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ABSTRACT
Let 𝑋 be a nonempty set. Denote by 𝑃(𝑋) and 𝑇 (𝑋) the partial transformation semi-

group and the full transformation semigroup on 𝑋 , respectively. For a nonempty subset 𝑌 of
𝑋 and an equivalence relation 𝜌 on 𝑋 , let

𝑃(𝑋,𝑌, 𝜌) = { 𝛼 ∈ 𝑃(𝑋) | ran𝛼 ⊆ 𝑌 and ∀𝑥, 𝑦 ∈ dom𝛼, (𝑥, 𝑦) ∈ 𝜌 ⇒ 𝑥𝛼 = 𝑦𝛼 },
𝑇 (𝑋,𝑌, 𝜌) = { 𝛼 ∈ 𝑇 (𝑋) | ran𝛼 ⊆ 𝑌 and ∀𝑥, 𝑦 ∈ 𝑋, (𝑥, 𝑦) ∈ 𝜌 ⇒ 𝑥𝛼 = 𝑦𝛼 }.

Then 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌) are subsemigroups of 𝑃(𝑋) and 𝑇 (𝑋), respectively. In this
paper, we characterize the regular elements, left regular elements and right regular elements
of both 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌). In addition, the regularity, left regularity and right regu-
larity of 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌) are determined.

Keywords: Transformation semigroups; Regular elements; Left [Right] regular elements;
Equivalence relations; Restricted ranges

1. Introduction and Preliminaries
For a set 𝑋 , let |𝑋 | denote the cardi-

nality of 𝑋 . An element 𝑎 of a semigroup 𝑆
is called idempotent if 𝑎 = 𝑎2. A semigroup
𝑆 is said to be an idempotent semigroup if
every element of 𝑆 is idempotent. An ele-
ment 𝑎 in 𝑆 is called regular if there exists

some 𝑥 ∈ 𝑆 such that 𝑎 = 𝑎𝑥𝑎, left regu-
lar if 𝑎 = 𝑥𝑎2 for some 𝑥 ∈ 𝑆 and right
regular if 𝑎 = 𝑎2𝑥 for some 𝑥 ∈ 𝑆. A
semigroup 𝑆 is called a regular semigroup
if each of its elements is regular. Left reg-
ular and right regular semigroups are de-
fined in a similar manner. For a mapping
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𝛼, we will denote its domain and range by
dom𝛼 and ran𝛼, respectively. For an ele-
ment 𝑥 in the domain of a mapping 𝛼, the
image of 𝑥 under 𝛼 is written as 𝑥𝛼. For
𝐴 ⊆ dom𝛼, we denote 𝛼 |𝐴 the restriction
of 𝛼 to 𝐴. For a nonempty set 𝑋 , let 𝑃(𝑋)
and 𝑇 (𝑋) denote the set of all functions
from a subset of 𝑋 to 𝑋 and the set of all
functions from 𝑋 to itself, respectively. It
is well-known that with function composi-
tion, 𝑃(𝑋) forms a semigroup, while 𝑇 (𝑋)
is a subsemigroup of 𝑃(𝑋). The semigroup
𝑃(𝑋) is called the partial transformation
semigroup on 𝑋 and 𝑇 (𝑋) is called the full
transformation semigroup on 𝑋 . It is a well-
known fact that 𝑃(𝑋) and 𝑇 (𝑋) are regular
semigroups. Research on the regularity, left
regularity, and right regularity of subsemi-
groups in 𝑃(𝑋) and 𝑇 (𝑋) has been widely
conducted.

For a nonempty subset 𝑌 of 𝑋 , we let

𝑃(𝑋,𝑌 ) = {𝛼 ∈ 𝑃(𝑋) | ran𝛼 ⊆ 𝑌 },
𝑇 (𝑋,𝑌 ) = {𝛼 ∈ 𝑇 (𝑋) | ran𝛼 ⊆ 𝑌 }.

Then 𝑃(𝑋,𝑌 ) and 𝑇 (𝑋,𝑌 ) are subsemi-
groups of 𝑃(𝑋) and 𝑇 (𝑋), respectively.
The semigroup𝑇 (𝑋,𝑌 ) was first introduced
and examined by Magill [2] in 1966. In [3],
Nenthein, Youngkhong and Kemprasit pro-
vided some characterizations of regular el-
ements in 𝑇 (𝑋,𝑌 ). Sanwong and Somma-
nee [4] showed that𝑇 (𝑋,𝑌 ) is regular if and
only if |𝑌 | = 1 or 𝑌 = 𝑋 . The characteri-
zation of left regular and right regular ele-
ments of 𝑇 (𝑋,𝑌 ) are given in [1].

Let 𝜌 be an equivalence relation on
a nonempty set 𝑋 . For 𝑥 ∈ 𝑋 , we let [𝑥]𝜌
be the equivalence class of 𝑥 determined by
𝜌. Let 𝑋/𝜌 denote the quotient set of 𝑋 in-
duced by 𝜌. In [7] and [8], Pei introduced
the following semigroups.

𝑃𝜌 (𝑋) = { 𝛼 ∈ 𝑃(𝑋) | ∀𝑥, 𝑦 ∈ dom𝛼,

(𝑥, 𝑦) ∈ 𝜌 ⇒ (𝑥𝛼, 𝑦𝛼) ∈ 𝜌 },

𝑇𝜌 (𝑋) = { 𝛼 ∈ 𝑇 (𝑋) | ∀𝑥, 𝑦 ∈ 𝑋,

(𝑥, 𝑦) ∈ 𝜌 ⇒ (𝑥𝛼, 𝑦𝛼) ∈ 𝜌 }.

Clearly, 𝑃𝜌 (𝑋) and 𝑇𝜌 (𝑋) are subsemi-
groups of 𝑃(𝑋) and 𝑇 (𝑋), respectively.
The author has investigated the regular ele-
ments and Green’s relations for 𝑃𝜌 (𝑋) and
𝑇𝜌 (𝑋) as well. In 2013, Namnak and Laysi-
likul [5] provided a characterization of left,
right and completely regular elements in
𝑇𝜌 (𝑋). In 2020, Sangkhanan and Sanwong
[10] introduced a subsemigroup of 𝑇 (𝑋,𝑌 )
defined by

𝑇𝜌 (𝑋,𝑌 ) = { 𝛼 ∈ 𝑇 (𝑋,𝑌 ) | ∀𝑥, 𝑦 ∈ 𝑋,

(𝑥, 𝑦) ∈ 𝜌 ⇒ (𝑥𝛼, 𝑦𝛼) ∈ 𝜌 }.

