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ABSTRACT

This study focuses on optimizing course assignments for instructors based on their prefer-
ences, which are inherently uncertain due to personal conflicts affecting decision making. To
address this, we model each preference level using two triangular fuzzy numbers, generated
based on distinct instructor personality types. When instructors experience uncertainty in
selecting a precise preference level, they can choose from these predefined triangular fuzzy
numbers. TheMIN aggregation of these triangular fuzzy numbers results in a linear pentag-
onal fuzzy number, whose nearest point in closed form is derived and utilized to represent
fuzzy preference levels in our course assignment model. The assignment results obtained
using this approach are comparable to those derived from optimal fuzzy weight assignments
for specific preference levels. Our method is validated with data from the Department of
Mathematics and Computer Science, Faculty of Science, Chulalongkorn University, demon-
strating its effectiveness in handling uncertainty in course assignment decisions.
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1. Introduction
In general, one of the main concerns

in an assignment problem is to be able to
put the right man on the right job. It is the
same idea when we want to assign courses
to instructors. The right job for instructors
should be the courses that they prefer to
teach. Many models [1–5] had been set up
to optimize the number of courses instruc-
tors can teach by providing a binary prefer-
ence ranking to verify whether a given in-
structor can or cannot teach those courses.
However, the 0–1 rankingmay not serve the
real preference of many instructors. For ex-
ample, somemay be able to teach but do not
want to teach. Hmer et al. [6] and Ismay-
ilova et al. [7] considered preferences of in-
structors in their model. They used number-
ing scale of preference levels as 1, 2, 3, . . .,
or proportional scale like 3 out of 5, 2 out
of 9, etc. The numbering scale of prefer-
ence also applied in solving the course as-
signment problem with interval workload
data [8]. However, the results in [9] showed
that these preference levels may not provide
the most efficient result to all course assign-
ment problems, even though their result op-
timized their model.

Teaching preference has fuzzy na-
ture. A decisionmaker has to provide an ap-
propriate membership value to each prefer-
ence level. Gorka et al. [] ranked the prefer-
ence into six levels: (i) prefer most to teach,
(ii) prefer to teach, (iii) ok to teach, (iv) able
to teach, (v) able but does not want to teach,
and (vi) cannot teach. There was an ex-
planation why fuzzy membership value as-
signing the weight of each level provides a
better result than other weight scale. More-
over, they analyzed an optimal fuzzyweight
for each preference level and achieved the
smallest number of courses assigned to in-
structors who cannot teach them, according
to their data.

In this paper, we move one step fur-
ther into each of the teaching preference
levels. Instead of the fuzzy weight assigned
to each level of preference, we have another
concerned issue. Normally, there are two
types of instructors who feel a little bit more
or a little bit less than the explanation of
each preference level. They may feel like
none of the six preference descriptions fit
their feelings toward teaching a subject, due
to various personal reasons. For example,
even if instructor ‘A’ feels confident teach-
ing calculus and chooses preference level
(i), a heavy load of grading makes ‘A’ feels
like ‘A’ does not definitely prefer to teach
it the most. The fuzzy feeling of ‘A’ could
be represented as the triangular fuzzy num-
ber 𝑎 in Fig. 1. On the other hand, in-
structor ‘B’ might not mind a heavy grad-
ing load and may think that calculus is a
piece of cake. This leads to B’s feeling of
more than welcome to teach calculus. How-
ever, ‘B’ may also want a more challenging
subject to prove his/her ability, which will
drop the feeling towards calculus. There-
fore, the fuzzy feeling of most preferring to
teach calculus of ‘B’ could be the triangular
fuzzy number 𝑏 in Fig. 2. Note that 𝑥 axis
in Figs. 1–3 refers to the rank of preference
level (i).

Thus, our concerned issue relates to
the fuzziness in each level of preference. A
feeling of an instructor may not exactly fit a
preference level (i) in the sense that he/she
may feel a little bit different when choosing
‘prefer most to teach’. Based on our col-
lected data from theMathematics and Com-
puter Science, Faculty of Science, Chula-
longkorn University, we ask each instructor
to choose the fuzzy number that fits his/her
feeling the most between fuzzy numbers in
Figs. 1 and 2, when expressing his/her feel-
ing towards a subject with level (i). This
applies to the similar situations of choos-
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Fig. 1. 𝑎 = (0.5, 1.2, 1.3).
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Fig. 2. 𝑏 = (0.7, 0.8, 1.5).
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Fig. 3. MIN{𝑎, 𝑏}.

ing the preference levels (ii)–(vi). We han-
dle this information using MIN aggrega-
tion based on the point of view that the fa-
vor should tend to the side of behavior with
more willing to teach regardless how heavy
the load of the side duties like grading or
answering questions. The MIN operation
on these special triangular fuzzy numbers
provides the linear pentagonal fuzzy num-
ber MIN{𝑎, 𝑏} in Fig. 3. We use the near-
est point approach to represent the rank of
the preference levels.

In the existing literature, no specific
research articles directly apply pentagonal
fuzzy numbers to course assignment prob-
lems. However, several studies have inves-
tigated their use in assignment problems,
including solving them with the Hungar-
ian method [10], optimizing assignments
in industrial and managerial settings [11],
and minimizing fuzzy assignment costs by
matching workers with varying skill levels
to jobs [12].

The novelties of this paper lie in
the integration of personality-driven fuzzy
modeling, pentagonal fuzzy aggregation,
and a closed form nearest point derivation,
all aimed at improving decision making in
uncertain course assignments.

As a key step in our approach, a se-
ries of theorems are presented in Section 2
to determine the 𝛽-cuts of pentagonal fuzzy
numbers. The 𝛽-cut of a linear pentagonal

fuzzy number is then used to derive an ex-
plicit formula for its nearest point, provid-
ing a crisp numerical representation of the
fuzzy number. In Section 3, we assign the
fuzzy weight to each nearest point represen-
tation of preference level and incorporate it
into our course assignment model, account-
ing for fuzziness in preference levels. The
results in Section 4 demonstrate that our
model effectively generates course assign-
ments comparable to the results in [9], while
also capturing deeper nuances of individ-
ual fuzzy preferences. This leads to higher
overall instructor satisfaction with their as-
signments. Finally, the conclusion is pre-
sented in Section 5.

