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ABSTRACT

Let X be a nonempty set. Denote by P(X) and 7(X) the partial transformation semi-
group and the full transformation semigroup on X, respectively. For a nonempty subset Y of
X and an equivalence relation p on X, let

P(X,Y,p)={ae€eP(X) | rana CY and Vx,y € doma, (x,y) € p = xa = ya },
T(X,Y,p)={aeT(X) | rana CY and Vx,y € X, (x,y) € p = xa = ya }.

Then P(X,Y,p) and T (X, Y, p) are subsemigroups of P(X) and T'(X), respectively. In this
paper, we characterize the regular elements, left regular elements and right regular elements
of both P(X,Y,p) and T(X,Y, p). In addition, the regularity, left regularity and right regu-
larity of P(X,Y, p) and T(X,Y, p) are determined.

Keywords: Transformation semigroups; Regular elements; Left [Right] regular elements;

Equivalence relations; Restricted ranges

1. Introduction and Preliminaries
For a set X, let | X| denote the cardi-
nality of X. An element a of a semigroup S
is called idempotent if a = a®. A semigroup
S is said to be an idempotent semigroup if
every element of S is idempotent. An ele-
ment a in S is called regular if there exists

some x € S such that a = axa, left regu-
lar if a = xa? for some x € S and right
regular if a = a’x for some x € §. A
semigroup S is called a regular semigroup
if each of its elements is regular. Left reg-
ular and right regular semigroups are de-
fined in a similar manner. For a mapping
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a, we will denote its domain and range by
dom @ and ran a, respectively. For an ele-
ment x in the domain of a mapping «, the
image of x under « is written as xa. For
A C doma, we denote |4 the restriction
of @ to A. For a nonempty set X, let P(X)
and T(X) denote the set of all functions
from a subset of X to X and the set of all
functions from X to itself, respectively. It
is well-known that with function composi-
tion, P(X) forms a semigroup, while 7' (X)
is a subsemigroup of P(X). The semigroup
P(X) is called the partial transformation
semigroup on X and T(X) is called the full
transformation semigroup on X . Itis awell-
known fact that P(X) and T (X) are regular
semigroups. Research on the regularity, left
regularity, and right regularity of subsemi-
groups in P(X) and 7T(X) has been widely
conducted.

For a nonempty subset ¥ of X, we let

P(X,Y)={a e P(X) | rana C Y},
T(X,Y)={aeT(X) | rana CY}.

Then P(X,Y) and T(X,Y) are subsemi-
groups of P(X) and T(X), respectively.
The semigroup 7' (X, Y) was first introduced
and examined by Magill [2] in 1966. In [3],
Nenthein, Youngkhong and Kemprasit pro-
vided some characterizations of regular el-
ements in 7(X,Y). Sanwong and Somma-
nee [4] showed that T(X,Y) is regular if and
only if |Y| = 1 or Y = X. The characteri-
zation of left regular and right regular ele-
ments of T(X,Y) are given in [[1]].

Let p be an equivalence relation on
a nonempty set X. For x € X, we let [x],
be the equivalence class of x determined by
p. Let X/p denote the quotient set of X in-
duced by p. In [[7] and [8], Pei introduced
the following semigroups.

Py(X)={a € P(X)|Vx,y €edoma,
(x,y) € p = (xa,ya) € p},

T,(X) ={aeT(X) | Vx,y € X,
(x,y) € p = (xa,ya) €p}.

Clearly, P,(X) and T,(X) are subsemi-
groups of P(X) and T(X), respectively.
The author has investigated the regular ele-
ments and Green’s relations for P,(X) and
T,(X) as well. In 2013, Namnak and Laysi-
likul [§] provided a characterization of left,
right and completely regular elements in
T,(X). In 2020, Sangkhanan and Sanwong
[ILO] introduced a subsemigroup of T'(X,Y)
defined by

T,(X,Y) = {a € T(X,Y) | Vx,y € X,
(x,y) € p = (xa,ya) € p}.

