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ABSTRACT

This study examines the application of non-parametric Tukey-based control charts to
address the limitations of standard control charts in monitoring high-yield manufacturing processes
that frequently exhibit zero counts. Specifically, it compares the Tukey control chart (TCC),
Tukey-based mixed exponentially weighted moving average - moving average control chart
(TEMCC), and Tukey-based mixed moving average - exponentially weighted moving average
control chart (TMECC) in their ability to detect parameter shifts in zero-inflated binomial and
Poisson (ZIB/ZIP) processes, better suited for this data type. Through a Monte Carlo simulation,
TMECC demonstrated superior performance in detecting process changes, especially under high
zero inflation. A case study highlights the practical advantages of utilizing ZIB and ZIP models for
enhanced quality control in manufacturing environments.
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process stability. However, when advanced
technology is integrated into manufacturing
processes to enhance quality control, it often
significantly reduces defects, resulting in a

1. Introduction

Manufacturers strive for high-quality
production, where minimizing
nonconformities is essential for process

efficiency. In statistical process monitoring
(SPM), count data is typically modeled using
Poisson or binomial distributions, assuming
defects occur randomly and independently
over time. These models help detect
deviations, assess defect rates, and maintain

substantial reduction in data errors.

Numerous studies have highlighted that
applying standard Poisson or binomial
distributions to datasets with excessive zeros
can lead to underestimating the process mean
and variance. This misrepresentation can have
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profound implications for quality control, as it
causes process monitoring charts to signal
false alarms more frequently due to overly
restrictive control boundaries. Such false
signals can prompt unnecessary process
adjustments, leading to increased operational
costs and reduced production efficiency.

For instance, it has been demonstrated
that traditional Poisson and binomial models
fail to adequately accommodate zero inflation,
leading to misleading process monitoring
outcomes. Zero-inflated models have been
proposed as a more suitable alternative for
analyzing attribute counts of occurrences with
a high prevalence of zeros. To explain the
surplus of zeros in our counts, the zero-inflated
binomial (ZIB) and Poisson (ZIP) distributions
use a two-part model. One part covers the
standard counts, and the other accounts for
zero inflation [1-3].

This study focuses on implementing and
monitoring manufacturing processes that
exhibit zero-inflated count characteristics. By
leveraging ZIB and ZIP models, more accurate
assessments of process stability can be
achieved, reducing false alarms and enhancing
the reliability of quality control mechanisms in
modern manufacturing environments.

Process monitoring charts are essential
statistical process control (SPC) tools for
monitoring  process  quality. Initially
introduced, the Shewhart chart effectively
detects large process shifts but is less efficient
for small shifts [4]. To overcome this
limitation, process monitoring charts with
built-in memory, such as control charts using
averages that give more weight to recent data
[5] and control charts using averages of recent
data points were developed [6]. These charts
incorporate both past and present data for
improved sensitivity. Traditional SPC charts
often assume a specific probability
distribution, typically the expected one, but
this assumption is not always valid. As a result,
non-parametric or distribution-free control
charts have gained popularity for their
flexibility in handling unknown or non-normal
distributions. Comprehensive reviews of these
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methods have been conducted by various
researchers, further advancing the field of non-
parametric statistical process control (SPC).

Parametric control charts commonly
detect process changes in the mean or standard
deviation, but they rely on assumptions of
normality, variance homogeneity, and data
independence. Real-world data often have
unknown or uncertain distributions and
parameters, which hinders the usefulness of
standard statistical approaches. To overcome
these challenges, non-parametric control
charts have been developed, offering greater
flexibility by eliminating the need for strict
distributional assumptions.

Over the years, various researchers have
developed advanced control charts to improve
process monitoring. The arcsine control chart
for mean shift detection [7] was followed by
the development of Tukey's control chart
(TCC) [8], which was specifically designed for
single or small-group data. Including the
exponentially weighted moving average
(EWMA) sign and EWMA arcsine charts,
makes it possible to better identify small shifts
without assuming a specific data distribution
[9].