2. Linear pentagonal fuzzy number
Environmental decision making un-

der fuzzy uncertainty has been applied in
various domains, including inventory man-
agement optimization [13,14], digital trans-
formation environments [15], air quality as-
sessment [16], COVID-19 treatment evalu-
ation [17], and safety modeling in the oil
and gas industry [18]. In particular, pen-
tagonal fuzzy numbers were integrated with
possibility theory for decision making in
[19].

A linear pentagonal fuzzy numbers is
mathematically presented as follows.

Definition 2.1 (See [20]). Let 𝑎1 < 𝑎2 <
𝑎3 < 𝑎4 < 𝑎5 and 𝑟, 𝑠 ∈ (0, 1) be given. A
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linear pentagonal fuzzy number (LPFN),
denoted by 𝑎 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) has
its membership function of the form

𝜇𝑎 (𝑥) =



0, if 𝑥 < 𝑎1;
𝑟
( 𝑥−𝑎1

𝑎2−𝑎1

)
, if 𝑎1 ≤ 𝑥 ≤ 𝑎2;

𝑟 + (1 − 𝑟)
( 𝑥−𝑎2

𝑎3−𝑎2

)
, if 𝑎2 ≤ 𝑥 ≤ 𝑎3;

𝑠 + (1 − 𝑠)
( 𝑎4−𝑥
𝑎4−𝑎3

)
, if 𝑎3 ≤ 𝑥 ≤ 𝑎4;

𝑠
( 𝑎5−𝑥
𝑎5−𝑎4

)
, if 𝑎4 ≤ 𝑥 ≤ 𝑎5;

0, if 𝑥 > 𝑎5,
(2.1)

where 𝑟 and 𝑠 represent the left and the right
picked points of 𝑎, respectively. Note for
the case 0 < 𝑟 = 𝑠 < 1 that it suffices to
write 𝑎 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟) instead of
𝑎 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠).

The following remark ensures that
the MIN aggregation of two triangular
fuzzy numbers produces other types of
fuzzy numbers, such as a triangular fuzzy
number, which can always be represented
as an LPFN.

Remark 2.2. If 𝑟 = 𝑎2−𝑎1
𝑎3−𝑎1 and 𝑠 = 𝑎5−𝑎4

𝑎5−𝑎3 ,
then

𝑟
(
𝑥−𝑎1
𝑎2−𝑎1

)
= 𝑥−𝑎1

𝑎3−𝑎1 = 𝑟 + (1 − 𝑟)
(
𝑥−𝑎2
𝑎3−𝑎2

)
and

𝑠
(
𝑎5−𝑥
𝑎5−𝑎4

)
= 𝑎5−𝑥

𝑎5−𝑎3 = 𝑠 + (1 − 𝑠)
(
𝑎4−𝑥
𝑎4−𝑎3

)
.

By substituting them into Eq. (2.1), it be-
comes the expression below.

𝜇𝑎 (𝑥) =


0, if 𝑥 < 𝑎1;
𝑥−𝑎1
𝑎3−𝑎1 , if 𝑎1 ≤ 𝑥 ≤ 𝑎3;
𝑎5−𝑥
𝑎5−𝑎3 , if 𝑎3 ≤ 𝑥 ≤ 𝑎5;
0, if 𝑥 > 𝑎5.

That is, the LPFN 𝑎 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠)
with five parameters is transformed to be
a triangular fuzzy number 𝑎 = (𝑎1, 𝑎3, 𝑎5)
with three parameters.

The pentagonal fuzzy number (PFN)
plays the important role in many research
papers. Mondal and Mandal [20] in-
troduced symmetric/asymmetric linear and
nonlinear membership of PFN then solved
its associated fuzzy linear equation. A
new concept of fuzzy game problem whose
payoffs are represented as PFNs was pro-
posed by Monisha and Sangeetha in [21].
Panda and Pal [22] constructed a pentago-
nal fuzzy matrix whose entries are consid-
ered as PFNs and studied its algebraic prop-
erties. An application of PFN in a neural
network problem was published by Raj and
Karthik in [23].

Moreover, the PFN with its rank-
ing is an important tool in dealing with
many real life applications, especially deci-
sion making, data analysis, artificial intel-
ligence and various fields of operation re-
search. Authors [24, 25] defined the rank-
ing procedure of PFNs based on their incen-
ter of centroids. Ponnivalavan and Pathi-
nathan [26] defined the ranking function of
PFN as the total integral value of its in-
verse membership function. Researchers in
[26–28] used their own ranking technique
to achieve an algorithm to find the shortest
path problem, to find critical path in a di-
rected acyclic graph and to solve fuzzy lin-
ear programming, respectively. In addition,
a method for solving transportation prob-
lems with pentagonal fuzzy costs was found
by Christi and Kasthuri in [29]. Recently,
the transportation problem with pentagonal
fuzzy demands and supplies has been inves-
tigated by Maheswari and Ganesan in [30].

Some basic arithmetic operations of
PFN such as addition, subtraction, multipli-
cation and division were independently es-
tablished by Helen and Uma [?] and Selvam
et al., [25] based on its 𝛽-cut. That is, the
𝛽-cut is crucial in the study of PFN. There-
fore, we need to know the definition of 𝛽-
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cut first.

Definition 2.3 (See [31, 32]). Let 𝑎 be any
fuzzy numbers. The 𝛽-cut of 𝑎, denoted by
𝑎𝛽 , is defined as

𝑎𝛽 = {𝑥 ∈ R : 𝜇𝑎 (𝑥) ≥ 𝛽},

where 𝜇𝑎 is the membership function of 𝑎.

The study on the 𝛽-cut in the series
of Theorems 2.4–2.6 together with the near-
est point of linear pentagonal fuzzy num-
ber needs to be separately investigated into
three types as

0 < 𝑟 < 𝑠 < 1, 0 < 𝑠 < 𝑟 < 1

and
0 < 𝑟 = 𝑠 < 1,

in order to eventually present them in the
closed forms with 𝑟, 𝑠 ∈ (0, 1).