They also gave a necessary and suffi-
cient condition for 7,,(X,Y) to be regu-
lar and characterized Green’s relations on
T,(X,Y). In 2010, Mendes-Gongalves and
Sullivan [9] defined a subsemigroup of
T(X), which is given by

E(X,p) ={a@eT(X)|Vx,y€X,
(x,y) € p = xa =ya}.

Itis obvious that E (X, p) is a subsemigroup
of T(X). We call E(X, p) the semigroup
of transformations restricted by an equiv-
alence relation p. In 2018, Sawatraksa,
Namnak and Laysirikul [6] described the
left regular, right regular, and completely
regular elements of E(X,p). Moreover,
they gave a necessary and sufficient con-
dition for the semigroup E (X, p) to be left
regular, right regular or completely regular.

Let Y be a nonempty subset of X and
p an equivalence relation on X. Define

P(X,Y,p) ={a e P(X,Y)|Vx,y € doma,
(x,y) € p = xa=ya},
T(X,Y,p)={aeT(X,Y)|Vx,y € X,

(x,y) € p = xa =ya}.
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It is easy to verify that P(X,Y,p) and
T(X,Y,p) are subsemigroups of P(X,Y)
and T(X,Y), respectively.

In this paper, we identify the neces-
sary and sufficient conditions for elements
of P(X,Y,p) and T(X,Y, p) to satisfy reg-
ularity, left regularity, or right regularity
and apply these conditions to determine the
regularity, left regularity and right regular-
ity of P(X,Y,p) and T(X,Y, p).

2. Regularity of P(X,Y,p) and
T(X,Y,p)

Before we characterize the regular el-
ements of P(X,Y,p) and T(X,Y, p), it is
convenient to have the following prelimi-
nary result.

Lemma 2.1. Let S(X,Y, p) be P(X,Y, p)
orT(X,Y,p). Ifa,B € S(X,Y, p) are such
that @ = afa, then the following conditions
hold.

(i) xa™' NY £ 0 forall x € ran .

(i) For each x1,x2 € rana, if (x1,x2) €
P, then x1 = xo.

Proof. Assume that a,8 € S(X,Y,p) are
such that « = afBa. Let x € rana. Then
there is @ € dom « such that x = aa. Thus
x = aa = aafa which implies that aaf €
xa~! NY. This verifies (i). To prove (ii),
let x1,x9 € rana. Then x1 = a1 and x9 =
asa for some ay, az € dom a. Suppose that
(x1,x2) € p. Then we have x; = a1a =
aiafa = x1fa = xofa = asafa = asa =
x2. Hence, the proof is complete. O

We will now present the necessary
and sufficient conditions for the regularity
of elements in P(X,Y, p) and T(X,Y, p).

Theorem 2.2. Let S(X,Y,p) be T(X,Y, p)
or P(X,Y,p). Fora € S(X,Y,p), aisreg-
ular if and only if «a satisfies the following
conditions.

(i) xa™' NY # 0 for all x € ran a.

(i) For each x1,x2 € rana, if (x1,x2) €
P, then x1 = xo.

Proof. Itis immediate from Lemma .1 that
if @ is regular, then (i) and (ii) hold.

Suppose, conversely, that (i) and (ii)
hold. Let « € S(X,Y,p). For each x €
ran @, choose an element y, € xa~ ! NY.
Then y, € doma and y,a = x for all
X Erana.

Case1: a € P(X,Y,p). Define
v:rana — X byxy = y, forall x € ranc.
Clearly,rany C Y. Let x1, x2 € domy such
that (x1,x2) € p. Since domy = ranc,
we get x; = xg by (ii). This shows that
v € P(X,Y,p). Since (doma)a = rana =
domvy and rany C dom «, we obtain that
doma = domaya. If x € doma, then
X@ € rana, SO xaya = yxo@ = xa. Hence,
a = aya. Consequently, « is regular.

