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ABSTRACT

Electrical conductivity (EC) measurement has been extensively applied for charac-
terization of geological media on account of its high sensitivity to various parameters of
water-filled porous media (i.e., structure, water content, water composition). It is one of
most frequently used methods in geological, geotechnical, and environmental problems. Its
effectiveness relies on theoretical models that relate the EC and parameters of porous media.
In this work, we develop an EC model for porous media under partially saturated condi-
tions using a bundle of capillary tubes model. The proposed model is expressed in terms of
electrical conductivity of pore water, electrical surface conductivity, water saturation, mi-
crostructure parameters of porous media (e.g., porosity, tortuosity, minimum and maximum
pore radii) and their pore size distribution. The model is then numerically analyzed and suc-
cessfully compared with experimental data in literature and published models.
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1. Introduction polarization, electrical resistivity tomogra-

Over the past few decades, geophys-
ical methods have been extensively applied
to identify hydrological processes. Among
the geophysical methods, the electrical and
electro-magnetic methods, such as induced

phy and electromagnetic induction, have
received strong interest in oil/mineral ex-
ploration and environmental research since
they can provide quantitative information
on the structure, water content, or pore wa-
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ter composition of porous media through
the EC measurement. For further details
on such methods, we refer readers to pub-
lished works []l, 2]. Those methods can be
done fairly quickly with a simple setup for
measurements. Because the methods are
non-destructive and highly sensitive, they
provide a very attractive tool for describing
subsurface properties. Consequently, they
have been applied in different areas such
as groundwater investigation, landfill and
solute transport delineation or agronomic
management [3,4].

Electrical conduction in water-filled
porous media mostly happens through
movement of ions in pore water. In ad-
dition, electrical conduction can happen in
the vicinity of mineral surfaces in contact
with water and that is characterized by the
surface conductance (i.e., electrical surface
conductivity). There exist many EC mod-
els for water-filled porous media in the lit-
erature [5—7]. Different approaches have
been applied to develop EC models such as
the effective medium, percolation theory or
capillary tube model [8,9]. Surface con-
ductivity has also been considered in EC
models [[L0—13]. Recently, there have been
an increasing number of EC models based
on the fractal nature of pores in porous
media, that is the fractal pore size distri-
bution (PSD) [[14-{18]. Besides the frac-
tal PSD; there are also other PSDs such
as lognormal PSD, double lognormal PSD,
similarly skewed PSD (SSPSD) or realis-
tic non-monotonic PSD directly obtained
from measurements that can be applied to
study transport phenomena in porous media
[1921]. Recently, Nghia and co-authors
applied the SSPSD to develop a EC model
under fully saturated conditions [22]. It is
seen that the model is well capable of ex-
plaining published data. However, to the
best of our knowledge, there has not yet
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Fig. 1. Conceptual model of a porous medium
as a bundle of capillaries [23]. At a given cap-
illary pressure, the capillary is either filled by
water or by air depending on its radius.

been such a model using SSPSD under par-
tially saturated conditions.

This work includes three sections.
In section P, we develop an EC model
of porous media under partially saturated
conditions using using a bundle of cap-
illary tubes model with SSPSD. The ob-
tained model is expressed in terms of elec-
trical conductivity of pore water, electrical
surface conductivity, effective water sat-
uration, mirostructure parameters and the
PSD of porous media. In section [3, the
model is then numerically analyzed and
compared with experimental data in litera-
ture and published models.