They also gave a necessary and suffi-
cient condition for 𝑇𝜌 (𝑋,𝑌 ) to be regu-
lar and characterized Green’s relations on
𝑇𝜌 (𝑋,𝑌 ). In 2010, Mendes-Gonçalves and
Sullivan [9] defined a subsemigroup of
𝑇 (𝑋), which is given by

𝐸 (𝑋, 𝜌) = { 𝛼 ∈ 𝑇 (𝑋) | ∀𝑥, 𝑦 ∈ 𝑋,

(𝑥, 𝑦) ∈ 𝜌 ⇒ 𝑥𝛼 = 𝑦𝛼 }.

It is obvious that 𝐸 (𝑋, 𝜌) is a subsemigroup
of 𝑇 (𝑋). We call 𝐸 (𝑋, 𝜌) the semigroup
of transformations restricted by an equiv-
alence relation 𝜌. In 2018, Sawatraksa,
Namnak and Laysirikul [6] described the
left regular, right regular, and completely
regular elements of 𝐸 (𝑋, 𝜌). Moreover,
they gave a necessary and sufficient con-
dition for the semigroup 𝐸 (𝑋, 𝜌) to be left
regular, right regular or completely regular.

Let 𝑌 be a nonempty subset of 𝑋 and
𝜌 an equivalence relation on 𝑋 . Define

𝑃(𝑋,𝑌, 𝜌) = { 𝛼 ∈ 𝑃(𝑋,𝑌 ) | ∀𝑥, 𝑦 ∈ dom𝛼,

(𝑥, 𝑦) ∈ 𝜌 ⇒ 𝑥𝛼 = 𝑦𝛼 },
𝑇 (𝑋,𝑌, 𝜌) = { 𝛼 ∈ 𝑇 (𝑋,𝑌 ) | ∀𝑥, 𝑦 ∈ 𝑋,

(𝑥, 𝑦) ∈ 𝜌 ⇒ 𝑥𝛼 = 𝑦𝛼 }.
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It is easy to verify that 𝑃(𝑋,𝑌, 𝜌) and
𝑇 (𝑋,𝑌, 𝜌) are subsemigroups of 𝑃(𝑋,𝑌 )
and 𝑇 (𝑋,𝑌 ), respectively.

In this paper, we identify the neces-
sary and sufficient conditions for elements
of 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌) to satisfy reg-
ularity, left regularity, or right regularity
and apply these conditions to determine the
regularity, left regularity and right regular-
ity of 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌).

2. Regularity of 𝑃(𝑋,𝑌, 𝜌) and
𝑇 (𝑋,𝑌, 𝜌)

Before we characterize the regular el-
ements of 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌), it is
convenient to have the following prelimi-
nary result.

Lemma 2.1. Let 𝑆(𝑋,𝑌, 𝜌) be 𝑃(𝑋,𝑌, 𝜌)
or 𝑇 (𝑋,𝑌, 𝜌). If 𝛼, 𝛽 ∈ 𝑆(𝑋,𝑌, 𝜌) are such
that 𝛼 = 𝛼𝛽𝛼, then the following conditions
hold.

(i) 𝑥𝛼−1 ∩ 𝑌 ≠ ∅ for all 𝑥 ∈ ran𝛼.

(ii) For each 𝑥1, 𝑥2 ∈ ran𝛼, if (𝑥1, 𝑥2) ∈
𝜌, then 𝑥1 = 𝑥2.

Proof. Assume that 𝛼, 𝛽 ∈ 𝑆(𝑋,𝑌, 𝜌) are
such that 𝛼 = 𝛼𝛽𝛼. Let 𝑥 ∈ ran𝛼. Then
there is 𝑎 ∈ dom𝛼 such that 𝑥 = 𝑎𝛼. Thus
𝑥 = 𝑎𝛼 = 𝑎𝛼𝛽𝛼 which implies that 𝑎𝛼𝛽 ∈
𝑥𝛼−1 ∩ 𝑌 . This verifies (i). To prove (ii),
let 𝑥1, 𝑥2 ∈ ran𝛼. Then 𝑥1 = 𝑎1𝛼 and 𝑥2 =
𝑎2𝛼 for some 𝑎1, 𝑎2 ∈ dom𝛼. Suppose that
(𝑥1, 𝑥2) ∈ 𝜌. Then we have 𝑥1 = 𝑎1𝛼 =
𝑎1𝛼𝛽𝛼 = 𝑥1𝛽𝛼 = 𝑥2𝛽𝛼 = 𝑎2𝛼𝛽𝛼 = 𝑎2𝛼 =
𝑥2. Hence, the proof is complete. □

We will now present the necessary
and sufficient conditions for the regularity
of elements in 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌).

Theorem 2.2. Let 𝑆(𝑋,𝑌, 𝜌) be 𝑇 (𝑋,𝑌, 𝜌)
or 𝑃(𝑋,𝑌, 𝜌). For 𝛼 ∈ 𝑆(𝑋,𝑌, 𝜌), 𝛼 is reg-
ular if and only if 𝛼 satisfies the following
conditions.

(i) 𝑥𝛼−1 ∩ 𝑌 ≠ ∅ for all 𝑥 ∈ ran𝛼.

(ii) For each 𝑥1, 𝑥2 ∈ ran𝛼, if (𝑥1, 𝑥2) ∈
𝜌, then 𝑥1 = 𝑥2.

Proof. It is immediate fromLemma 2.1 that
if 𝛼 is regular, then (i) and (ii) hold.

Suppose, conversely, that (i) and (ii)
hold. Let 𝛼 ∈ 𝑆(𝑋,𝑌, 𝜌). For each 𝑥 ∈
ran𝛼, choose an element 𝑦𝑥 ∈ 𝑥𝛼−1 ∩ 𝑌 .
Then 𝑦𝑥 ∈ dom𝛼 and 𝑦𝑥𝛼 = 𝑥 for all
𝑥 ∈ ran𝛼.