Case 2 : a € T(X,Y,p). Define
B:X — Xby

5 vy, if(x,z) € pforsomez € ranc,
xB =
xa otherwise.

If x € X is such that (x,z1) € p and
(x,z2) € p for some 71,72 € rana, then
(z1,22) € p, 80 z1 = z9 by (ii) and hence
Yz1 = Yz,- Then B is well-defined. Let
Xx1,xo € X such that (x1,x2) € p. If
(x1,z) € p for some z € rane, then
(x2,2) € p, sOx1ff = y; = xof. If
(x1,z) ¢ p forall z € ran a, then (x2,7) ¢ p
for all z € ran @ which implies that x18 =
x1a@ = xaa = x9f. It is easy to see that
rana C Y. Hence, 8 € T(X.,Y,p). If
x € X, then xa € rana and (xa,xa) € p,
so xafa = yyea = xa. We have that
a = afa. Therefore, « is regular. O

Next, we apply Theorem 2.2 to inves-
tigate when the semigroup P(X,Y,p) is a
regular semigroup.
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Theorem 2.3. P(X,Y,p) is regular if and
only if X =Y and at least one of the follow-
ing conditions is true.

@) |X/pl =1
(i) |X/p| > 1 and p is the identity rela-
tion on X.

Proof. Suppose that P(X,Y, p) is regular.
Let x € X and choose y € Y. Define
a : {x} - Xbyxa = y. Clearly, a €
P(X,Y,p). Then «a is regular. It follows
from Theorem 2.2 that ya=' NY # 0. Then
{x}NY = ya~' NY # 0 which implies that
x €Y. Then X =Y. Assume that (i) is false.
Then | X/p| > 1. We aim to prove that p is
the identity relation on X. Let x1,x2 € X
with (x1,x2) € p. Since |X/p| > 1, there
exists x3 € X such that [x3], # [x1],. Let
B [x1]p U [x3], — X be defined by

xpB = {xl
X2
Since X =Y, we getrana C Y. Then 8 €
P(X,Y,p), so B is regular. Since x1,xs €
ran 3 and (x1,x2) € p, we get x; = x9 by
the condition (ii) of Theorem 2.2 Hence, p
is an identity relation on X.

For the converse, assume that X =Y

and the condition (i) or (ii) holds.
Casel: X =Y and |X/p| = 1. Let
a € P(X,Y,p). Since | X/p| = 1, we have
rana = {y} for some y € Y. This implies

that « satisfies the condition (ii) of Theorem
R.2. We have

if xe [Xl]p,
if xe [X3]p.

ya 'nY = ya 'nX = ya~! = doma # 0.

This shows that « satisfies the condition
(i) of Theorem R.2. Then « is regular and
hence, P(X,7, p) is regular.

Case 2 : X =Y and p is the identity
relation on X. Then we have P(X,Y, p) =
P(X) is a regular semigroup. Hence, the
proof is complete. O

Next, we provide a characterization
of when T(X,Y, p) forms a regular semi-
group. For our required result, the follow-
ing lemma is needed.

Lemma 2.4. If|Y| = 1 or|X/p| = 1, then
T(X,Y,p) is an idempotent semigroup.

Proof. Assume that |[Y| =1or |X/p| = 1.

Casel: |Y|=1. Leta e T(X,Y,p).
Since ranae C Y and |Y| = 1, we get
[rana| = 1, that is, « is the constant map.
This implies that « is an idempotent ele-
ment of T(X,Y, p).

Case 2 : |[X/p| = 1. Leta €
T(X,Y,p) and let x1,xo € rana. Then
there exist a;,as € X such that x;1 = a1«

and xo = asa. Since |X/p| = 1, we get
(a1,a2) € p. Thus x1 = a1 = asa = xo.
This shows that [rana| = 1. Hence, « is
idempotent. O

Theorem 2.5. T(X,Y, p) is regular if and
only if one of the following statements
holds.