2. Model Development

The present model is an extension
of the EC models proposed by [[14, 22]
for the case of partially saturated condi-
tions. Therefore, the approach to develop
the model is similar to those in [|14, 22].
Firstly, we consider a representative ele-
mentary volume (REV) of porous media
as a cube with the length of L, (see Fig.
). In the context of a bundle of capillary
tubes model, the REV is conceptualized as
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Fig. 2. Frequency distribution of pore radius
following Eq. (R.1)) between rpmin = 10~7 m and
Fmax = 1074 m, for example, for different val-
ues of the exponent m.

an equivalent bundle of capillary tubes with
radii varying from a minimum pore radius
Frin t0 @ maximum pore radius 7. The
PSD is such that the number of capillaries
with radii between r and r + dr is given by
f(r)dr. For the SSPSD, the f(r) is given
by [19]:

' — Fmax

f(r):D( ) , 2.1

"min — Fmax

where D and m are constants that define the
shape of the PSD. For m = 0, the capillary
radii are uniformly distributed between rp,in
and rpax. When m increases, the pore dis-
tribution becomes skewed towards smaller
capillary radii as demonstrated in Fig. [.
Many natural geological media follow the
SSPSD [19]. We assume that the REV
is initially fully saturated and then drained
when it is subjected to a pressure head h
(m). For a capillary tube, the pore radius
r (m) is related to & via the Young-Laplace
equation [24]

b= 2Tscasﬁ’

Pw8¥h

2.2)

where Ty (N/m) is the interface tension
and S (°) is contact angle between the
solid walls and saturating immiscible fluid
phases. Under the pressure head 4, the cap-
illary becomes completely desaturated if its
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radius r is larger than rj, given by Eq. (2.2).
If the medium is at capillary pressure equi-
librium, all capillaries with radii » > rj, are
to be saturated by the non-wetting phase
(i.e., air) and those with radii » < ry, are to
be saturated by the wetting phase (i.e., wa-
ter). The effective water saturation Sye (/)
is computed from the PSD as [21]:

frr'f ar?Lo f(r)dr
/rr""ax ar2L, f(r)dr
fr”f r2f(r)dr

L 2.3
IR .

Swe(h) =

where L. is the tortuous length of capillar-
ies and that is considered invariant over all
capillaries of the REV (Fig. [Il). The length
L. is always greater than the length L, of
the REV and related to L, by

L, =1L, (2.4)

where 7 is defined as the mean tortuosity of

porous media. Combining Egs. (2.1))-(2.3),
the following is obtained:

(rh = T'min)

(rmax - rmin)

Swe = (2.5)

(1+m)(2+m)]

[2rx%1ax + 2rminfmax (1 +m) + ernin(l +m)(2+ m)] .

[2rﬁ + 2rmin7n (L +m) + 72

min

The porosity of the REV is defined as
[22,23]

/rrmax ar?L. f(r)dr

min

ArgvL,

T r:z]:" ﬂrzf(r)dr
= , (2.6)
AREV

where ARy is the cross sectional area that
is perpendicular to the flow direction (Fig.

.
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If a capillary with the radius r and the
length L is filled with water, its resistance
(R) is given by [22,23]:

2mry
L,

1 _777’20'w
R(r) L.

; 2.7

where o, (S/m) is the electrical conductiv-
ity of water and Z; (S) is the specific surface
conductance at the interface between water
and the capillary wall.

The resistance of the REV under par-
tially saturated conditions is the sum of re-
sistances of water-filled capillaries (resis-
tances in parallel) as

mf(l’)dr

rloy,

f(r)dr

Tn
‘/r‘min
Th

+ /
Fmin
According to definition, the electrical con-

ductivity of the REV is related to its resis-
tance as

27rr2

= f(r)dr. (2.8)

L,
RoAREV

Combining Eqs. (2.4)-(R.9), one ob-
tains a general expression for o as

_po fr”’m r2f(r)dr
T2 frrmax r2f(r)dr

min

2¢2 /rmrf(r)dr
72 frrm‘”‘ r2f(r)dr

min

From Egs. (2.3)-(2.10), we can ex-

press o in terms of the effective water sat-
uration as

g =

(2.9)

(2.10)

poy
72

25y Sue o, 7T (P)Ar
+
72 frr’f r2f(r)dr

o= Swe
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Eq. (R.11)) can be applied for any
kind of PSD in porous media (e.g., fractal,

lognormal or double lognormal). For a spe-

cific SSPSD given by Eq. (2.1))-(R.11)) can
be written as

_ PSwe
2
rr(3+m) + 2rmin (1 + m)(3 +m)
L (L+m)(2+m)
(2.12)