Theorem 2.4. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) be a LPFN such
that 0 < 𝑟 < 𝑠 < 1. The 𝛽-cut of 𝑎 can be
written as 𝑎𝛽 = [𝑎𝛽𝐿 , 𝑎

𝛽
𝑈]

=



[
𝑎1 + 𝛽

𝑟 (𝑎2 − 𝑎1), 𝑎5 −
𝛽
𝑠 (𝑎5 − 𝑎4)

]
,

if 𝛽 ∈ [0, 𝑟];[
𝑎2 + 𝛽−𝑟

1−𝑟 (𝑎3 − 𝑎2), 𝑎4 +
𝑠−𝛽
𝑠 (𝑎5 − 𝑎4)

]
,

if 𝛽 ∈ [𝑟, 𝑠];[
𝑎3 − 1−𝛽

1−𝑟 (𝑎3 − 𝑎2), 𝑎3 +
1−𝛽
1−𝑠 (𝑎4 − 𝑎3)

]
,

if 𝛽 ∈ [𝑠, 1] .

Proof. Let 𝛽 ∈ [0, 1]. Then, the member-
ship function 𝜇𝑎 shown in (2.1) implies

𝑎𝛽 = {𝑥 ∈ R : 𝜇𝑎 (𝑥) ≥ 𝛽}
= 𝑋1 ∪ 𝑋2 ∪ 𝑋3 ∪ 𝑋4,

where

𝑋1 = {𝑥 ∈ [𝑎1, 𝑎2] : 𝑟
( 𝑥−𝑎1
𝑎2−𝑎1

)
≥ 𝛽},

𝑋2 = {𝑥 ∈ [𝑎2, 𝑎3] : 𝑟 + (1 − 𝑟)
( 𝑥−𝑎2
𝑎3−𝑎2

)
≥ 𝛽},

𝑋3 = {𝑥 ∈ [𝑎3, 𝑎4] : 𝑠 + (1 − 𝑠)
( 𝑎4−𝑥
𝑎4−𝑎3

)
≥ 𝛽} and

𝑋4 = {𝑥 ∈ [𝑎4, 𝑎5] : 𝑠
( 𝑎5−𝑥
𝑎5−𝑎4

)
= 𝑠 − 𝑠

( 𝑥−𝑎4
𝑎5−𝑎4

)
≥ 𝛽}.

Moreover, the set 𝑋1, 𝑋2, 𝑋3 and 𝑋4 can be
simplified as follows:

𝑋1 = {𝑥 ∈ [𝑎1, 𝑎2] : 𝑥 ≥ 𝑎1 + 𝛽
𝑟 (𝑎2 − 𝑎1)}

= {𝑥 ∈ R : 𝑎2 ≥ 𝑥 ≥ 𝑎1 + 𝛽
𝑟 (𝑎2 − 𝑎1) ≥ 𝑎1}

= {𝑥 ∈ R : 𝑥 ≥ 𝑎1 + 𝛽
𝑟 (𝑎2 − 𝑎1); 𝛽 ∈ [0, 𝑟]},

𝑋2 = {𝑥 ∈ [𝑎2, 𝑎3] : 𝑥 ≥ 𝑎2 + 𝛽−𝑟
1−𝑟 (𝑎3 − 𝑎2)}

= {𝑥 ∈ R : 𝑎3 ≥ 𝑥 ≥ 𝑎2 + 𝛽−𝑟
1−𝑟 (𝑎3 − 𝑎2) ≥ 𝑎2}

= {𝑥 ∈ R : 𝑥 ≥ 𝑎2 + 𝛽−𝑟
1−𝑟 (𝑎3 − 𝑎2);

𝛽 ∈ [𝑟, 1] = [𝑟, 𝑠] ∪ [𝑠, 1]},

𝑋3 = {𝑥 ∈ [𝑎3, 𝑎4] : 𝑥 ≤ 𝑎4 + 𝑠−𝛽
1−𝑠 (𝑎4 − 𝑎3)}

= {𝑥 ∈ R : 𝑎3 ≤ 𝑥 ≤ 𝑎4 + 𝑠−𝛽
1−𝑠 (𝑎4 − 𝑎3) ≤ 𝑎4}

= {𝑥 ∈ R : 𝑥 ≤ 𝑎4 + 𝑠−𝛽
1−𝑠 (𝑎4 − 𝑎3); 𝛽 ∈ [𝑠, 1]}

and

𝑋4 = {𝑥 ∈ [𝑎4, 𝑎5] : 𝑥 ≤ 𝑎5 − 𝛽
𝑠 (𝑎5 − 𝑎4)}

= {𝑥 ∈ R : 𝑎4 ≤ 𝑥 ≤ 𝑎5 − 𝛽
𝑠 (𝑎5 − 𝑎4) ≤ 𝑎5}

= {𝑥 ∈ R : 𝑥 ≤ 𝑎5 − 𝛽
𝑠 (𝑎5 − 𝑎4);

𝛽 ∈ [0, 𝑠] = [0, 𝑟] ∪ [𝑟, 𝑠]}.

Therefore, the values of 𝛽 can be distin-
guished in three cases below.

Case I: If 𝛽 ∈ [0, 𝑟], then

𝑥 ∈
[
𝑎1 + 𝛽

𝑟 (𝑎2 − 𝑎1), 𝑎5 −
𝛽
𝑠 (𝑎5 − 𝑎4)

]
.

(2.2)
Case II: If 𝛽 ∈ [𝑟, 𝑠], then

𝑥 ∈
[
𝑎2 + 𝛽−𝑟

1−𝑟 (𝑎3 − 𝑎2), 𝑎4 +
𝑠−𝛽
𝑠 (𝑎5 − 𝑎4)

]
.

(2.3)
Case III: If 𝛽 ∈ [𝑠, 1], then

𝑥 ∈
[
𝑎3 − 1−𝛽

1−𝑟 (𝑎3 − 𝑎2), 𝑎3 +
1−𝛽
1−𝑠 (𝑎4 − 𝑎3)

]
.