(i) Y| =1
(i) 1X/pl=1.
(iii) |[x]p N Y| =1forallx € X.

Proof. Assume that T(X,Y, p) is regular.
Suppose that (i) and (ii) are false. Then
|Y| > 1 and |X/p| > 1. We will show that
(iii) holds. Let x € X and yq, y2 € Y such
that y; # yo. Definea : X — X by

Y1
aa =
{)’2
It is clear that @ € T(X,Y, p). We see that

y1 € rana. Since « is regular, by the con-
dition (i) of Theorem R.2, yia=' NnY # 0.

if a € [x],,

otherwise.



P. Srimora, et al. | Science & Technology Asia | Vol.30 No.4 October - December 2025

Then [x], NY = yie~' NY # 0. Next, let
v,z € [x],NY. Define g : X — X by

a,8={y
z

Clearly, 8 € T(X,Y, p). Since |X/p| > 1,
we get X # [x],. Then y,z € rana and
(y,2) € p. Since B is regular, by the condi-
tion (ii) of Theorem 2.2, we get y = z. Thus
|[x]p N Y| = 1 as desired.

Conversely, if |Y| = 1 or |X/p| = 1,
then T'(X, Y, p) is an idempotent semigroup
by Lemma P.4 and hence it is a regular
semigroup. Suppose that ![x] o N Y| =1
forall x € X. Let @ € T(X,Y,p) and let
x € rana. Then x = aa for some a € X.
By assumption, |[a] pNY | = 1. This implies
that there exists y € Y such that (a, y) € p.
Then x = ae = ya,s0y € xa™' NY.
Thus xa~' NY # 0 for all x € ran@. Next,
let x1,x2 € rana with (x1,x2) € p. Then
x1,Xx2 € [x1],NY. Since|[x1]pnY| =1,we
get x; = x3. By Theorem R.2, « is regular.
Hence, T(X, Y, p) is regular. O

if ae[x],,

otherwise.

3. Left regularity of P(X,Y,p) and
T(X,Y,p)

First, we provide the necessary
and sufficient conditions for elements of
P(X,Y, p) to be left regular.

Theorem 3.1. Let @ € P(X,Y,p). Then
a is left regular if and only if xa=' N (Y N
doma)a # 0 for all x € ran a.

Proof. Assume that @ = Ba? for some 8 €
P(X,Y,p). Let x € rana. Then there is
a € doma,x = aa. Thenx = aa = afa?,
so afa € xa~!. We have a € doma =
dom Ba? C dom Ba. ThenaB € YNdoma.
Thus aBa € xa~! N (Y Nndoma)a.
Conversely, suppose that xa~'n (Y N
doma)a # 0 for all x € rana. For each

x € rana, choose y, € Y N doma such

that y,« € xa~'. Let 8 : doma — X be
defined by

XB = yxq forall x € doma.

Clearly, ran C Y. Let x;,x2 € domp
such that (x1,x2) € p. Then xja@ =
X2, SO X188 =Yx;a = Yxsa = X20. Thus
B € P(X,Y,p). Let x € doma. Then

x € domg and xB8 = yyx, € doma,
so x € dompBa. We have xBa =
Vea@ € (xa)a”'! C doma. Then

x € dompBa?. This shows that doma C
dom Ba®. For the reverse inclusion, we
have dom Ba? € domf8 = doma. Hence,
doma = domgBa?. For any x € doma,
xBa? = ycqa® = xa. Then « is left regu-
lar. |

Next, we apply Theorem .1/ to inves-
tigate when the semigroup P(X,Y,p) is a
left regular semigroup.

Theorem 3.2. P(X,Y,p) is left regular if
and only if | X| = 1.

Proof. Assume that |X| = 1. Then
P(X,Y,p) contains exactly two elements
namely 0 and 1, where 0 is an empty map
and 1 is an identity map. We have 0 = 03
and 1 = 13. Thus P(X,Y, p) is left regular.