Case 1 : 𝛼 ∈ 𝑃(𝑋,𝑌, 𝜌). Define
𝛾 : ran𝛼 → 𝑋 by 𝑥𝛾 = 𝑦𝑥 for all 𝑥 ∈ ran𝛼.
Clearly, ran 𝛾 ⊆ 𝑌 . Let 𝑥1, 𝑥2 ∈ dom 𝛾 such
that (𝑥1, 𝑥2) ∈ 𝜌. Since dom 𝛾 = ran𝛼,
we get 𝑥1 = 𝑥2 by (ii). This shows that
𝛾 ∈ 𝑃(𝑋,𝑌, 𝜌). Since (dom𝛼)𝛼 = ran𝛼 =
dom 𝛾 and ran 𝛾 ⊆ dom𝛼, we obtain that
dom𝛼 = dom𝛼𝛾𝛼. If 𝑥 ∈ dom𝛼, then
𝑥𝛼 ∈ ran𝛼, so 𝑥𝛼𝛾𝛼 = 𝑦𝑥𝛼𝛼 = 𝑥𝛼. Hence,
𝛼 = 𝛼𝛾𝛼. Consequently, 𝛼 is regular.

Case 2 : 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌). Define
𝛽 : 𝑋 → 𝑋 by

𝑥𝛽 =

{
𝑦𝑧 if (𝑥, 𝑧) ∈ 𝜌 for some 𝑧 ∈ ran𝛼,
𝑥𝛼 otherwise.

If 𝑥 ∈ 𝑋 is such that (𝑥, 𝑧1) ∈ 𝜌 and
(𝑥, 𝑧2) ∈ 𝜌 for some 𝑧1, 𝑧2 ∈ ran𝛼, then
(𝑧1, 𝑧2) ∈ 𝜌, so 𝑧1 = 𝑧2 by (ii) and hence
𝑦𝑧1 = 𝑦𝑧2 . Then 𝛽 is well-defined. Let
𝑥1, 𝑥2 ∈ 𝑋 such that (𝑥1, 𝑥2) ∈ 𝜌. If
(𝑥1, 𝑧) ∈ 𝜌 for some 𝑧 ∈ ran𝛼, then
(𝑥2, 𝑧) ∈ 𝜌, so 𝑥1𝛽 = 𝑦𝑧 = 𝑥2𝛽. If
(𝑥1, 𝑧) ∉ 𝜌 for all 𝑧 ∈ ran𝛼, then (𝑥2, 𝑧) ∉ 𝜌
for all 𝑧 ∈ ran𝛼 which implies that 𝑥1𝛽 =
𝑥1𝛼 = 𝑥2𝛼 = 𝑥2𝛽. It is easy to see that
ran𝛼 ⊆ 𝑌 . Hence, 𝛽 ∈ 𝑇 (𝑋,𝑌, 𝜌). If
𝑥 ∈ 𝑋 , then 𝑥𝛼 ∈ ran𝛼 and (𝑥𝛼, 𝑥𝛼) ∈ 𝜌,
so 𝑥𝛼𝛽𝛼 = 𝑦𝑥𝛼𝛼 = 𝑥𝛼. We have that
𝛼 = 𝛼𝛽𝛼. Therefore, 𝛼 is regular. □

Next, we apply Theorem 2.2 to inves-
tigate when the semigroup 𝑃(𝑋,𝑌, 𝜌) is a
regular semigroup.
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Theorem 2.3. 𝑃(𝑋,𝑌, 𝜌) is regular if and
only if 𝑋 = 𝑌 and at least one of the follow-
ing conditions is true.

(i) |𝑋/𝜌 | = 1.

(ii) |𝑋/𝜌 | > 1 and 𝜌 is the identity rela-
tion on 𝑋 .

Proof. Suppose that 𝑃(𝑋,𝑌, 𝜌) is regular.
Let 𝑥 ∈ 𝑋 and choose 𝑦 ∈ 𝑌 . Define
𝛼 : {𝑥} → 𝑋 by 𝑥𝛼 = 𝑦. Clearly, 𝛼 ∈
𝑃(𝑋,𝑌, 𝜌). Then 𝛼 is regular. It follows
from Theorem 2.2 that 𝑦𝛼−1 ∩𝑌 ≠ ∅. Then
{𝑥} ∩𝑌 = 𝑦𝛼−1 ∩𝑌 ≠ ∅ which implies that
𝑥 ∈ 𝑌 . Then 𝑋 = 𝑌 . Assume that (i) is false.
Then |𝑋/𝜌 | > 1. We aim to prove that 𝜌 is
the identity relation on 𝑋 . Let 𝑥1, 𝑥2 ∈ 𝑋
with (𝑥1, 𝑥2) ∈ 𝜌. Since |𝑋/𝜌 | > 1, there
exists 𝑥3 ∈ 𝑋 such that [𝑥3]𝜌 ≠ [𝑥1]𝜌. Let
𝛽 : [𝑥1]𝜌 ∪ [𝑥3]𝜌 → 𝑋 be defined by

𝑥𝛽 =

{
𝑥1 if 𝑥 ∈ [𝑥1]𝜌,
𝑥2 if 𝑥 ∈ [𝑥3]𝜌.

Since 𝑋 = 𝑌 , we get ran𝛼 ⊆ 𝑌 . Then 𝛽 ∈
𝑃(𝑋,𝑌, 𝜌), so 𝛽 is regular. Since 𝑥1, 𝑥2 ∈
ran 𝛽 and (𝑥1, 𝑥2) ∈ 𝜌, we get 𝑥1 = 𝑥2 by
the condition (ii) of Theorem 2.2. Hence, 𝜌
is an identity relation on 𝑋 .

For the converse, assume that 𝑋 = 𝑌
and the condition (i) or (ii) holds.

Case 1 : 𝑋 = 𝑌 and |𝑋/𝜌 | = 1. Let
𝛼 ∈ 𝑃(𝑋,𝑌, 𝜌). Since |𝑋/𝜌 | = 1, we have
ran𝛼 = {𝑦} for some 𝑦 ∈ 𝑌 . This implies
that 𝛼 satisfies the condition (ii) of Theorem
2.2. We have

𝑦𝛼−1∩𝑌 = 𝑦𝛼−1∩𝑋 = 𝑦𝛼−1 = dom𝛼 ≠ ∅.