(2.4)
The expressions (2.2)–(2.4) complete the
proof of the theorem. □

Theorem 2.5. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) be a LPFN such
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that 0 < 𝑠 < 𝑟 < 1. The 𝛽-cut of 𝑎 can be
written as 𝑎𝛽 = [𝑎𝛽𝐿 , 𝑎

𝛽
𝑈]

=



[
𝑎1 + 𝛽

𝑟 (𝑎2 − 𝑎1), 𝑎5 −
𝛽
𝑠 (𝑎5 − 𝑎4)

]
,

if 𝛽 ∈ [0, 𝑠];[
𝑎2 − 𝑟−𝛽

𝑟 (𝑎2 − 𝑎1), 𝑎4 − 𝛽−𝑠
1−𝑠 (𝑎4 − 𝑎3)

]
,

if 𝛽 ∈ [𝑠, 𝑟];[
𝑎3 − 1−𝛽

1−𝑟 (𝑎3 − 𝑎2), 𝑎3 +
1−𝛽
1−𝑠 (𝑎4 − 𝑎3)

]
,

if 𝛽 ∈ [𝑟, 1] .

Proof. It is similar to the proof of Theorem
2.4. □

Theorem 2.6. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟) be a LPFN such
that 0 < 𝑟 < 1. The 𝛽-cut of 𝑎 can be
written as 𝑎𝛽 = [𝑎𝛽𝐿 , 𝑎

𝛽
𝑈]

=



[
𝑎1 + 𝛽

𝑟 (𝑎2 − 𝑎1), 𝑎5 −
𝛽
𝑟 (𝑎5 − 𝑎4)

]
,

if 𝛽 ∈ [0, 𝑟];[
𝑎3 − 1−𝛽

1−𝑟 (𝑎3 − 𝑎2), 𝑎3 +
1−𝛽
1−𝑟 (𝑎4 − 𝑎3)

]
,

if 𝛽 ∈ [𝑟, 1] .

Proof. This is immediately obtained from
replacing 𝑠 = 𝑟 in Theorem 2.4. □

The nearest point of a fuzzy num-
ber is a representation of the fuzzy num-
ber known as a defuzzification. Asady and
Zendehnam [33] defined the nearest point
based on the concept of the nearest interval
proposed by Dubois and Prade in [34] and
Heilpern in [35] as presented in the defini-
tion below.

Definition 2.7 (See [33–36]). Let 𝑎 be a
fuzzy number with its 𝛽-cut 𝑎𝛽 = [𝑎𝛽𝐿 , 𝑎

𝛽
𝑈].

The nearest interval to 𝑎, denoted by
𝐸𝐼 (𝑎), is represented as

𝐸𝐼 (𝑎) =
[∫ 1

0
𝑎
𝛽
𝐿 𝑑𝛽,

∫ 1

0
𝑎
𝛽
𝑈 𝑑𝛽

]
:= [𝑢, 𝑢],

i.e., 𝑢 and 𝑢 are lower and upper bounds of
the interval 𝐸𝐼 (𝑎), respectively.

The nearest point to 𝑎, denoted by
𝑁 (𝑎), is defined as the middle point of the
interval 𝐸𝐼 (𝑎), i.e.,

𝑁 (𝑎) =
𝑢 + 𝑢
2

=
1

2

∫ 1

0
(𝑎𝛽𝐿 + 𝑎𝛽𝑈) 𝑑𝛽.

To accomplish a general formula of
the nearest point of a linear pentagonal
fuzzy number as provided in Corollary 2.11,
let us first work on the three cases of 𝑟 and
𝑠 in Theorems 2.8–2.10 as follows.

Theorem 2.8. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) be a LPFN such
that 0 < 𝑟 < 𝑠 < 1. The nearest point to 𝑎
is

𝑁 (𝑎) = 1
2

[
𝑟 (𝑎1 + 𝑎5) + (𝑠 − 𝑟) (𝑎2 + 𝑎4) + 2(1 − 𝑠)𝑎3

+ 𝑟
2 (𝑎2 − 𝑎1) +

2𝑠−𝑟−1
2 (𝑎3 − 𝑎2)

+ 1−𝑠
2 (𝑎4 − 𝑎3) + 𝑠−2𝑟

2 (𝑎5 − 𝑎4)
]
. (2.5)

Proof. According to Theorem 2.4, the 𝛽-
cut of 𝑎 implies 𝑁 (𝑎) as 1

2

∫ 1

0
(𝑎𝛽𝐿 + 𝑎

𝛽
𝑈) 𝑑𝛽

=
1

2

∫ 𝑟

0

[
𝑎1 + 𝛽

𝑟 (𝑎2 − 𝑎1 ) + 𝑎5 − 𝛽
𝑠 (𝑎5 − 𝑎4 )

]
𝑑𝛽

+ 1

2

∫ 𝑠

𝑟

[
𝑎2 + 𝛽−𝑟

1−𝑟 (𝑎3 − 𝑎2 ) + 𝑎4 + 𝑠−𝛽
𝑠 (𝑎5 − 𝑎4 )

]
𝑑𝛽

+ 1

2

∫ 1

𝑠

[
𝑎3 − 1−𝛽

1−𝑟 (𝑎3 − 𝑎2 ) + 𝑎3 + 1−𝛽
1−𝑠 (𝑎4 − 𝑎3 )

]
𝑑𝛽

=
1

2

[
𝑟 (𝑎1 + 𝑎5 ) + 𝑟

2 (𝑎2 − 𝑎1 ) − 𝑟2

2𝑠 (𝑎5 − 𝑎4 )

+ (𝑠 − 𝑟 ) (𝑎2 + 𝑎4 ) +
( 𝛽2

2 − 𝑟𝛽
) ��𝛽=𝑠
𝛽=𝑟 ·

1
1−𝑟 (𝑎3 − 𝑎2 )

+
(
𝑠𝛽 − 𝛽2

2

) ��𝛽=𝑠
𝛽=𝑟 ·

1
𝑠 (𝑎5 − 𝑎4 ) + 2(1 − 𝑠)𝑎3

−
(
𝛽 − 𝛽2

2

) ��𝛽=1
𝛽=𝑠 ·

1
1−𝑟 (𝑎3 − 𝑎2 )

+
(
𝛽 − 𝛽2

2

) ��𝛽=1
𝛽=𝑠 ·

1
1−𝑠 (𝑎4 − 𝑎3 )

]
=

1

2

[
𝑟 (𝑎1 + 𝑎5 ) + (𝑠 − 𝑟 ) (𝑎2 + 𝑎4 ) + 2(1 − 𝑠)𝑎3

+ 𝑟
2 (𝑎2 − 𝑎1 ) + 2𝑠−𝑟−1

2 (𝑎3 − 𝑎2 ) + 1−𝑠
2 (𝑎4 − 𝑎3 )

+ 𝑠−2𝑟
2 (𝑎5 − 𝑎4 )

]
,

where the above simplification derives from
the reason that( 𝛽2

2 − 𝑟𝛽
) ��𝛽=𝑠
𝛽=𝑟=

(𝑠−𝑟 )2
2 =

(
𝑠𝛽 − 𝛽2

2

) ��𝛽=𝑠
𝛽=𝑟
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and (
𝛽 − 𝛽2

2

) ��𝛽=1
𝛽=𝑠=

(1−𝑠)2
2 .