Subsequent improvements included the
evaluation of TCC, which confirmed its
superior performance over Shewhart and
exponentially weighted moving average
(EWMA) control charts [10]. A mixed TCC
and cumulative sum (CUSUM) control chart,
which applies to both symmetric and
asymmetric distributions, provides it with an
edge over TCC and CUSUM [11]. A proposal
was made to combine EWMA and TCC,
demonstrating higher efficiency [12]. The
Tukey-based EWMA-CUSUM, proving its
superiority over traditional methods [13]. An
EWMA-TCC for monitoring process spread
which outperformed both EWMA and TCC
[14]. Additionally, numerous researchers have
contributed to advancements in non-
parametric control chart techniques, further
enhancing statistical process monitoring [15-
17].
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This study was inspired by the
examination of non-parametric Tukey-based
process monitoring charts for monitoring zero-
inflated data, particularly in processes that
follow binomial and Poisson distributions,
which account for extra zeros [18]. The
remainder of the paper is organized as follows:
Section 2 discusses the characteristics of zero-
inflated data, the non-parametric Tukey-based
control chart, and its performance measures.
Section 3 evaluates the performance of process
monitoring charts within acceptable limits
(WAL) and outside acceptable limits (OAL)
conditions. Finally, Section 4 concludes with a
summary and discussion of the findings.

2. Materials and Methods

The theoretical framework of this
research is divided into three key parts. First, it
examines zero-inflated data distributions,
focusing on their characteristics and the
relevance of models such as the binomial and
Poisson models, which are used in statistical
process monitoring to address extra zeros.
Second, it explores non-parametric Tukey-
based control charts, highlighting their
principles, advantages, and applications
compared to traditional parametric methods.
Finally, it discusses performance metrics of the
process monitoring chart, detailing key
evaluation measures such as average time until
an alarm (ATA), variability of run length
(VRL), and middle run length (MRL) to assess
the effectiveness of different process
monitoring chart approaches.

2.1 The Characteristics of Zero-Inflated
Data

The zero-inflated data in this study is
categorized into two parts as follows:

2.1.1 A binomial distribution with zero-
inflation

The binomial distribution with zero
inflation (ZIB) extends to a binomial model
designed to address excess zero counts. It
assumes that independent random events
occur, each with a probability of 4, leading to
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non-conforming items that follow a binomial
distribution with a proportion of p. Assuming
no shocks occur, the count remains zero. The
probability mass function (PMF) of a ZIB
variable is defined accordingly.

1-0+6(1-p)"  ;x=0
;0,n,p)= .
A P
X
2.1

A random sample of N units can be used to
estimate the ZIB parameters € and p. Their

maximum likelihood estimators (MLEs) are
computed numerically using Egs. (2.2)-(2.3).

n_no

é = — B (22)
n 1_(1_p)”
and =X 2.3)
no

The MLEs of 6 and p , along with the

arithmetic average of the sample X and the
count of data points that are zero no , are used
to determine the expected value and dispersion
of X.
E(X) =np0, 2.4)
and
V(X)= n(n—l)p29+np9(1—np0). (2.5)

2.1.2 A Poisson distribution with zero-
inflation

The Poisson distribution with zero
inflation (ZIP) extends the Poisson distribution
to handle excess zeros. Defects are modeled as
random events (Poisson distribution, rate 1)
with a probability =, resulting in a specific
probability density function (PDF).

l-r+me ™ y=0
flymA)=1 ¥e? . (2.6)
T ;y>0
y!
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The estimation of parameters 7z , and p) ,
which are generally unknown, is performed
using maximum likelihood estimation,
informed by observed non-conformity data.

i=rnzt 2.7)
T n
and
PR S 2.8)
l-e*

The estimators # and A are derived using the
mean of positive observations, total
observations n, and the count of zeros no. The
mean and variance are then determined
accordingly.

E(Y)=(1-7)A, (2.9)
and

7

V(Y):(l—ﬂ)i+(mj((l—7z)ﬂ)2.

(2.10)

2.2 Characteristics of zero-inflated data

This section describes the
characteristics of non-parametric Tukey-based
process monitoring charts, which can be
categorized as follows:

2.2.1 Tukey's control chart
The Tukey process monitoring chart is a
non-parametric process monitoring chart [8]; it
is an observed-value-based process monitoring
chart that utilizes the principles of the Boxplot
to establish its boundary of control. Let O;
represent an observation derived from the
zero-inflated distribution of interest. The
subsequent definitions delineate the boundary
of controls applicable to the Tukey process
monitoring chart:
UBC=0Q; +¢ (IQR). @.11)
LBC=0, —¢,(I0R)
UBC (Upper Bound of Control) and
LBC (Lower Bound of Control) represent the
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boundaries for monitoring process variation.
The terms Q, and Q; refer to the data points

at the 25th and 75th percentiles, respectively,
which are the 25th and 75th percentiles of the
data distribution. The range between the 25th
and 75th percentiles (IQR) is calculated as
0, — O, and represents the spread of the middle

50% of the data. The parameter ¢ is the

boundary of the control coefficient used in
Tukey's control chart to determine the
threshold for detecting outliers or process
shifts.