(aw +25,%

)

Qri + 2rminrp(1+m) + rrzn

Eq. (2.19) is the key finding of this
work. It indicates that the electrical con-
ductivity of partially saturated porous me-
dia depends on effective water saturation
Swe (1.€., rp), electrical conductivity of pore
water o, specific surface conductance X
and the microstructural parameters (¢, rmin,
Fmax and m). The first and second terms
in Eq. (2.12) are conductivity contributions
from pore water and interface between wa-
ter and solid mineral surface, respectively.
From Eq. (2.12), one can investigate the de-
pendence of the electrical conductivity on
the saturation state of porous media. We re-
mark that under fully saturated conditions,
that is Swe = 1 and rj, = rmax, Eq. ()
reduces to the result proposed in [22].

It should be noted that for the fractal
PSD in which f(r) is given by [21]
= Dfrr[lgxr_Df_l’

f(r) (2.13)

where D¢ is the fractal dimension for pore
space (1 < Dy <2), one can readily obtain
an expression for the electrical conductivity
of porous media o using the same approach
as performed to obtain Eq. (R.12) for the
SSPSD as

BSue 2-Dyr, =1
o=—|ow+ 2%
T 1- Df r2_Df _ 2-Dy
h min
(2.14)
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From Egs. (2.12)-(2.14), we can find

that when the electrical surface conductiv-
ity is negligible, that is X; = 0, the electrical
conductivity o is independent of the PSD
of porous media. In other words, Eq. (2.12)
for the SSPSD is identical to Eq. (2.14) for
the fractal PSD when the surface conductiv-
ity is negligible.

The form of Eq. (2.12) or Eq. (R.14)
is similar to classical models reported in lit-
erature [[13,25-27]. For example, Linde and
co-authors obtained the following expres-
sion [28]:

o =¢" [0Sl + (o7 — Vo], (2.15)
where S, (unitless) is water saturation, p
is the cementation exponent and n is the
Archie’ second exponent and o is the sur-
face conductivity.

We remark that a capillary bundle
model used for our proposed model as-
sumes that porous media are conceptualized
as a bundle of parallel capillary tubes with-
out intersections between them. Therefore,
the model is not meant to be a perfect rep-
resentation of the pore space in most geo-
logic porous media. However, to the best of
our knowledge, the capillary bundle model
has been effectively used to provide useful
insight and explanation into transport phe-
nomena in porous media with a long history
[14-18].

3. Results and Discussion
3.1 Sensitivity analysis of the model
Firstly, we numerically solve Eq.
(2.12) to obtain the dependence of o on
the effective saturation for a representative
porous medium (e.g., ¢ = 0.3, 7= 1.2, rpin
=107"m, rpax = 1074 m, 0, = 1074 S/m
and X, = 1072 S) for three values of m
(m =5, 15 and 30) as shown in Fig. f.
It is noted that, in Eq. (R.12), we obtain
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Fig. 3. The EC of porous media as a function of
Swe for a representative porous medium (e.g.,
¢=03,7=12, rpin = 107" m, rypay = 1074
m, oy, = 107% S/m and =, = 1079 S) for three
values of m (m =5, 15 and 30).