This shows that 𝛼 satisfies the condition
(i) of Theorem 2.2. Then 𝛼 is regular and
hence, 𝑃(𝑋,𝑌, 𝜌) is regular.

Case 2 : 𝑋 = 𝑌 and 𝜌 is the identity
relation on 𝑋 . Then we have 𝑃(𝑋,𝑌, 𝜌) =
𝑃(𝑋) is a regular semigroup. Hence, the
proof is complete. □

Next, we provide a characterization
of when 𝑇 (𝑋,𝑌, 𝜌) forms a regular semi-
group. For our required result, the follow-
ing lemma is needed.

Lemma 2.4. If |𝑌 | = 1 or |𝑋/𝜌 | = 1, then
𝑇 (𝑋,𝑌, 𝜌) is an idempotent semigroup.

Proof. Assume that |𝑌 | = 1 or |𝑋/𝜌 | = 1.
Case 1 : |𝑌 | = 1. Let 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌).

Since ran𝛼 ⊆ 𝑌 and |𝑌 | = 1, we get
|ran𝛼 | = 1, that is, 𝛼 is the constant map.
This implies that 𝛼 is an idempotent ele-
ment of 𝑇 (𝑋,𝑌, 𝜌).

Case 2 : |𝑋/𝜌 | = 1. Let 𝛼 ∈
𝑇 (𝑋,𝑌, 𝜌) and let 𝑥1, 𝑥2 ∈ ran𝛼. Then
there exist 𝑎1, 𝑎2 ∈ 𝑋 such that 𝑥1 = 𝑎1𝛼
and 𝑥2 = 𝑎2𝛼. Since |𝑋/𝜌 | = 1, we get
(𝑎1, 𝑎2) ∈ 𝜌. Thus 𝑥1 = 𝑎1𝛼 = 𝑎2𝛼 = 𝑥2.
This shows that |ran𝛼 | = 1. Hence, 𝛼 is
idempotent. □

Theorem 2.5. 𝑇 (𝑋,𝑌, 𝜌) is regular if and
only if one of the following statements
holds.

(i) |𝑌 | = 1.

(ii) |𝑋/𝜌 | = 1.

(iii)
��[𝑥]𝜌 ∩ 𝑌

�� = 1 for all 𝑥 ∈ 𝑋 .

Proof. Assume that 𝑇 (𝑋,𝑌, 𝜌) is regular.
Suppose that (i) and (ii) are false. Then
|𝑌 | > 1 and |𝑋/𝜌 | > 1. We will show that
(iii) holds. Let 𝑥 ∈ 𝑋 and 𝑦1, 𝑦2 ∈ 𝑌 such
that 𝑦1 ≠ 𝑦2. Define 𝛼 : 𝑋 → 𝑋 by

𝑎𝛼 =

{
𝑦1 if 𝑎 ∈ [𝑥]𝜌,
𝑦2 otherwise.

It is clear that 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌). We see that
𝑦1 ∈ ran𝛼. Since 𝛼 is regular, by the con-
dition (i) of Theorem 2.2, 𝑦1𝛼

−1 ∩ 𝑌 ≠ ∅.
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Then [𝑥]𝜌 ∩ 𝑌 = 𝑦1𝛼
−1 ∩ 𝑌 ≠ ∅. Next, let

𝑦, 𝑧 ∈ [𝑥]𝜌 ∩ 𝑌 . Define 𝛽 : 𝑋 → 𝑋 by

𝑎𝛽 =

{
𝑦 if 𝑎 ∈ [𝑥]𝜌,
𝑧 otherwise.

Clearly, 𝛽 ∈ 𝑇 (𝑋,𝑌, 𝜌). Since |𝑋/𝜌 | > 1,
we get 𝑋 ≠ [𝑥]𝜌. Then 𝑦, 𝑧 ∈ ran𝛼 and
(𝑦, 𝑧) ∈ 𝜌. Since 𝛽 is regular, by the condi-
tion (ii) of Theorem 2.2, we get 𝑦 = 𝑧. Thus��[𝑥]𝜌 ∩ 𝑌

�� = 1 as desired.
Conversely, if |𝑌 | = 1 or |𝑋/𝜌 | = 1,

then𝑇 (𝑋,𝑌, 𝜌) is an idempotent semigroup
by Lemma 2.4 and hence it is a regular
semigroup. Suppose that

��[𝑥]𝜌 ∩ 𝑌
�� = 1

for all 𝑥 ∈ 𝑋 . Let 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌) and let
𝑥 ∈ ran𝛼. Then 𝑥 = 𝑎𝛼 for some 𝑎 ∈ 𝑋 .
By assumption,

��[𝑎]𝜌∩𝑌 �� = 1. This implies
that there exists 𝑦 ∈ 𝑌 such that (𝑎, 𝑦) ∈ 𝜌.
Then 𝑥 = 𝑎𝛼 = 𝑦𝛼, so 𝑦 ∈ 𝑥𝛼−1 ∩ 𝑌 .
Thus 𝑥𝛼−1 ∩ 𝑌 ≠ ∅ for all 𝑥 ∈ ran𝛼. Next,
let 𝑥1, 𝑥2 ∈ ran𝛼 with (𝑥1, 𝑥2) ∈ 𝜌. Then
𝑥1, 𝑥2 ∈ [𝑥1]𝜌∩𝑌 . Since

��[𝑥1]𝜌∩𝑌
�� = 1, we

get 𝑥1 = 𝑥2. By Theorem 2.2, 𝛼 is regular.
Hence, 𝑇 (𝑋,𝑌, 𝜌) is regular. □

3. Left regularity of 𝑃(𝑋,𝑌, 𝜌) and
𝑇 (𝑋,𝑌, 𝜌)

First, we provide the necessary
and sufficient conditions for elements of
𝑃(𝑋,𝑌, 𝜌) to be left regular.

Theorem 3.1. Let 𝛼 ∈ 𝑃(𝑋,𝑌, 𝜌). Then
𝛼 is left regular if and only if 𝑥𝛼−1 ∩ (𝑌 ∩
dom𝛼)𝛼 ≠ ∅ for all 𝑥 ∈ ran𝛼.