2.2.2  Tukey-based  exponentially
weighted moving average — moving average
control chart

The TEMCC (Tukey-based
exponentially weighted moving average —
moving average control chart) is constructed
by integrating the mixed exponentially
weighted moving average — moving average
control chart (mixed EWMA-MA) with the
TCC. The proposed hybrid approach leverages
the statistical characteristics of the mixed
EWMA-MA process monitoring chart, which
is derived from the exponentially weighted
moving average (EWMA) and moving average
(MA) process monitoring charts [18]. By
synergistically combining the smoothing
capability of EWMA with the averaging
function of MA, the mixed EWMA-MA
process monitoring chart demonstrates
improved detection of both subtle and
moderate process deviations. The associated
statistical representation of the mixed EWMA-
MA process monitoring chart is provided in
Eq. (2.12).

VAR VARE V/ARE S
- JA<w
MA = l (2.12)
Z+Z  +.. 2, ., .
iz w
w

where w represents the process monitoring
chart width, the range within which the process
variation is monitored is defined. The term Z;
refers to the calculated EWMA value at time i,
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which incorporates past observations to
smooth fluctuations in process data. The
parameter o is the weighting factor for
previous observations, constrained within the
range 0 <a < 1, where smaller values a
emphasize historical data and larger values
give more weight to recent observations. The
variable O; represents the observed value at
time i. Given these definitions, the statistical
formulation of the chart using exponentially
smoothed averages is expressed in Eq. (2.13).

Z,=a0 +(1-a)Z,_, ;i=12,.. (2.13)

The UBC and LBC of the TEMCC are
established on the assumption that the
underlying data follow the same statistical
distribution as the TCC. However, the variance
used in TEMCC is adjusted by incorporating
elements from the mixed EWMA-MA and
TCC, allowing for more robust detection of
process shifts in zero-inflated data. This
combination enhances sensitivity to variations
while maintaining control over false alarms.
Consequently, the boundary of controls for
TEMCC, when the index i exceeds the process
monitoring chart width w, is mathematically
defined by Eq. (2.14).

UBC=0; +¢,(IOR) (%)(ﬁj
,(2.14)
1 a
LBC=0, —¢,(I0R) (;j [—j

2—-a

when the index i is less than the process
monitoring chart width w (i < w), the control
boundary is modified for the reduced number
of measured values, ensuring stability in the
monitoring process. In this case, the boundary
of control is defined as presented in Eq. (2.15).

UBC=0, + ¢, (IOR) (1.](—“ j
iN\2—-«

(2.15)

1 o

LBC =0, - ¢, (IOR) [j{—

i\ 2-a
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where ¢, represents the coefficient used to

determine the boundary of control for the
TEMCC, influencing the threshold for
detecting process shifts.

2.2.3 Tukey-based moving average —
exponentially weighted moving average
control chart

Similarly, the TMECC (Tukey-based
mixed moving average exponentially
weighted moving average control chart) is
constructed by integrating the mixed moving
average — exponentially weighted moving

average (mixed MA-EWMA) process
monitoring chart with the TCC. This
integration leverages the statistical

characteristics of the mixed MA-EWMA
process monitoring chart, enhancing its ability
to observe process variations in zero-inflated
data. For a more in-depth discussion of its
development and applications [18].

TMECC combines the strengths of both
the MA and the EWMA process monitoring
chart. The MA process monitoring chart
provides a smoothing effect by averaging past
observations, thereby reducing random noise.
In contrast, the EWMA process monitoring
chart assigns exponentially decreasing weights
to historical data, allowing for the early
detection of gradual process shifts. By
integrating these methods with Tukey's
approach, the TMECC enhances sensitivity to
variations while maintaining robustness
against false alarms.