rp from corresponding values of Sye us-
ing Eq. (2.9). The result shows that o
increases with increasing effective satura-
tion as observed in literature regardless of
values of m []10, 29]. Additionally, o is
very sensitive with m, that is the PSD of the
porous medium. Namely, for a given value
of Swe, the EC increases with increasing
m. This is attributed to the fact that when
m increases, the pore distribution becomes
skewed towards smaller capillary radii or
there are a larger number of small pores. As
shown by Eq. (R.7), the surface conductiv-
ity of a single water-filled capillary is larger
for smaller radii. Consequently, the sur-
face conductivity and, hence, the total EC
of porous media increase with increasing m
at the same value of Sy.. To indicate the
influence of the electrical surface conduc-
tance X; on the EC of porous media, we
show variation of o with o, for a repre-
sentative porous medium (e.g., ¢ = 0.3, 7
= 1.2, Fmin = 1077 M, rpax = 1074 m, m =
30) at fully saturation conditions (i.e., Sye
=1 and rj = rpax) for three values of X
(1x1079' S, 20x107? S and 50x107° S) us-
ing Eq. (2.12) (see Fig. H). It is seen that
o increases with increasing o, as expected
[25,29]. Additionally, X only plays an im-
portant role for small values of o,. There-
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Fig. 4. The EC porous media as a function of
o, for a representative porous medium (e.g., ¢
=0.3,7=1.2, rmin = 1077 M, rmax = 1074 m, m
=30) for three values of X; (1x1079 S, 20x107°
S and 50x107Y S).
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Fig. 5. Dependence of o on o, for fully sat-
urated porous media reported by [25] for three
samples (sample numbers: 16, 21, 39) of shaly
sandstone (symbols). The blue solid lines are
predicted from the proposed model, Eq. (2.12),
with Swe = 1 and rj = rmax. The red dashed
lines are predicted from Archie’law [29], that is
a special case of Eq. (2.19) with S,, = 1 and o
= 0. Parameter values entering the model are
listed in Table [Il.

fore, one can neglect the surface conductiv-
ity when o, is larger than 0.5 S/m for nat-
ural geological media in which pore sizes
are typically in pm as reported in literature
[30,B1].

3.2 Comparison with experimental data

Fig. B shows the dependence of o
on o, under fully saturated conditions for
three samples (sample numbers: 16, 21,
39) of shaly sandstone reported by [25] (see
symbols). As shown in Fig. [, the range of
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oy used by [25] is larger than 0.5 S/m, we
can safely ignore the surface conductivity
(X5 =0) as previously discussed. Therefore,
we are able to explain the observed behav-
ior using Eq. (2.12) or Eq. (2.14) with Sye
=1 and r, = rmax. Parameter values en-
tering the model (¢, 7, rmin, Fmax) for each
sample are listed in Table [I|. It is noted that
we take values of ¢, ryi, and rp . from
[23] for the same samples. For values of 7
and m, we empirically find those so that the
model is capable of providing a relatively
good fit with experimental data. Values of
7 between to 1.6 and 2.5 are in good agree-
ment with those reported by [32] for simi-
lar samples. The prediction from the pro-
posed model is shown by blue solid lines
for each sample. Additionally, we apply the
Archie’law [29] under fully saturated con-
dition, that is o = o, ¢ (special case of
Eq. (2.19) with S,, = 1 and o5 = 0) to repro-
duce the measured data (red dashed lines).
Values of p entering the Archie’law for each
sample are empirically found and listed in
Table[l. The comparison shows that that the
model prediction is in very good agreement
with the measured data reported by [25] and
with the one predicted by the Archie’law.

Fig. K shows variation of o with
Swe that we deduce from experimental data
reported by [B3] (see symbols) for two
samples of Plaggen soil (sample PS11 and
PS13) at two different values of o, (0, =
1.34 S/m for PS11 and o, = 2.25 S/m for
PS13). To deduce Sy from water content
6 that was reported in [33] for each sample,
we use the following relation [21,23]:

_0-06,
¢ -0 '

where 6, is irreducible water content. Eq.

(B.1)) can be written in terms of water satu-

3.1)

we
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Table 1. Values of parameters entering the model, Eq. (2.12) with Sy = 1 and r, = r .y and entering
the Archie’law [29], that is a special case of Eq. (2.13) with S,, = 1 and oy = 0 for comparison with
experimental data reported by [25] for the case of fully saturated conditions. The asterisk symbol *
stands for reported values in corresponding reference.