Proof. Assume that 𝛼 = 𝛽𝛼2 for some 𝛽 ∈
𝑃(𝑋,𝑌, 𝜌). Let 𝑥 ∈ ran𝛼. Then there is
𝑎 ∈ dom𝛼, 𝑥 = 𝑎𝛼. Then 𝑥 = 𝑎𝛼 = 𝑎𝛽𝛼2,
so 𝑎𝛽𝛼 ∈ 𝑥𝛼−1. We have 𝑎 ∈ dom𝛼 =
dom 𝛽𝛼2 ⊆ dom 𝛽𝛼. Then 𝑎𝛽 ∈ 𝑌∩dom𝛼.
Thus 𝑎𝛽𝛼 ∈ 𝑥𝛼−1 ∩ (𝑌 ∩ dom𝛼)𝛼.

Conversely, suppose that 𝑥𝛼−1∩(𝑌∩
dom𝛼)𝛼 ≠ ∅ for all 𝑥 ∈ ran𝛼. For each
𝑥 ∈ ran𝛼, choose 𝑦𝑥 ∈ 𝑌 ∩ dom𝛼 such

that 𝑦𝑥𝛼 ∈ 𝑥𝛼−1. Let 𝛽 : dom𝛼 → 𝑋 be
defined by

𝑥𝛽 = 𝑦𝑥𝛼 for all 𝑥 ∈ dom𝛼.

Clearly, ran 𝛽 ⊆ 𝑌 . Let 𝑥1, 𝑥2 ∈ dom 𝛽
such that (𝑥1, 𝑥2) ∈ 𝜌. Then 𝑥1𝛼 =
𝑥2𝛼, so 𝑥1𝛽 = 𝑦𝑥1𝛼 = 𝑦𝑥2𝛼 = 𝑥2𝛽. Thus
𝛽 ∈ 𝑃(𝑋,𝑌, 𝜌). Let 𝑥 ∈ dom𝛼. Then
𝑥 ∈ dom 𝛽 and 𝑥𝛽 = 𝑦𝑥𝛼 ∈ dom𝛼,
so 𝑥 ∈ dom 𝛽𝛼. We have 𝑥𝛽𝛼 =
𝑦𝑥𝛼𝛼 ∈ (𝑥𝛼)𝛼−1 ⊆ dom𝛼. Then
𝑥 ∈ dom 𝛽𝛼2. This shows that dom𝛼 ⊆
dom 𝛽𝛼2. For the reverse inclusion, we
have dom 𝛽𝛼2 ⊆ dom 𝛽 = dom𝛼. Hence,
dom𝛼 = dom 𝛽𝛼2. For any 𝑥 ∈ dom𝛼,
𝑥𝛽𝛼2 = 𝑦𝑥𝛼𝛼

2 = 𝑥𝛼. Then 𝛼 is left regu-
lar. □

Next, we apply Theorem 3.1 to inves-
tigate when the semigroup 𝑃(𝑋,𝑌, 𝜌) is a
left regular semigroup.

Theorem 3.2. 𝑃(𝑋,𝑌, 𝜌) is left regular if
and only if |𝑋 | = 1.

Proof. Assume that |𝑋 | = 1. Then
𝑃(𝑋,𝑌, 𝜌) contains exactly two elements
namely 0 and 1, where 0 is an empty map
and 1 is an identity map. We have 0 = 03

and 1 = 13. Thus 𝑃(𝑋,𝑌, 𝜌) is left regular.
Conversely, suppose that 𝑃(𝑋,𝑌, 𝜌)

is left regular. Let 𝑥 ∈ 𝑋 . Choose 𝑦 ∈ 𝑌 and
define 𝛼 : {𝑥} → 𝑋 by 𝑥𝛼 = 𝑦. Clearly,
𝛼 ∈ 𝑃(𝑋,𝑌, 𝜌). Since 𝛼 is left regular, by
Theorem 3.1, 𝑦𝛼−1 ∩ (𝑌 ∩ dom𝛼)𝛼 ≠ ∅.
Then we have {𝑥} ∩ (𝑌 ∩ {𝑥})𝛼 ≠ ∅. This
forces (𝑌 ∩ {𝑥})𝛼 ≠ ∅, that is, 𝑥 ∈ 𝑌 . Thus
{𝑥}∩{𝑦} = {𝑥}∩{𝑥}𝛼 = {𝑥}∩(𝑌∩{𝑥})𝛼 ≠
∅. It follows that 𝑥 = 𝑦. Since 𝑥 is arbitrary,
we get |𝑋 | = 1. □

Now, we provide the necessary and
sufficient conditions for the left regularity
of the elements in 𝑇 (𝑋,𝑌, 𝜌).
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Theorem 3.3. Let 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌). Then 𝛼
is left regular if and only if 𝑥𝛼−1 ∩ 𝑌𝛼 ≠ ∅
for all 𝑥 ∈ ran𝛼.

Proof. If 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌) is left regular,
then 𝛼 is left regular in 𝑃(𝑋,𝑌, 𝜌). We have
𝑥𝛼−1 ∩ (𝑌 ∩ dom𝛼)𝛼 ≠ ∅ for all 𝑥 ∈ ran𝛼,
by Theorem 3.1. Since dom𝛼 = 𝑋 , we
have 𝑥𝛼−1 ∩ 𝑌𝛼 ≠ ∅ for all 𝑥 ∈ ran𝛼.

For the converse assume that the lat-
ter statement holds. Since dom𝛼 = 𝑋 , we
have 𝑥𝛼−1 ∩ (𝑌 ∩ dom𝛼)𝛼 ≠ ∅ for all
𝑥 ∈ ran𝛼. Now construct a map 𝛽 as in
Theorem 3.1. Since dom 𝛽 = dom𝛼 = 𝑋 ,
we get 𝛽 ∈ 𝑇 (𝑋,𝑌, 𝜌) and 𝛼 = 𝛽𝛼2 as de-
sired. □

Before characterizing the left regu-
larity of 𝑇 (𝑋,𝑌, 𝜌), it is useful to establish
the following lemma.