The mathematical model intended for
the mixed MA-EWMA process monitoring
chart and the statistical values obtained from
the MA process monitoring chart serve as
inputs for the EWMA process monitoring
chart, ensuring a progressive smoothing
mechanism that effectively captures sudden
and gradual process changes. The formulation
of this approach is based on Eq. (2.13).
Consequently, the statistical representation of
the mixed MA-EWMA process monitoring
chart is expressed as follows:
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Z, =aMA +(1-a)Z., ;i=12,. (2.16)

where o is the weighting parameter that
determines the influence of past data on the
current estimate, taking values within the
range 0<a <1. A lower value a gives more
weight to historical observations, making the
process monitoring chart more stable, while a
higher value prioritizes recent data, increasing
responsiveness to process changes.

The term Z represents the initial value
of the process monitoring statistic and is set
equal to the target mean, Zo, to ensure a proper
starting point for tracking deviations. This
initialization helps maintain consistency and
accuracy when applying the process
monitoring chart.

In the MA process monitoring chart, the
process monitoring chart width w defines the
number of past observations included in
calculating the moving average at each step.
Measurement at time i is computed by
averaging data within this window, allowing
for a smoother representation of process trends
while reducing the impact of short-term
fluctuations.

MA statistic calculations are classified
into two cases, detailed below:

0,+0_,+0_,+... .
N SI<w
MA = i 2.17)
Oi +0i71 +"'Oi7w+1 ,l >w
w

Therefore, the boundary of control for the
TMECC is mathematically derived based on
its statistical properties and is explicitly
formulated in Eq. (2.18). These limits
effectively detect shifts in zero-inflated data
while striking a balance between sensitivity
and robustness.

( )

LBC =0, —¢;(I0R) (&]

VR
[\

24
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where ¢; represents the coefficient used to

determine the boundary of control for the
TMECC, influencing the threshold for
detecting process shifts and anomalies.

2.3 The design of performance for process
monitoring chart

This section analyzes the run-length
distribution of the process monitoring chart,
assuming that the within-acceptable-limits
(WAL) parameters, ¢, for 6 and 7z, for 7,

are known beforehand. It examines the WAL
design, outside acceptable limits (OAL)
performance, and steady-state behavior to
assess the effectiveness of the three process
monitoring charts in detecting process shifts.
These evaluations provide insights into their
sensitivity, detection speed, and long-term
stability in monitoring zero-inflated data.

The average time until an alarm
(ATA) is a key performance metric for the
process monitoring chart, representing the
expected number of plotted observations
before a process shift is signaled. It is used to
evaluate the effectiveness of a process
monitoring chart in distinguishing between
within-acceptable-limits (WAL) and outside-
acceptable-limits (OAL) conditions. A well-
designed chart should have a high ATA, in the
WAL state to minimize false alarms and a low
ATA; in the OAL state to detect process
deviations quickly. Balancing these values
ensures efficient monitoring, reducing
unnecessary disruptions while enabling timely
detection of shifts. The mathematical
expressions for ATAg and ATA, are provided
for further analysis.

ATA, =1/ ¢, (2.19)

where ¢ represents the probability of a Type |
error, which refers to the likelihood that a

plotted point exceeds the control boundary
when the process is in control.

ATA =1/1- 8, (2.20)
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where g represents the probability of a Type

II error, indicating the likelihood that a process
shift occurs but remains undetected, meaning
the plotted points stay within the control
boundary despite an actual change in the
process.

In this study, detection accuracy and
detection efficiency are treated as different
evaluation aspects. Detection accuracy reflects
the correctness of the monitoring decision.
Under the WAL condition, this is represented
by the ability to avoid false alarms, where the
false-alarm probability is denoted by ¢ and
ATAo = 1/¢. Under the OAL condition,
detection accuracy is related to the ability to
detect an actual shift, where  denotes the Type
IT error or missed-detection probability and
ATA: = 1/(1 — p). In contrast, detection
efficiency focuses on the speed and
consistency of detection after a shift occurs.
Therefore, ATA:, VRL:, and MRL: are used to
compare how quickly and stably the charts
detect OAL conditions.

The variability of run length (VRL) and
middle run length (MRL) are key performance
metrics for evaluating process monitoring
charts. While VRL measures variability in
detection time, MRL 1is preferred in cases
where the run-length distribution is
asymmetric, as it is less influenced by
skewness. Additional criteria, such as
chattering, false detection rate, missed
detection rate, and average detection delay, are
also used to evaluate the efficiency of process
monitoring charts. These metrics help
determine the chart's ability to balance
sensitivity and stability in detecting process
shifts. The ATA, VRL, and MRL formulas are
provided for further analysis.