No. " () 7() Tmin (pmM) Tmax (pm) Zs (S m () r ()
16 0.12 2.5 0.032 32 0 5 1.85
31 0.14 2 0.026 2.6 0 5 1.7
29 0.21 1.6 0.025 25 0 5 1.6
10° the model is in relatively good agreement

—0, = 1.34 S/m (PS11)
o, = 2.25 S/m (PS13)

0.8 1

0 0.2 0.4

Fig. 6. Variation of o with Sy, that we deduce
from experimental data reported by [33] for two
samples of Plaggen soil at two different values
of o, (symbols). The solid lines and dashed
lines are, respectively, predicted from the pro-
posed model given by Eq. (B.3) and the one
given by Eq. (R.13) when neglecting the sur-
face conductivity (i.e., og = 0).

ration S,, as

Sw =S,
1-5,°

where Sy, = 0/¢ and S, = 0, /¢.

Since values of o, (1.34 S/m and
2.25 S/m) used by [B3] are large, we can ne-
glect the surface conductivity as mentioned
earlier in sub-section B.1. Therefore, Eq.
(.12) reduces to

Swe = (3.2)

¢ Swe

Oy .
T2

(3.3)

Using Eq. (B.3), we can reproduce experi-
mental data given by [33] (see solid lines).
Values of ¢ for each sample were reported
by [B3] and are re-shown in Table f. We
empirically find values for T and 6, so that
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with experimental data. Found values for
7 and 6, are shown in Table fl. Addition-
ally, we can explain the observed behavior
in Fig. [ using the model given by [28], Eq.
(2.19), with p = 1.5 and n = 1.6 which are
empirically searched when neglecting the
surface conductivity (i.e., o5 = 0) as shown
by dashed lines. Note that values of p and
n are in good agreement with published re-
sults [27,34]. It is shown that the proposed
model is well able to reproduce experimen-
tal data reported by [25] and in good match
with the model given by [2§].

Similarly, Fig. [] shows variation of
o with Sye for loam soil reported by [B35]
(symbols) at o, = 7.2x1072 S/m and the
model prediction from Eq. (R.12) (solid
line). Parameters 7, rmin, Fmax, s, M and
0, are not yet available in [35]. Therefore,
we empirically find them so that the model
is in relatively good agreement with exper-
imental data. Their optimized values are
shown in Table . Note that values of = are
in agreement with reported ones in literature
(e.g., s = 8.9x107? Sby [36] or 1.4x107°
by [37]). It is shown that the model is well
capable of reproducing experimental data
reported by [B35].
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Table 2. Values of parameters entering the model, Eq. (8.3) or Eq. (R.12), for comparison with
experimental data reported by [B3] and [35]. The asterisk symbol * stands for reported values in

corresponding reference.

ID " T Frmin Fmax pI m 0y ref
©) ) (pm) (pm) ®) Q) ©) ref
PS11 0.413 1.25 - - - - 0.08 [B3]
PS13 0.410 1.25 - - - - 0.08 [33]
Loam 0.44 1.2 0.032 32 20.1079 60 0.01 [B5]
107! model may pave the way for characteriz-
o ing hydrological processes with EC mea-
510'2 ° surements. In the future, we will extend
D this work with consideration of hysteresis
®10° effects.
oDoussan and Ruy (2009)
107 02 04 06 08 . Acknowledgments
Sue ()

Fig. 7. Variation of o with Sy, for loam soil
reported by [B5] (symbols) at o, = 7.2x1072
S/m. The solid line is predicted from the pro-
posed model, Eq. (2.12), with model parame-
ters listed in Table .

4. Conclusions

We develop an EC model for porous
media under partially saturated conditions
using a bundle of capillary tubes model that
follows the similarly skewed PSD. The pro-
posed model is expressed in terms of elec-
trical conductivity of the pore water (o),
electrical surface conductivity (Xg), water
saturation (Sy.), mirostructure parameters
of porous media (e.g., @, T, Fmin and rmax)
and pore size distribution of media (e.g.,
m). The obtained model is then numerically
analyzed and successfully compared with
published experimental data and published
models. Lastly, we remark that the pro-
posed approach can apply for any pore size
distribution of porous media such as frac-
tal, lognormal or double lognormal distribu-
tion. Along with other EC models in avail-
able literature, this new physically-based
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