Lemma 3.4. Let |𝑌 | > 1 and |𝑋/𝜌 | > 1.
If |𝑋/𝜌 | > 2 or

��[𝑎]𝜌 ∩ 𝑌
�� ≠ 1 for some

𝑎 ∈ 𝑋 , then there exists a proper subset 𝐶
of 𝑋 such that |𝐶 ∩ 𝑌 | > 1 and for each
𝑥 ∈ 𝑋 , if (𝑥, 𝑐) ∈ 𝜌 for some 𝑐 ∈ 𝐶, then
𝑥 ∈ 𝐶.

Proof. Suppose that |𝑋/𝜌 | > 2 or
��[𝑎]𝜌 ∩

𝑌
�� ≠ 1 for some 𝑎 ∈ 𝑋 .

Case 1 : |𝑋/𝜌 | > 2. Let 𝑦1, 𝑦2 ∈ 𝑌
such that 𝑦1 ≠ 𝑦2. Choose 𝐶 = [𝑦1]𝜌 ∪
[𝑦2]𝜌. Since |𝑋/𝜌 | > 2, we have 𝐶 is a
proper subset of 𝑋 .

Case 2 : |𝑋/𝜌 | = 2 and
��[𝑎]𝜌∩𝑌 �� ≠ 1

for some 𝑎 ∈ 𝑋 .
Subcase 2.1 : [𝑎]𝜌 ∩ 𝑌 = ∅.

Since |𝑌 | > 1 and |𝑋/𝜌 | = 2, there exists
𝑏 ∈ 𝑋 such that

��[𝑏]𝜌 ∩ 𝑌
�� > 1. Choose

𝐶 = [𝑏]𝜌. Since |𝑋/𝜌 | = 2, 𝐶 is a proper
subset of 𝑋 .

Subcase 2.2 :
��[𝑎]𝜌 ∩ 𝑌

�� > 1.
Then choose 𝐶 = [𝑎]𝜌. □

Theorem 3.5. The semigroup 𝑇 (𝑋,𝑌, 𝜌) is
left regular if and only if one of the follow-
ing conditions holds.

(i) |𝑌 | = 1.

(ii) |𝑋/𝜌 | = 1.

(iii) |𝑌 | > 1, |𝑋/𝜌 | = 2 and
��[𝑥]𝜌 ∩ 𝑌

�� = 1
for all 𝑥 ∈ 𝑋 .

Proof. To prove necessity, assume that
𝑇 (𝑋,𝑌, 𝜌) is left regular. Suppose that (i),
(ii) and (iii) are false. Then |𝑌 | > 1 and
|𝑋/𝜌 | > 2 or

��[𝑎]𝜌∩𝑌 �� ≠ 1 for some 𝑎 ∈ 𝑋 .
By Lemma 3.4, there is a proper subset𝐶 of
𝑋 such that |𝐶 ∩𝑌 | > 1 and for each 𝑥 ∈ 𝑋 ,
if (𝑥, 𝑐) ∈ 𝜌 for some 𝑐 ∈ 𝐶, then 𝑥 ∈ 𝐶.
Let 𝑦1, 𝑦2 ∈ 𝐶 ∩ 𝑌 such that 𝑦1 ≠ 𝑦2 and
define 𝛼 : 𝑋 → 𝑋 by

𝑥𝛼 =

{
𝑦1 if 𝑥 ∈ 𝐶,

𝑦2 otherwise.

Clearly, ran𝛼 = {𝑦1, 𝑦2} ⊆ 𝑌 . Let 𝑥1, 𝑥2 ∈
𝑋 such that (𝑥1, 𝑥2) ∈ 𝜌. By the property of
𝐶, 𝑥1 ∈ 𝐶 if and only if 𝑥2 ∈ 𝐶. Then 𝑥1𝛼 =
𝑥2𝛼. This shows that 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌).
Thus 𝛼 is left regular. By Theorem 3.3,
𝑦2𝛼

−1 ∩ 𝑌𝛼 ≠ ∅. Since 𝑌𝛼 ⊆ {𝑦1, 𝑦2} and
𝑦2𝛼

−1 ∩ {𝑦1, 𝑦2} = (𝑋 −𝐶) ∩ {𝑦1, 𝑦2} = ∅,
we get 𝑦2𝛼

−1 ∩ 𝑌𝛼 = ∅, a contradiction.
To demonstrate sufficiency, we first

assume that either (i) or (ii) is true. Then
by Lemma 2.4, we get 𝑇 (𝑋,𝑌, 𝜌) is an
idempotent semigroup which implies that
𝑇 (𝑋,𝑌, 𝜌) is a left regular semigroup.
Next, suppose that (iii) holds. It is easy to
see that |𝑌 | = 2, say 𝑌 = {𝑦1, 𝑦2}. Thus
𝑋 = [𝑦1]𝜌 ∪ [𝑦2]𝜌, a disjoint union. Let
𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌). Since ran𝛼 ⊆ 𝑌 , we have
|ran𝛼 | = 1 or |ran𝛼 | = 2. If |ran𝛼 | = 1,
then 𝛼 = 𝛼3, so 𝛼 is left regular. Suppose
that |ran𝛼 | = 2. Since ran𝛼 ⊆ 𝑌 , we have
ran𝛼 = 𝑌 . Since 𝑦1𝛼 ≠ 𝑦2𝛼, we have
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|𝑌𝛼 | = 2. Since 𝑌𝛼 ⊆ 𝑌 , we get 𝑌𝛼 = 𝑌 .
Then we have

𝑦1𝛼
−1 ∩ 𝑌𝛼 = 𝑦1𝛼

−1 ∩ 𝑌 ≠ ∅ and
𝑦2𝛼

−1 ∩ 𝑌𝛼 = 𝑦2𝛼
−1 ∩ 𝑌 ≠ ∅.

Therefore, 𝛼 is left regular. □

4. Right regularity of 𝑃(𝑋,𝑌, 𝜌) and
𝑇 (𝑋,𝑌, 𝜌)

To characterize the right regular ele-
ments of 𝑃(𝑋,𝑌, 𝜌) and𝑇 (𝑋,𝑌, 𝜌), the fol-
lowing Lemma is needed.

Lemma 4.1. Let 𝑆(𝑋,𝑌, 𝜌) be 𝑃(𝑋,𝑌, 𝜌)
or 𝑇 (𝑋,𝑌, 𝜌). If 𝛼, 𝛽 ∈ 𝑆(𝑋,𝑌, 𝜌) are such
that 𝛼 = 𝛼2𝛽, then ran𝛼 ⊆ dom𝛼 and
𝛼 |ran 𝛼 is injective.