This completes the proof of the theo-
rem. □

Theorem 2.9. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) be a LPFN such
that 0 < 𝑠 < 𝑟 < 1. The nearest point to 𝑎
is

𝑁 (𝑎) = 1
2

[
𝑠(𝑎1 + 𝑎5) + (𝑟 − 𝑠) (𝑎2 + 𝑎4)

+ 2(1 − 𝑟)𝑎3 + 2𝑠−𝑟
2 (𝑎2 − 𝑎1) − 1−𝑟

2 (𝑎3 − 𝑎2)
+ 𝑠−2𝑟+1

2 (𝑎4 − 𝑎3) − 𝑠
2 (𝑎5 − 𝑎4)

]
. (2.6)

Proof. The proof of the theorem can be ver-
ified in similar fashion as the proof of The-
orem 2.8. □

Theorem 2.10. Let 𝑎 =
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟) be a LPFN such
that 0 < 𝑟 < 1. The nearest point to 𝑎 is

𝑁 (𝑎) = 1
2

[
𝑟 (𝑎1 + 𝑎5) + 2(1 − 𝑟)𝑎3 + 𝑟

2 (𝑎2 − 𝑎1)
− 1−𝑟

2 (𝑎3 − 𝑎2) + 1−𝑟
2 (𝑎4 − 𝑎3) − 𝑟

2 (𝑎5 − 𝑎4)
]
.

(2.7)

Proof. By the reason that 𝑎 is a LPFN
(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) where 𝑟 = 𝑠, we im-
mediately obtain the theorem from replac-
ing 𝑠 = 𝑟 in Theorem 2.8. □

Corollary 2.11. Let 𝑎 =

(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5; 𝑟, 𝑠) be a LPFN such
that 0 < 𝑟, 𝑠 < 1. If 𝑚 = min{𝑟, 𝑠} and
𝑀 = max{𝑟, 𝑠}, then the nearest point to 𝑎
is

𝑁 (𝑎) = 1

2

[
𝑚(𝑎1 + 𝑎5) + (𝑀 − 𝑚)(𝑎2 + 𝑎4)

+ 2(1 − 𝑀)𝑎3 + 𝐴𝑇1
[
𝑎2 − 𝑎1
𝑎5 − 𝑎4

]
+ 𝐴𝑇2

[
𝑎3 − 𝑎2
𝑎4 − 𝑎3

] ]
.

(2.8)

The terms 𝐴1 and 𝐴2 are the first and the
second column-vectors of the matrix

𝐴 =

[
𝑠+1
4

𝑠−1
4

𝑠−1
4

𝑠+1
4

] [
𝑚 2𝑀 − 𝑚 − 1

𝑀 − 2𝑚 1 − 𝑀

]
,

where

𝑠̂ = sgn(𝑠 − 𝑟) =

−1, if 𝑠 < 𝑟;
0, if 𝑠 = 𝑟;
1, if 𝑠 > 𝑟.

Proof. The nearest point 𝑁 (𝑎) in (2.8) can
be expressed as

1
2

[
𝑚(𝑎1 + 𝑎5) + (𝑀 − 𝑚)(𝑎2 + 𝑎4) + 2(1 − 𝑀)𝑎3
+
[ ( 𝑠+1

4

)
𝑚 +

( 𝑠−1
4

)
(𝑀 − 2𝑚)

]
(𝑎2 − 𝑎1)

+
[ ( 𝑠+1

4

)
(2𝑀 − 𝑚 − 1) +

( 𝑠−1
4

)
(1 − 𝑀)

]
(𝑎3 − 𝑎2)

+
[ ( 𝑠−1

4

)
(2𝑀 − 𝑚 − 1) +

( 𝑠+1
4

)
(1 − 𝑀)

]
(𝑎4 − 𝑎3)

+
[ ( 𝑠−1

4

)
𝑚 +

( 𝑠+1
4

)
(𝑀 − 2𝑚)

]
(𝑎5 − 𝑎4)

]
.

Furthermore, we can derive the above 𝑁 (𝑎)
in the following three cases below.

Case I: If 0 < 𝑟 < 𝑠 < 1, then 𝑚 =
min{𝑟, 𝑠} = 𝑟, 𝑀 = max{𝑟, 𝑠} = 𝑠 and 𝑠̂ =
1. Thus, (2.5) holds.

Case II: If 0 < 𝑠 < 𝑟 < 1, then 𝑚 =
min{𝑟, 𝑠} = 𝑠, 𝑀 = max{𝑟, 𝑠} = 𝑟 and 𝑠̂ =
−1. Thus, (2.6) holds.

Case III: If 0 < 𝑟 = 𝑠 < 1, then 𝑚 =
min{𝑟, 𝑠} = 𝑟 = max{𝑟, 𝑠} = 𝑀 and 𝑠̂) =
0. Thus, (2.7) holds. Hence, the proof of
the corollary is done. □

Ranking of fuzzy numbers is cru-
cial for decision analysis. Asady and Zen-
dehnam [33] used the concept of the nearest
point in ranking any two fuzzy number de-
scribed in Definition 2.12.

