheme. Optimiz-
able neural networks are trained to serve as
POD basis classifiers for both the Galerkin
projection (POD basis for snapshots) and
DEIM (POD basis for nonlinear snapshots)
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across each distance measure. Note that
each classifier takes approximately 200 sec-
onds to complete the training phase. This
results in a total of 6 classifiers, with the
classification results presented in Table [.

Numbers of clusters analysis
for Grassmann distance

Table 2. Comparison of classifier performance
based on different distance measures, showing
the accuracy of classifiers during training phase

for K = 30.

Distance type K Dictionary type Training accuracy
Grassmann 30 Galerkin 88.8%
DEIM 83.0%
Binet-Cauchy 30 Galerkin 83.8%
DEIM 80.0%
Chordal 30 Galerkin 77.4%
DEIM 78.6%
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Fig. 6. Plots of average sum of distances
to medoids using different numbers K
1,2,...,50 using Grassmann (top), Binet-
Cauchy (middle), and Chordal (bottom) dis-
tances. For each distance measure, we compare
the appropriate K for both snapshots and nonlin-
ear snapshots, highlighting the clustering per-
formance across different values of K.
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Fig. 7. Using K = 30, the ROM solutions cor-
responding to Grassmann distance (Gr-ROM),
Binet-Cauchy distance (BC-ROM) and Chordal
distance (Chor-ROM) of size I, = [y = 10 for
parameter (Re, a,y) = (3,0,1) are shown and
compared to the FOM of size n = 100.
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Fig. 8. Using K = 30, the ROM solutions cor-
responding to Grassmann distance (Gr-ROM),
Binet-Cauchy distance (BC-ROM) and Chordal
distance (Chor-ROM) of size [, = [y = 10 for
parameter (Re, a,y) = (4,0.2,—0.2) are shown
and compared to the FOM of size n = 100.

Figs. [H10 clearly demonstrate that
the Gr-ROM provides more accurate re-
sults compared to the other ROMs. The
BC-ROM and Chor-ROM exhibit notice-
able instability, which is easily visible in
the figures. In contrast, the Gr-ROM main-
tains stability and closely matches the refer-
ence FOM solution, underscoring its supe-
rior performance in terms of accuracy and
robustness. To demonstrate the efficiency
of our proposed method, we define the error
between the full-order model (FOM) and
the reduced-order model (ROM) approxi-

0.035

0.025

0.02

18

(Y

U

AN
9 N\
| &'Tﬁ -

05
’ l N
-05
2
1 <
t %0 2
x

[FOM] n = 100, (Re,a,7) = (2.75,-0.4,0.2)
CPU time = 0.0146

u(x,t)

[Gr-ROM] |, = 10, I, =10, (Re,s) = (275,-04,0.2)
CPU time = 0.0058

Component-wise absolute error between
, . FOM and Grassmann-based local ROM

1 2 3 4 5 6
x

Component-wise absolute error between
) FOM and Binet-Cauchy-based local ROM

1 2 3 4 5 6
3

Component-wise absolute error between
FOM and Chordal-based local ROM

zm
1 2 3 4 5 6
%

Fig. 9. Using K = 30, the ROM solutions cor-
responding to Grassmann distance (Gr-ROM),
Binet-Cauchy distance (BC-ROM) and Chordal
distance (Chor-ROM) of size [, = [y = 10
for parameter (Re, a,y) = (2.75,-0.4,0.2) are
shown and compared to the FOM of size n
100.
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mation as follows:
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To provide more detailed insights,
Table 3 presents a comparison between the
FOM and various ROMs under different pa-
rameter settings.
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Fig. 10. Using K = 30, the ROM solutions cor-
responding to Grassmann distance (Gr-ROM),
Binet-Cauchy distance (BC-ROM) and Chordal
distance (Chor-ROM) of size [, = [y = 10
for parameter (Re,a,y) = (1.5,-1.5,-1.75)
are shown and compared to the FOM of size
n =100.

Notably, the Gr-ROM consistently
outperforms both BC-ROM and the Chor-
ROM in terms of accuracy, as reflected
in the AvgError across different parameter
configurations. Additionally, the CPU time
for Gr-ROM, BC-ROM, and Chor-ROM is
similar across models since they share the
same reduced dimensionality and ROMs re-
quire approximately four times less CPU
time compared to the FOM.

[Jo2s

19

Table 3. Comparison AvgError as defined in
(#.9) and scaled CPU time usage for each pa-
rameter (Re, @, y) corresponding to each dis-
tance.

(Re,a,y) Approach Size AvgError Scaled CPU
time
(2.4,1.33,0.64) FOM 100 - 1
Gr-ROM 10 3.36x 1074 0.2460
BC-ROM 10 1.90x 1073 0.2503
Chor-ROM 10 1.10x 1073 0.2648
(3.33,1.29,-0.66)  FOM 100 - 1
Gr-ROM 10 8.63x 107 0.2261
BC-ROM 10 N/A 0.2831
Chor-ROM 10 2.9%1073 0.2964
(4,-1.19,1.44) FOM 100 - 1
Gr-ROM 10 7.52% 107 0.2764
BC-ROM 10 1.30x 1073 0.2845
Chor-ROM 10 8.34x 107 0.2882
(1.76,-1.27,-1.39) FOM 100 - 1
Gr-ROM 10 1.30x 107 0.2988
BC-ROM 10 4.52%107% 0.2832
Chor-ROM 10 2.84% 107 0.2838

5. Conclusion

In conclusion, this work investigated
the impact of different distance measures
in constructing a dictionary of POD bases
using the K-medoids clustering algorithm.
Specifically, we explored several distance
metrics to partition the parameter space for
reduced-order modeling of the parameter-
ized Burgers’ equation, where the system
dynamics, initial conditions, and bound-
ary conditions are all parameter-dependent.
The results clearly demonstrate that the Gr-
ROM outperforms other ROM approaches,
particularly those based on Binet-Cauchy
and Chordal distances, providing superior
accuracy and stability across varying pa-
rameter settings.

Note that, given the nature of the
study in this work, some aspects rely on
pre-set configurations within the computa-
tional framework, making it challenging to
pinpoint a unified theoretical contribution.
However, the results given in this work
would be a crucial starting point for more
advanced theoretical and computational in-
vestigations.
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