N
DRL
ATA==— ; i=12,.,N, (2.21)
N
VRL=\E(RLY —ARL>,  (2.22)
MRL=Median (RL), (2.23)

RL; represents the number of samples
before the process exceeds the control
boundary, while N is the total number of
simulation repetitions set to 200,000.

A common ATA,, VRLy,, and MRL,
should be established to compare the
performance of process monitoring charts. The
chart with lower ATA;, VRL;, and MRL, is
more effective in detecting process shifts. For
computing the run-length distribution of the
ZIB and ZIP process monitoring charts, we
employ the Monte Carlo simulation method.
The simulation algorithm consists of the
following five steps:

Step 1. Generate 500 random variables
0; (1=1, 2, ...,500) from the ZIB distribution
with parameters (€, n, p) and the ZIP
distribution with parameters (7, A). These
random samples are generated using R
statistical ~ software, ensuring accurate
modeling of zero-inflated data characteristics
for subsequent analysis in the Monte Carlo
simulation.

Step 2: Given appropriate values for w
(process monitoring chart width), «
(significance level), and ¢ (boundary of control
coefficient), the boundary of control for the
process monitoring chart s are computed using
Egs. (2.11), (2.14)-(2.15), (2.17)-(2.18),
respectively. The charting statistics, derived
from Egs. (2.12) and (2.16), are then compared
against the corresponding boundary of control
for N=1, 2, ..., 200,000 to determine the run
length, which represents the number of
observations before the first outside-
acceptable-limits signal occurs.

Step 3. After 200,000 iterations, the
ATA, VRL, and MRL are calculated based on
specific zero-inflated parameters and the
process monitoring chart combination
coefficient to assess detection performance,
false alarms, and stability.

Step 4: The boundary of control width
(c), which corresponds to the target within
acceptable limits (474o = 370), is obtained
through an iterative process by repeatedly
executing Steps (1) to (3). During this
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procedure, the parameters are set as & = 6,
for the ZIB distribution and 7 = 7z, for the

ZIP distribution. This iterative approach
ensures that the process monitoring charts are
correctly tuned to achieve the desired
performance in detecting deviations while
minimizing false alarms.

Step 5: Using the optimized process
monitoring chart coefficient for the desired
ATA,, VRLy, and MRL,, the ATA,, VRL,, and
MRL,; are calculated for specific shifts in 6,

and 7, by executing Steps (1) to (3),
evaluating the process monitoring chart's
effectiveness in detecting process deviations.

3. Performance Evaluation

This section evaluates the performance
of the proposed process monitoring chart by
considering two aspects: detection accuracy
and detection efficiency. In this study,
detection accuracy refers to the ability of a
process monitoring chart to correctly
distinguish between within-acceptable-limits
(WAL) and outside-acceptable-limits (OAL)
conditions. Under the WAL condition,
accuracy is associated with the false-alarm
probability, or Type I error. A chart with a
lower false-alarm probability is considered
more accurate in maintaining the process as in
control when no actual shift occurs. Under the
OAL condition, accuracy is associated with the
probability of detecting a true process shift,
which is related to the Type II error or missed-
detection probability.

Detection efficiency, on the other hand,
refers to how rapidly and consistently a chart
signals after a process shift occurs. It is
measured using three run-length-based
criteria: the average time until an alarm under
the OAL condition (ATA.), the variability of
run length under the OAL condition (VRL:),
and the median run length under the OAL
condition (MRL:). A smaller ATA: indicates
faster detection, while smaller VRL: and
MRL: indicate more stable and consistent
detection performance. To ensure a fair
comparison, all competing charts are
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calibrated to have the same WAL
performance, with ATAo approximately equal
to 370. Therefore, after controlling the false-
alarm rate, the chart with the lowest ATA,,
VRL:;, and MRL,; is considered the most
efficient in detecting process shifts.

The performance evaluation is divided
into three parts: (1) determining appropriate
chart parameter settings under the WAL
condition, (2) evaluating the chart
performance under OAL conditions and
comparing the proposed chart with existing
methods, and (3) applying the charts to real-
world zero-inflated datasets to demonstrate
their practical effectiveness.