Proof. Assume that 𝛼, 𝛽 ∈ 𝑆(𝑋,𝑌, 𝜌) are
such that 𝛼 = 𝛼2𝛽. Let 𝑥 ∈ ran𝛼, say
𝑥 = 𝑎𝛼 for some 𝑎 ∈ dom𝛼. We have
𝑎 ∈ dom𝛼2𝛽, that is, 𝑥 = 𝑎𝛼 ∈ dom𝛼𝛽 ⊆
dom𝛼. This shows ran𝛼 ⊆ dom𝛼. Let
𝑥1, 𝑥2 ∈ ran𝛼 such that 𝑥1𝛼 = 𝑥2𝛼. Then
𝑥1 = 𝑎1𝛼 and 𝑥2 = 𝑎2𝛼 for some 𝑎1, 𝑎2 ∈
dom𝛼. Hence, 𝑥1 = 𝑎1𝛼 = 𝑎1𝛼

2𝛽 =
𝑥1𝛼𝛽 = 𝑥2𝛼𝛽 = 𝑎2𝛼

2𝛽 = 𝑎2𝛼 = 𝑥2.
Therefore, 𝛼 |ran 𝛼 is injective. □

Next, we describe the right regular el-
ements of 𝑃(𝑋,𝑌, 𝜌).

Theorem 4.2. Let 𝛼 ∈ 𝑃(𝑋,𝑌, 𝜌). Then 𝛼
is right regular if and only if ran𝛼 ⊆ dom𝛼
and 𝛼 |ran 𝛼 is injective.

Proof. Necessity follows immediately
from Lemma 4.1.

Conversely, suppose ran𝛼 ⊆ dom𝛼
and 𝛼 |ran 𝛼 is injective. Define

𝐴 = {𝑥 ∈ 𝑋 | ∃ 𝑧 ∈ ran𝛼2, (𝑥, 𝑧) ∈ 𝜌}.

For each 𝑧 ∈ ran𝛼2, there is a unique 𝑦𝑧 ∈
ran𝛼 with 𝑦𝑧𝛼 = 𝑧. Define 𝛽 : 𝐴 → 𝑋 by

𝑥𝛽 = 𝑦𝑧 for all 𝑥 ∈ 𝐴.

We must show that 𝛽 is well-defined. If
𝑥 ∈ 𝐴 satisfies (𝑥, 𝑧) ∈ 𝜌 and (𝑥, 𝑤) ∈ 𝜌
for some 𝑧, 𝑤 ∈ ran𝛼2, then (𝑧, 𝑤) ∈ 𝜌.
Since ran𝛼2 ⊆ ran𝛼 ⊆ dom𝛼, we get
𝑧, 𝑤 ∈ dom𝛼. So 𝑧𝛼 = 𝑤𝛼. Since 𝛼 |ran 𝛼
is injective, we have 𝑧 = 𝑤, so 𝑦𝑧 = 𝑦𝑤 .
Clearly, ran 𝛽 ⊆ 𝑌 . Let 𝑥1, 𝑥2 ∈ dom 𝛽
such that (𝑥1, 𝑥2) ∈ 𝜌. If (𝑥1, 𝑧) ∈ 𝜌 for
some 𝑧 ∈ ran𝛼2, then (𝑥2, 𝑧) ∈ 𝜌. Thus
𝑥1𝛽 = 𝑦𝑧 = 𝑥2𝛽. Then 𝛽 ∈ 𝑃(𝑋,𝑌, 𝜌).
Since (dom𝛼)𝛼 = ran𝛼 ⊆ dom𝛼 and
ran (𝛼2) ⊆ 𝐴 = dom 𝛽, we obtain that
dom𝛼 = dom (𝛼2𝛽). Let 𝑥 ∈ dom𝛼. Then
𝑥𝛼 ∈ ran𝛼 and (𝑥𝛼)𝛼 = 𝑥𝛼2 = 𝑦𝑥𝛼2𝛼.
Since 𝛼 |ran 𝛼 is injective, we get 𝑦𝑥𝛼2 = 𝑥𝛼.
Then 𝑥𝛼2𝛽 = 𝑦𝑥𝛼2 = 𝑥𝛼. This shows that
𝛼 = 𝛼2𝛽. Hence, 𝛼 is a right regular ele-
ment of 𝑃(𝑋,𝑌, 𝜌). □

Now, we use Theorem 4.2 to deter-
mine the condition under which the semi-
group 𝑃(𝑋,𝑌 𝜌) is a right regular semi-
group.

Theorem 4.3. 𝑃(𝑋,𝑌, 𝜌) is right regular if
and only if |𝑋 | = 1.

Proof. If |𝑋 | = 1, then 𝑃(𝑋,𝑌, 𝜌) contains
exactly two elements namely 0 and 1, where
0 is an empty map and 1 is an identity map.
Then 𝑃(𝑋,𝑌, 𝜌) is right regular.

Conversely, suppose that 𝑃(𝑋,𝑌, 𝜌)
is right regular. Let 𝑥 ∈ 𝑋 . Choose 𝑦 ∈ 𝑌
and define 𝛼 : {𝑥} → 𝑋 by 𝑥𝛼 = 𝑦. Since
𝛼 is right regular, by Theorem 4.2, ran𝛼 ⊆
dom𝛼. Then {𝑦} = ran𝛼 ⊆ dom𝛼 = {𝑥},
that is, 𝑥 = 𝑦. Since 𝑥 is arbitrary, we have
|𝑋 | = 1 as desired. □

Next, we describe the right regular el-
ements of 𝑇 (𝑋,𝑌, 𝜌).

Theorem 4.4. Let 𝛼 ∈ 𝑇 (𝑋,𝑌, 𝜌). Then 𝛼
is right regular if and only if 𝛼 |ran 𝛼 is injec-
tive.
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Proof. The necessity follows straight from
Lemma 4.1. For sufficiency, assume that
𝛼 |ran 𝛼 is injective. For each 𝑥 ∈ ran (𝛼2),
there is exactly one 𝑦𝑥 ∈ ran𝛼 for which
𝑦𝑥𝛼 = 𝑥. Let 𝛽 : 𝑋 → 𝑋 be defined by

𝑥𝛽 =


𝑦𝑧 if (𝑥, 𝑧) ∈ 𝜌 for some

𝑧 ∈ ran (𝛼2),
𝑥𝛼 otherwise.