Conversely, suppose that P(X,Y, p)
is left regular. Letx € X. Choose y € Y and
define @ : {x} —» X by xa = y. Clearly,
a € P(X,Y,p). Since «a is left regular, by
Theorem B.1l, ya=! N (Y N doma)a # 0.
Then we have {x} N (Y N {x})a # 0. This
forces (Y N {x})a # 0, thatis, x € Y. Thus
{x}n{y} = {x}n{xte = {x}n(¥n{x}Ha #
0. It follows that x = y. Since x is arbitrary,
we get | X| = 1. |

Now, we provide the necessary and
sufficient conditions for the left regularity
of the elements in T(X, Y, p).
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Theorem 3.3. Let € T(X,Y,p). Then a
is left regular if and only if xa ' NYa # 0
forall x € ran a.

Proof. If @« € T(X,Y,p) is left regular,
then « is left regularin P(X, Y, p). We have
xa ' n (Y Nndoma)a # 0 forall x € rana,
by Theorem B.1. Since dome = X, we
have xa™' NYa # 0 for all x € rana.

For the converse assume that the lat-
ter statement holds. Since doma = X, we
have xa~' N (Y N doma)a # 0 for all
x € rana. Now construct a map S as in
Theorem B.1|. Since domB = dome = X,
we get B € T(X,Y, p) and a = Ba? as de-
sired. O

Before characterizing the left regu-
larity of T(X, Y, p), it is useful to establish
the following lemma.

Lemma 3.4. Let |[Y| > 1 and |X/p| > 1.
If|X/p| > 2or |[a]p N Y| # 1 for some
a € X, then there exists a proper subset C
of X such that |C NY| > 1 and for each
x € X, if (x,c) € p for some ¢ € C, then
xeC.

Proof. Suppose that |X/p| > 2 or |[a]p N
Y| # 1 for some a € X.
Casel: |X/p| > 2. Lety;,y2 €Y
such that y; # y2. Choose C = [y1], U
[v2],. Since |[X/p| > 2, we have C is a
proper subset of X.
Case2: |X/p| = 2and|[a],NY| # 1
for some a € X.
Subcase 2.1 : [a], NY = 0.
Since |Y| > 1 and |X/p| = 2, there exists
b € X such that |[b]p N Y! > 1. Choose
C = [b],. Since |X/p| = 2, C is a proper
subset of X.
Subcase 2.2 : |[a]p N Y! > 1.
Then choose C = [a],. |

Theorem 3.5. The semigroup T(X,Y, p) is
left regular if and only if one of the follow-
ing conditions holds.

(i) |Y| =1
(i) |X/pl =1

(iii) Y] > 1,1X/p| =2and|[x],NY|=1
forall x € X.

Proof. To prove necessity, assume that
T(X,Y,p) is left regular. Suppose that (i),
(ii) and (iii) are false. Then |Y| > 1 and
| X/p| > 20r|[a]pﬂY| # 1 forsomea € X.
By Lemma B.4, there is a proper subset C of
X such that [CNY| > 1and foreachx € X,
if (x,c) € p for some ¢ € C, thenx € C.
Let y1,y2 € C NY such that y; # y3 and
definea : X — X by

y1 if xeC,
Xa = )
yo otherwise.

Clearly, rana = {y1,y2} C Y. Letxy,x2 €
X such that (x1,x2) € p. By the property of
C,x; € Cifandonlyifxs € C. Thenxia =
xoa. This shows that @« € T(X,Y,p).
Thus « is left regular. By Theorem B.3,
yoa ' NYa # 0. Since Yo C {y1, y2} and
yaa ' {y1,y2} = (X=C)N{y1,y2} = 0,
we get yoa~' NYa = 0, a contradiction.
To demonstrate sufficiency, we first
assume that either (i) or (ii) is true. Then
by Lemma R.4, we get T(X,Y,p) is an
idempotent semigroup which implies that
T(X,Y,p) is a left regular semigroup.
Next, suppose that (iii) holds. It is easy to
see that |Y| = 2, say Y = {y1,y2}. Thus
X = [y1lp U [y2]p, a disjoint union. Let
a € T(X,Y,p). Since rana C Y, we have
rana| = 1 or [rana| = 2. If|rana| =1,
then o = a3, so a is left regular. Suppose
that |[ran @| = 2. Since rana C Y, we have
rana = Y. Since yij@ # ysa, we have
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|Ya| = 2. Since Yo C Y, we get Ya =Y.
Then we have

yia'nYe=ya'nY #0 and
yoa tNYa =ysa~tnY 0.