3.1 The within acceptable limits design
Since the ZIB distribution lacks a
standardized form, this simulation study
defines specific parameter configurations to
evaluate the performance of process
monitoring charts. The within acceptable
limits (WAL) shock probability is set at 6,

=0.2, with a sample size of n =500 and a WAL
proportion of non-conforming units at p, €

{0.01, 0.05}. Process shifts are introduced to
analyze detection efficiency with magnitudes
¢ ranging from 0.01 to 1.00.

Additionally, case 2: parameter
configuration for ZIP-distributed data focuses
on optimizing parameter settings for datasets
that follow a Poisson distribution with a high
proportion of zeros. We examine values for the
within-acceptable-limits (WAL) shock
probability, setting 7z, = 0.2, and the WAL

proportion of non-conforming units, defined as
A, €{1, 5}. Additionally, we introduce dif-

ferent shift magnitudes &, considering values

from § €{0.01, 0.05, 0.10, 0.25, 0.50, 0.75,
1.00} to evaluate the process monitoring
chart's ability to detect process variations
effectively.

Moreover, the process monitoring chart
parameters are set as follows: the moving
average window width is fixed at 3, and the
weighting parameter « is set to 0.05.
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3.2 The outside acceptable limits design
This study aims to evaluate the
efficiency of a non-parametric Tukey-based
process monitoring chart, specifically TCC,
TEMCC, and TMECC. The focus is on
monitoring shifts in the zero-inflated
parameters, namely ¢, for the ZIB process and

7, for the ZIP process. The parameter of out-

of-control is defined as follows:

In Case 1, the ZIB process was
configured with & 0, in the within
acceptable limits (WAL) state and & = 6, in
the outside acceptable limits (OAL) state,
where 6, =6, + 60 . Here, it 0 represents the

shift magnitude and o is the typical spread we
see in the process when it's stable; the
experimental design enables the determination
of the process monitoring chart's sensitivity to
variations in the zero-inflation parameter.
Next, in Case 2, the ZIP process was
configured with 7 = 7, in the WAL state 7 = 7,

and OAL state 7 =7,+d0 . Here, 0 it

represents the shift magnitude and the
parameter o indicates the standard deviation
of the process in its controlled state. This setup

enables a systematic evaluation of the process
monitoring chart's ability to detect changes in
the zero-inflated probability parameter (),

ensuring accurate monitoring of process
deviations.

The efficiency of the process
monitoring chart was evaluated using three
key performance metrics: ATA, VRL, and
MRL. A process monitoring chart was
considered the most advantageous if it had the
lowest ATA;, VRL;, and MRL; values,
indicating quicker and more consistent
detection of process shifts. These metrics
comprehensively assessed the chart's ability to
balance sensitivity and stability in monitoring
zero-inflated data. The research findings based
on these criteria are summarized as follows.

When the observation was a ZIB (500,
0.01, 0.2) distribution, ATA, 370, the
TMECC was the most efficient process
monitoring chart for the change at the 0.01,
0.05,0.10, and 0.25 levels. While the TCC was
the most efficient process monitoring chart for
detecting changes at 0.50, 0.75, and 1.00,
considering the results of VRL and MRL, it
was consistent with ATA, as shown in Table 1.

Table 1. Performance comparison of Non-parametric Tukey-based control chart with w =5, a =
0.05 under the ZIB (500, 0.01, 0.2) distribution.

S TCC TEMCC TMECC
ATA VRL MRL ATA VRL MRL ATA VRL MRL
0.00 370.18 369.82 369 370.56 370.19 369 370.85 369.57 369
0.01 367.15 362.41 368 357.84 352.11 358 354.72 350.41 356
0.05 324.54 321.63 326 319.33 315.86 320 314.28 311.66 317
0.10 246.72 241.89 248 157.98 153.42 158 135.61 131.25 137
0.25 134.79 130.55 135 114.79 111.03 115 94.26 91.78 96
0.50 65.63 61.85 67 68.90 65.79 70 71.34 68.59 73
0.75 12.65 9.64 14 16.74 13.20 18 22.15 20.63 24
1.00 7.89 4.87 8 9.46 8.97 10 11.02 9.88 13

Bold is minimum ATA, VRL and MRL.

In Table 2, where the observation was a
ZIB (500, 0.05, 0.2) distribution, ATA, = 370.

The performance measurement results are
consistent.