Definition 2.12 (See [33]). Let 𝑎 and 𝑏 be
any two fuzzy numbers. The ranking of 𝑎
and 𝑏 is defined by their nearest points as
follows:

i) 𝑎 is greater than 𝑏, denoted by 𝑎 ≻
𝑏, if 𝑁 (𝑎) > 𝑁 (𝑏),

ii) 𝑎 is less than 𝑏, denoted by 𝑎 ≺ 𝑏, if
𝑁 (𝑎) < 𝑁 (𝑏),
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iii) 𝑎 is equal to 𝑏, denoted by 𝑎 ≈ 𝑏, if
𝑁 (𝑎) = 𝑁 (𝑏),

where the nearest points 𝑁 (𝑎) and 𝑁 (𝑏) to
𝑎 and 𝑏 are defined as Definition 2.7.

3. Course assignment problem with
fuzzy in preference ranking

Let us first provide the general de-
tails of our course assignment problem us-
ing the data collected by the department of
Mathematics and Computer Science, Chu-
lalongkorn University. The aim of the de-
partment is to assign courses to instructors
in such a way that instructors get courses
they prefer to teach and their teachingwork-
loads do not differ too much from their re-
quested workloads. The teaching work-
load contains two parts: course teaching
and thesis advising. The instructors know
their amount of advising duty based on how
many students are under their supervision,
which means they can provide the amount
of their requested workloads so that the de-
partment could assign to them the right pro-
portion of course teaching workload.

3.1 Instructor preference
In order to assign the courses each in-

structor prefers to teach, the department did
a survey on instructors preference on each
subject. According to the teaching prefer-
ence in [9], the department provided six lev-
els of subjective feeling as presented in Ta-
ble 1. The weight assigned to each pref-
erence level should be scaled down to a
number between [0, 1]. However, it is still
fuzzy to decide the weight values, in gen-
eral. Gorka et al. analyzed in [9] an optimal
fuzzy weight of each preference level based
on the objective of minimizing the number
of courses with preference levels (v) and
(vi) but still tried to balance the overload
and underload of each instructor. This op-
timal preference weight is presented in the

last column of Table 1 and the correspond-
ing fuzzy number of preference is presented
on the left of Fig. 4. It may surprise some
readers, who have the feeling that these
weights should be a bit more different from
each other like 1, 0.8, 0.6, 0.4, 0.2, 0, to see
that the optimal fuzzy weights of preference
levels (i)–(v) are very high and closer to
each other than they expected.

The assignment obtained in [9] pro-
vided the smallest number of courses as-
signed to instructors who cannot teach
them. However, as mentioned in the In-
troduction section, this paper deals with the
fuzziness in each level of preferences, not
just the fuzziness of the weight representing
each preference level. For example, an in-
structor may not be certain in his/her feeling
to choose an exact preference level (ii) but
also sure that he/she will not choose pref-
erence level (i) or (iii), since he/she may
think that if there is any choice of rank ‘2.3’,
it may suit his/her personal reason/feeling
better than the precise preference rank 2.
We want to investigate more insight into
this personal feeling. If we have fuzziness
in each level of preferences on top of the
fuzziness of assigning the weights to each
preference, would it have any good effect in
the overall assignment comparing with the
assignment in [9] and is it worth spending a
bit more time collecting associated data, or
not.

We ask instructors to provide more
insight in their preference feeling towards
each subject, by creating two fuzzy num-
bers for each preference level. These two
fuzzy numbers are created based on two
types of instructor personality. One is feel-
ing a bit more than that rank but still having
some negative feeling of choosing that rank.
Another is feeling a bit less than that rank
due to some relatedwork needing to be done
in that particular course which discourages
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Table 1. Teaching preference description.

Preference level Level description Ranking Fuzzy weight
of each level of preference

(i) Prefers most to teach the subject 1 1
(ii) Prefers to teach the subject 2 0.95
(iii) OK to teach the subject 3 0.9
(iv) Able to teach the subject 4 0.85
(v) Able but does not want to teach 5 0.8

the subject
(vi) Cannot teach the subject 6 0

1 2 3 4 5 6

0.5

0.8
0.85
0.9

0.95
1

𝑥

𝜇(𝑥)

𝑁1 1 𝑁2 2 𝑁3 3 𝑁4 4 𝑁5 5 𝑁6 6

0.5

0.8
0.85
0.9

0.95
1

0.9165 1.9165 2.9165 3.9165 4.9165 5.9165

𝜇 (𝑁2 ) = 0.954175

𝜇 (𝑁3 ) = 0.904175

𝜇 (𝑁4 ) = 0.854175

𝜇 (𝑁5 ) = 0.804175

𝜇 (𝑁6 ) = 0.0668

𝑥

𝜇(𝑥)

Fig. 4. Left: An optimal fuzzy weight of instructors preference. Right: Fuzzy weight of preference
ranked by nearest points, where 𝑁𝑘 is the nearest point of preference level (k).

the instructor from teaching the course. The
first two columns of Fig. 5 show these two
fuzzy numbers of each preference rank 1–6,
respectively.

3.2 Nearest point representation of pref-
erence level

The MIN operator is preferable to
use as the aggregation operator in our
course assignment, since it has the idea of
rewarding the personality with more posi-
tive/optimistic attitude toward teaching the
courses. For each preference level, after
aggregating these two fuzzy numbers using
the MIN operator, we obtain six pentago-
nal fuzzy numbers (see the last column of
Fig. 5). The ranking of these six pentag-
onal fuzzy numbers is very clear, no mat-
ter which representation approach we use.
In this course assignment application, we
choose the nearest point approach to rep-
resent each pentagonal fuzzy number based

on its simple closed form derived in the pre-
vious section. Each individual could have
a nearest point of its own and the fuzzy
weight of the nearest point will come along.
However, by using theMIN aggregation to
make these specific triangular fuzzy num-
bers become a linear pentagonal fuzzy num-
ber before finding nearest points helps sav-
ing time on the process of finding an indi-
vidual nearest point and its weight.