Therefore, « is left regular. O

4. Right regularity of P(X,Y, p) and
T(X,Y,p)

To characterize the right regular ele-
ments of P(X,Y,p) and T(X,7Y, p), the fol-
lowing Lemma is needed.

Lemma 4.1. Let S(X,Y,p) be P(X,Y,p)
orT(X,Y,p). Ifa,B € S(X,Y, p) are such
that @ = a/2,8, then rana C dom«a and
| ran o 1S injective.

Proof. Assume that a,8 € S(X,Y,p) are
such that @ = a?B. Let x € ranc, say
x = aa for some a € doma. We have
a € doma?p, thatis, x = aa € domap C
doma. This shows rana C doma. Let
X1,X9 € rana such that x;a@ = x9a. Then
x1 = aia and x9 = asa for some ay,as €

doma. Hence, x1 = a1 = a1a/2ﬂ =
xi1af = xoaf = a2a2,8 = asax = Xo.
Therefore, @|ian o 1S injective. O

Next, we describe the right regular el-
ements of P(X,Y, p).

Theorem 4.2. Let @ € P(X,Y, p). Then a
is right regular if and only if ran @ C dom «
and |,y o IS injective.

Proof. Necessity follows
from Lemma }.1.

Conversely, suppose rana@ C dom «
and @|an o 18 injective. Define

immediately

A={xeX|3zerana? (x,2) € p}.

For each z € ran a2, there is a unique y, €
ran @ with y,a = z. Define 8: A — X by

xB =y, forall x € A.

We must show that S is well-defined. If
x € A satisfies (x,z) € p and (x,w) € p
for some z,w € ranc?, then (z,w) € p.
Since rana? C rane C doma, we get
z,w € doma. So za = wa. Since @l o
is injective, we have z = w, s0 y, = yy,.
Clearly, ran C Y. Let x;,x2 € domp
such that (x1,x2) € p. If (x1,2) € p for
some z € rana?, then (x9,z) € p. Thus
x18 = y; = x98. Then B € P(X,Y,p).
Since (doma)a = rana < doma and
ran (@?) € A = domj, we obtain that
doma = dom (a?B). Let x € dom . Then
xa € rana and (xa@)a = xa? = y,,2q.
Since @/|an ¢ 1S injective, we get v, ,2 = xa.
Then xa?B = y,,2 = xa. This shows that
@ = a’p. Hence, « is a right regular ele-

ment of P(X,Y, p). O

Now, we use Theorem to deter-
mine the condition under which the semi-
group P(X,Yp) is a right regular semi-
group.

Theorem 4.3. P(X,Y, p) is right regular if
and only if | X| = 1.

Proof. 1f | X| = 1, then P(X,Y, p) contains
exactly two elements namely 0 and 1, where
0 is an empty map and 1 is an identity map.
Then P(X,Y, p) is right regular.
Conversely, suppose that P(X,Y, p)
is right regular. Let x € X. Choose y € Y
and define @ : {x} — X by xa = y. Since
a is right regular, by Theorem §.2, rana C
doma. Then {y} = rana C doma = {x},
that is, x = y. Since x is arbitrary, we have
| X| =1 as desired. O

Next, we describe the right regular el-
ements of T'(X,Y, p).