Clearly, ran 𝛽 ⊆ 𝑌 . For each 𝑥 ∈ 𝑋 , if
(𝑥, 𝑧1) ∈ 𝜌 and (𝑥, 𝑧2) ∈ 𝜌 for some 𝑧1, 𝑧2 ∈
ran (𝛼2), then (𝑧1, 𝑧2) ∈ 𝜌. Thus 𝑧1𝛼 =
𝑧2𝛼. Since 𝛼 |ran 𝛼 is injective, we get 𝑧1 =
𝑧2. Then 𝛽 is well-defined. Let 𝑥1, 𝑥2 ∈ 𝑋
such that (𝑥1, 𝑥2) ∈ 𝜌. If (𝑥1, 𝑧) ∈ 𝜌
for some 𝑧 ∈ ran (𝛼2), then (𝑥2, 𝑧) ∈ 𝜌.
Thus 𝑥1𝛽 = 𝑦𝑧 = 𝑥2𝛽. If (𝑥1, 𝑧) ∉ 𝜌 for
all 𝑧 ∈ ran (𝛼2), then (𝑥2, 𝑧) ∉ 𝜌 for all
𝑧 ∈ ran (𝛼2). So 𝑥1𝛽 = 𝑥1𝛼 = 𝑥2𝛼 = 𝑥2𝛽.
This shows that 𝛽 ∈ 𝑇 (𝑋,𝑌, 𝜌). Let 𝑥 ∈ 𝑋 .
We have 𝑥𝛼 ∈ (𝑥𝛼2)𝛼−1. By the unique-
ness of 𝑦𝑥𝛼2 , we get 𝑦𝑥𝛼2 = 𝑥𝛼. Then
𝑥𝛼2𝛽 = 𝑦𝑥𝛼2 = 𝑥𝛼. Therefore, 𝛼 is right
regular. □

Finally, we apply Theorem 4.4 to
investigate the conditions under which
𝑇 (𝑋,𝑌, 𝜌) becomes a right regular semi-
group.

Theorem 4.5. 𝑇 (𝑋,𝑌, 𝜌) is right regular if
and only if one of the following conditions
holds.

(i) |𝑌 | = 1.

(ii) |𝑋/𝜌 | = 1.

(iii) |𝑌 | > 1, |𝑋/𝜌 | = 2 and
��[𝑥]𝜌 ∩ 𝑌

�� = 1
for all 𝑥 ∈ 𝑋 .

Proof. Suppose that𝑇 (𝑋,𝑌, 𝜌) is right reg-
ular. Assume (i), (ii) and (iii) are false.
Then |𝑌 | > 1 and |𝑋/𝜌 | > 2 or

��[𝑎]𝜌 ∩
𝑌
�� ≠ 1 for some 𝑎 ∈ 𝑋 . By Lemma 3.4,

there exists a proper subset𝐶 of 𝑋 such that
|𝐶∩𝑌 | > 1 and for each 𝑥 ∈ 𝑋 , if (𝑥, 𝑐) ∈ 𝜌
for some 𝑐 ∈ 𝐶, then 𝑥 ∈ 𝐶. Now let
𝑦1, 𝑦2 ∈ 𝐶 ∩𝑌 such that 𝑦1 ≠ 𝑦2 and define
𝛼 as in Theorem 3.5. Since 𝛼 is right regu-
lar, by Theorem 4.4, 𝛼 |ran 𝛼 is injective. We
see that 𝑦1𝛼 = 𝑦1 = 𝑦2𝛼, but 𝑦1 ≠ 𝑦2. Then
𝛼 |ran 𝛼 is not injective, a contradiction.

Conversely, we assume that (i) or
(ii) is true. Then by Lemma 2.4, we
get 𝑇 (𝑋,𝑌, 𝜌) is an idempotent semigroup
which implies that 𝑇 (𝑋,𝑌, 𝜌) is right regu-
lar. Next, we assume that (iii) holds. Then
|𝑌 | = 2, say 𝑌 = {𝑦1, 𝑦2}. Thus 𝑋 =
[𝑦1]𝜌 ∪ [𝑦2]𝜌, a disjoint union. Let 𝛼 ∈
𝑇 (𝑋,𝑌, 𝜌). Since ran𝛼 ⊆ 𝑌 , we have
|ran𝛼 | = 1 or |ran𝛼 | = 2. If |ran𝛼 | = 1
, then 𝛼 = 𝛼3, so 𝛼 is right regular. Sup-
pose that |ran𝛼 | = 2. We see that 𝑦1 ≠ 𝑦2
and 𝑦1𝛼 ≠ 𝑦2𝛼. Therefore, 𝛼 is right regu-
lar. □

5. Conclusion
In this work, we presented necessary

and sufficient conditions when elements of
the semigroups 𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌)
are regular, left regular and right regular
and used them to analyze the regularity of
𝑃(𝑋,𝑌, 𝜌) and 𝑇 (𝑋,𝑌, 𝜌).

Note that when 𝜌 is the identity rela-
tion, we have 𝑇 (𝑋,𝑌, 𝜌) = 𝑇 (𝑋,𝑌 ). In this
case, Theorem 2.5 shows that 𝑇 (𝑋,𝑌, 𝜌) is
regular if and only if |𝑌 | = 1 or 𝑌 = 𝑋 ,
which aligns with the regularity condition
for 𝑇 (𝑋,𝑌 ) in [4]. Thus, our results extend
the known results for 𝑇 (𝑋,𝑌 ).

Semigroup theory forms the founda-
tion for more advanced algebraic structures
such as monoids, groups, rings, and alge-
bras. A fundamental result in algebraic
semigroups theory is Cayley’s Theorem for
semigroups, which states that every semi-
group can be embedded into a full transfor-
mation semigroup. This result highlights
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the importance of studying subsemigroups
of full transformation semigroups to under-
stand the structure of arbitrary semigroups.
Consequently, the characterization of these
subsemigroups has become a central topic
of interest among researchers in semigroup
theory.
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