We now are able to provide the near-
est point of each pentagonal fuzzy numbers
in Table 2. These nearest points will be used
in our course assignment model instead of
the standard ranking 1–6. We use the fuzzy
number (the left of Fig. 4) from [] which is
optimized under the standard ranking as a
guideline to assign the fuzzy weight of pref-
erence ranked by nearest points, as shown
on the right of Fig. 4 and in the last col-
umn of Table 2. By using theMIN operator
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0.5 1 1.2 1.3

1

𝑥

𝜇(𝑥)

0.7 0.8 1 1.5

1

𝑥

𝜇(𝑥)

0.5 0.7 0.8 1 1.2 1.3 1.5

1

𝑥

𝜇(𝑥)

1.5 2 2.2 2.3

1

𝑥

𝜇(𝑥)

1.7 1.8 2 2.5

1

𝑥

𝜇(𝑥)

1.5 1.7 1.8 2 2.2 2.3 2.5

1

𝑥

𝜇(𝑥)

2.5 3 3.2 3.3

1

𝑥

𝜇(𝑥)

2.7 2.8 3 3.5

1

𝑥

𝜇(𝑥)

2.5 2.7 2.8 3 3.2 3.3 3.5

1

𝑥

𝜇(𝑥)

3.5 4 4.2 4.3

1

𝑥

𝜇(𝑥)

3.7 3.8 4 4.5

1

𝑥

𝜇(𝑥)

3.5 3.7 3.8 4 4.2 4.3 4.5

1

𝑥

𝜇(𝑥)

4.5 5 5.2 5.3

1

𝑥

𝜇(𝑥)

4.7 4.8 5 5.5

1

𝑥

𝜇(𝑥)

4.5 4.7 4.8 5 5.2 5.3 5.5

1

𝑥

𝜇(𝑥)

5.5 6 6.2 6.3

1

𝑥

𝜇(𝑥)

5.7 5.8 6 6.5

1

𝑥

𝜇(𝑥)

5.5 5.7 5.8 6 6.2 6.3 6.5

1

𝑥

𝜇(𝑥)

Fig. 5. Two fuzzy numbers for each preference level based on two types of individual personality and
MIN of these two fuzzy numbers.
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Table 2. Nearest point representation of each preference level.

Preference level Level description Nearest point Fuzzy weight
of each level by nearest point

(i) Prefers most to teach the subject 0.9165 1
(ii) Prefers to teach the subject 1.9165 0.954175
(iii) OK to teach the subject 2.9165 0.904175
(iv) Able to teach the subject 3.9165 0.854175
(v) Able but does not want to teach 4.9165 0.804175

the subject
(vi) Cannot teach the subject 5.9165 0.0668

and the nearest point to obtain the represen-
tation of each preference level, we carry the
message of fuzzy information of each indi-
vidual to our course assignment model.

3.3 Mathematical model of course as-
signment problem

There are 98 subjects taught by the
department of Mathematics and Computer
Science, Chulalongkorn University. Some
subjects have more than one section. Some
subjects/sections require two instructors, so
our model will consider them as two sub-
sections with a half size workload for each
subsection. The data set contains the to-
tal of 𝑚 = 120 sections/subsections and
𝑛 = 58 instructors. Table 3 provides the
notation needed to set up the course assign-
ment model. The following mathematical
model could be seen also in []. The differ-
ence is that 𝑐𝑖 𝑗 in this model is the fuzzy
weight coefficient generated by the nearest
point of each preference level.

max
𝑛∑
𝑖=1

𝑚∑
𝑗=1

𝑐𝑖 𝑗𝑥𝑖 𝑗 − 𝑀1

𝑛∑
𝑖=1

𝛿𝑖 − 𝑀2

𝑛∑
𝑖=1

𝛽𝑖

s.t.

Const. 1:
∑
𝑗∈𝐽1

𝑥𝑖 𝑗 +
∑
𝑗∈𝐽2

𝑥𝑖 𝑗 ≤ 3, ∀ 𝑖 ∈ 𝐼

Const. 2:
𝑛∑
𝑖=1

𝑥𝑖 𝑗 = 1, ∀ 𝑗 ∈ 𝐽1

Const. 3:
𝑛∑
𝑖=1

𝑥𝑖 𝑗 =
1

2
, ∀ 𝑗 ∈ 𝐽2

Const. 4:
∑

𝑗∈𝐽𝑘∩𝐽1

𝑥𝑖 𝑗 ≤ 1, ∀ 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾

Const. 5:
∑

𝑗∈𝐽𝑘∩𝐽2

𝑥𝑖 𝑗 ≤
1

2
, ∀ 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾

Const. 6:
𝑚∑
𝑗=1

𝑎 𝑗𝑥𝑖 𝑗 − 𝛿𝑖 + 𝛽𝑖 = 𝑏𝑖 − 𝑑𝑖 , ∀𝑖 ∈ 𝐼.

The objective function of the above math-
ematical model is constructed to maximize
the overall preference and reduce the over-
all extra and remaining workload at the
same time. We use 𝑀1 = 0.0015 and
𝑀2 = 10 as in []. By using 𝑀2 much
higher than 𝑀1, the remaining workload
should not appear too large, which means
the requested workload of each instructor
should be fulfilled as much as possible.
In Const. 1, the model limits the num-
ber of sections/subsections each instructor
should teach to be no more than 3 sec-
tions/subsections. Const. 2 and Const. 3
serve the restriction of only one instruc-
tor allowed in each section/subsection. To
prevent the situation that some instruc-
tors might be assigned to teach multiple
sections/subsections of the same subject,
Const. 4 and Const. 5 are needed. In
Const. 6, each instructor should meet
his/her own requested amount of workload,
otherwise an excessive workload or a re-
maining amount of workload appears.

In summary, our method consists of
the following steps:
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Table 3. Notation and meaning of variables, parameters and sets.

Symbol Meaning
Set
𝐼 𝐼 = {1, 2, 3, . . . , 𝑛} be the set of all 𝑛 instructors.
𝐽 𝐽 = {1, 2, 3, . . . , 𝑚} be the set of all 𝑚 course sections/subsections.
𝐾 𝐾 = {1, 2, 3, . . . , 𝑠} be the set of all 𝑠 subjects.

Each 𝑘 th subject contains the total of |𝐽𝑘 | sections/subsections, 𝑘 ∈ 𝐾 .
𝐽𝑘 𝐽𝑘 =

{
𝑗 ∈ 𝐽 | the 𝑗 th section/subsection is a section/subsection
of the 𝑘 th subject

}
.

𝐽1 𝐽1 =
{
𝑗 ∈ 𝐽 | the 𝑗 th section requires only one instructor

}
.

𝐽2 𝐽2 =
{
𝑗 ∈ 𝐽 | the 𝑗 th subsection requires two instructors

}
.