Theorem 4.4. Let a € T(X,Y, p). Then a
is right regular if and only if &|,an o is injec-
tive.
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Proof. The necessity follows straight from
Lemma B.1. For sufficiency, assume that
@|ran o 18 injective. For each x € ran (a?),
there is exactly one y, € rana for which
yxa@ = x. Let B : X — X be defined by

y, if (x,z) € p for some
z € ran (@?),

xB =

xa otherwise.

Clearly, ran8 C Y. For each x € X, if
(x,z1) € pand (x, z0) € p forsome z1, 29 €
ran (a?), then (z1,z2) € p. Thus z1 =
Zo@. SINCE | o 18 INjective, we get 71 =
z2. Then B is well-defined. Let xq1,x0 € X
such that (x1,x2) € p. If (x1,2) € p
for some z € ran(a?), then (x2,2) € p.
Thus x18 = y, = xo8. If (x1,2) ¢ p for
all z € ran(a?), then (x2,7) ¢ p for all
z € ran (@?). So x18 = x1@ = X = x2f8.
This shows that 8 € T(X,Y, p). Letx € X.
We have xa € (xa?)a~!. By the unique-
ness of y,,2, we get y,,2 = xa. Then
xa@?B = y,,2 = xa. Therefore, « is right
regular. O

Finally, we apply Theorem 4.4 to
investigate the conditions under which
T(X,Y,p) becomes a right regular semi-

group.

Theorem 4.5. T(X,Y, p) is right regular if
and only if one of the following conditions
holds.

@) Y] =1
(i) |X/pl =1

(iii) Y] >1,1X/p| =2and|[x],NY|=1
forall x € X.

Proof. Suppose that T(X,Y, p) is right reg-
ular. Assume (i), (ii) and (iii) are false.
Then |Y| > 1 and |X/p| > 2 or |[a]p N
Y| # 1 for some a € X. By Lemma .4,

there exists a proper subset C of X such that
|CNY| > 1andforeachx € X, if (x,c) € p
for some ¢ € C, then x € C. Now let
y1,y2 € CNY such that y; # ys and define
a as in Theorem B.5. Since « is right regu-
lar, by Theorem @, @|ran o 18 Injective. We
seethat yja = y1 = yaa, but y; # yo. Then
@|ran o 18 NOt injective, a contradiction.
Conversely, we assume that (i) or
(i) is true. Then by Lemma R.4, we
get T(X,Y, p) is an idempotent semigroup
which implies that T'(X, Y, p) is right regu-
lar. Next, we assume that (iii) holds. Then
Y] = 2,say Y = {y1,y2}. Thus X =
[y1lp U [y2]p, a disjoint union. Let @ €
T(X,Y,p). Since rana C Y, we have
[rana| = 1 or [rana| = 2. If [rana| = 1
, then @ = @3, so « is right regular. Sup-
pose that [rana| = 2. We see that y; # yo
and y @ # yza. Therefore, « is right regu-
lar. |

5. Conclusion

In this work, we presented necessary
and sufficient conditions when elements of
the semigroups P(X,Y,p) and T(X,Y, p)
are regular, left regular and right regular
and used them to analyze the regularity of
P(X,Y,p)and T(X,Y, p).

Note that when p is the identity rela-
tion, we have T (X, Y, p) = T(X,Y). In this
case, Theorem R.3 shows that T(X,Y, p) is
regular if and only if |[Y| = 1orY = X,
which aligns with the regularity condition
for T(X,Y) in [4]. Thus, our results extend
the known results for T(X,Y).

Semigroup theory forms the founda-
tion for more advanced algebraic structures
such as monoids, groups, rings, and alge-
bras. A fundamental result in algebraic
semigroups theory is Cayley’s Theorem for
semigroups, which states that every semi-
group can be embedded into a full transfor-
mation semigroup. This result highlights
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the importance of studying subsemigroups
of full transformation semigroups to under-
stand the structure of arbitrary semigroups.
Consequently, the characterization of these
subsemigroups has become a central topic
of interest among researchers in semigroup
theory.
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