Note that 𝐽1 ∩ 𝐽2 = ∅ and 𝐽1 ∪ 𝐽2 = 𝐽.
Parameter

𝑎 𝑗 the amount of workload earned by teaching the 𝑗 th section/subsection.
𝑏𝑖 the 𝑖th instructor’s requested workload.
𝑐𝑖 𝑗 the fuzzy weight of the nearest point representation of preference

of the 𝑖th instructor to the 𝑗 th section/subsection.
𝑑𝑖 the seminar, project and thesis advisor duties of the 𝑖th instructor.

The 𝑖th instructor needs to fulfill the amount of teaching workload
of 𝑏𝑖 − 𝑑𝑖 .

Variable

𝑥𝑖 𝑗 𝑥𝑖 𝑗 =


1, if the 𝑖th instructor teaches the 𝑗 th section, 𝑗 ∈ 𝐽1;
1
2 , if the 𝑖th instructor teaches the 𝑗 th subsection, 𝑗 ∈ 𝐽2;
0, otherwise.

𝛿𝑖 𝛿𝑖 ≥ 0 be an extra workload that the 𝑖th instructor has on the top
of the requested workload.

𝛽𝑖 𝛽𝑖 ≥ 0 be a remaining amount of the requested workload after
deducting from the actual assigned workload.

1. Construct two triangular fuzzy num-
bers for each preference level (i)–
(vi).

2. Use the MIN operator to aggregate
these fuzzy numbers for each pref-
erence level, resulting in six LPFNs:
𝑎1, 𝑎2, . . . , 𝑎6.

3. Compute the nearest points
𝑁 (𝑎1), 𝑁 (𝑎2), . . . , 𝑁 (𝑎6) using
Corollary 2.11. We denote these
points as 𝑁1, 𝑁2, . . . , 𝑁6.

4. Determine the fuzzy weight of each
preference based on the nearest
points.

5. Use the fuzzy weight coefficients as
parameters in the course assignment
model.

6. Solve the model using CPLEX.

4. Result
Themathematical model with weight

coefficient of the nearest point representa-
tion of preference is run by CPLEX ver-
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Table 4. Number of subjects/subsections of each preference level and the statistical value of extra
workload of all instructors, where Model I is the model with optimal weight assigned to each pref-
erence level, and Model II is the model with weight coefficient of the nearest point representation of
preference.

Preference level Number of sections/subsections evaluated by
Model I Model II

(i) 83 81
(ii) 13 17
(iii) 9 7
(iv) 3 3
(v) 5 4
(vi) 7 8

Statistical value of extra workload Model I Model II
Min value 0 0
Max value 11.75 11.75
Average 2.85 2.90

sion 12.6.3. We compare the results of our
model that integrates the fuzziness of each
preference level to the model and the one in
[9] which has an optimal weight assigned
to each preference level in Table 4. The
number of assigned sections/subsections
based on each preference level in Table 4
shows that the overall performance of our
model is acceptable, or even better in some
cases. The total number of assigned sub-
jects/subsections with preference levels (v)
and (vi) in both models are the same which
equals 12 classes. Even though Model II
has two sections less in classes of prefer-
ence (i), four more instructors are assigned
to subjects with preference (ii), and fewer
sections are assigned with preference (iii).
Moreover, there is no remaining amount
of workload in either model, and the total
amount of overload is not significantly dif-
ferent. On the other hand, by using the re-
sult from Model II, we are able to integrate
more real fuzzy feeling of instructors in the
model. As the fuzzy weight in preference
levels (ii)–(v) by the nearest point approach
provides a little higher values than the opti-
mal fuzzy weight in [9], Model II definitely

uses the fuzzy feeling of instructors to eval-
uate the result, which provides more sec-
tions with preference level (ii) as expected.

At this end, let us explore in more de-
tail on the 12 sections of preferences (v) and
(vi), which turn out to be 9 different subjects
listed below.

2301117 (sec 1) : this is calculus.
There are more than 30 sections of calculus
(distinguished by students majors such as
biology, chemistry, engineer, finance, etc).
So, it is common not to have enough in-
structors to serve this basic course.

2301170 (sec 2) : this is the first pro-
gramming course. Also, there are many
sections, which could encounter the same
problem as calculus classes.

2301286 (sec 2), 2301286 (lab 1),
2301286 (lab 5), and 2301286 (lab 6) : these
are lecture and labs of the first statistics
course. Since many majors need to have
basic statistics, this subject also splits into
many sections. As a result, the department
does not have enough instructors to serve all
sections.

2301370 (sec 1), 2301482 (sec 1),
2301645 (sec 1), 2301686 (sec 1), 2301736
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(sec 1A), and 2301762 (sec 1) : these are
higher level courses. Very few instructors
provide preference level (i)–(iv) to these
courses. Most of them cannot teach the sub-
jects. Some instructors who can teach the
subjects have already filled up their work-
load.

The department may have to work
manually on changing the assignment re-
sult got from the model so that all these
higher courses are taught by the instructors
who can teach them and move their previ-
ously assigned courses to those instructors
who were assigned to the courses but can-
not teach them. The department could also
use this result to plan on hiring some tempo-
rary/permanent positions in some specific
fields of study.

5. Conclusion
This study introduced two triangu-

lar fuzzy numbers to represent the inher-
ent uncertainty in preference levels, effec-
tively modeling human perception of pref-
erence ambiguity. By aggregating these
fuzzy numbers, we explored the concept of
pentagonal fuzzy numbers. Through the 𝛽-
cuts established in Theorems 2.4–2.6, we
derived explicit nearest point formulas in
Theorems 2.8–2.10, leading to a closed-
form expression for the nearest point of any
linear pentagonal fuzzy number, as demon-
strated in Corollary 2.11. These nearest
points serve as precise representations of
preference levels, allowing for their inte-
gration into the course assignment process.
The assigned values align with the opti-
mal fuzzy preference numbers outlined in
[9], demonstrating the effectiveness of our
model in handling uncertainty in course as-
signments.

However, this study operates under
the assumption that instructors can reliably
express their preferences using predefined

triangular fuzzy numbers, which may not
always reflect real-world variations in deci-
sion making. This limitation should be ac-
knowledged in the research.
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