Table 2. Performance comparison of Non-parametric Tukey-based control chart with w =5, a =
0.05 under the ZIB (500, 0.05, 0.2) distribution.

S TCC TEMCC TMECC
ATA VRL MRL ATA VRL MRL ATA VRL MRL
0.00 370.95 369.75 369 370.49 369.87 369 370.52 370.65 369
0.01 355.76 352.26 357 353.46 351.60 355 351.28 348.57 353
0.05 316.50 313.50 318 312.58 310.78 314 309.64 307.43 312
0.10 138.91 135.97 140 134.52 131.06 136 131.57 129.22 133
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0.25 94.65 91.28 96 92.30 90.04 95 89.76 87.16 91
0.50 62.48 60.74 64 65.44 61.52 67 68.51 66.47 70
0.75 10.32 9.03 11 12.08 10.34 13 19.88 17.24 21
1.00 5.74 3.11 6 6.77 5.16 7 8.02 6.44 10

Bold is minimum ATA, VRL and MRL.

When the observation was a ZIP (1, 0.2)
distribution, ATA, = 370, the TMECC was
found to be the most advantageous process

monitoring chart for detecting changes at the
0.01, 0.05, and 0.10 levels. While the TCC was

also the most efficient process monitoring
chart for detecting the change at 0.25, 0.50,
0.75, and 1.00, when considering the results of
VRL and MRL, it exhibited conformity to
ATA, as shown in Table 3.

Table 3. Performance comparison of Non-parametric Tukey-based control chart with w =5, a =

0.05 under the ZIP (1, 0.2) distribution.

S TCC TEMCC TMECC

ATA VRL MRL ATA VRL MRL ATA VRL MRL
0.00 370.25 369.80 369 370.16 370.82 369 370.89 370.13 369
0.01 365.72 363.11 366 362.78 359.73 364 359.47 356.41 361
0.05 334.85 331.29 336 324.89 321.06 326 321.08 319.86 322
0.10 147.96 145.37 148 145.25 141.55 146 142.38 140.77 143
0.25 98.41 95.09 100 104.95 97.30 106 101.27 98.67 103
0.50 72.35 69.48 75 79.30 76.98 81 75.64 72.56 78
0.75 26.98 24.65 28 32.08 30.41 34 28.69 25.61 30
1.00 13.06 11.92 14 16.33 14.90 17 14.50 12.33 15

Bold is minimum ATA, VRL and MRL.

In addition, Table 4, where the
observation is assumed to be a realization of a

shows consistent performance measurement
results.

ZIP (5, 0.2) random variable, ATA, =

370,

Table 4. Performance comparison of Non-parametric Tukey-based control chart with w =5, a =
0.05 under the ZIP (5, 0.2) distribution.

S TCC TEMCC TMECC
ATA VRL MRL ATA VRL MRL ATA VRL MRL
0.00 370.58 369.72 369 370.19 370.05 369 370.64 370.44 369
0.01 366.12 364.51 367 365.80 361.72 366 364.21 361.35 365
0.05 340.69 338.92 342 338.65 336.86 340 335.94 331.70 336
0.10 15230 149.60 153 151.46 148.05 152 147.82 145.77 148
0.25 110.85 107.68 112 115.62 112.49 117 113.50 110.49 115
0.50 79.69 75.23 81 83.20 80.37 85 81.67 79.51 83
0.75 31.33 28.55 32 34.09 31.58 36 32.61 30.40 34
1.00 16.44 14.69 18 19.66 16.53 20 17.95 1530 19
Bold is minimum ATA, VRL and MRL.
3.3 Illustrative example this  investigation  originate from a
The findings derived from the analysis manufacturing process involved in the

of process monitoring chart efficiency are
categorized into two distinct cases, which are
subsequently presented:

3.3.1 Zero-inflated binomial distribu-
tion

To illustrate the practical application of
the ZIB process monitoring chart, this section
presents an illustrative case. The data used in
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production of handbrake cables for specific
automotive models [19]. In this procedure,
individual cables (O;) were systematically
grouped into samples of n =20, inspected, and
classified according to their conformity status.

A total of 100 observations were used to
estimate the within-acceptable-limits (WAL)
values of ¢ and p. By fitting the dataset to

the ZIB distribution and applying Egs. (2.2)-
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(2.3). The parameters were estimated to ensure
proper alignment with the underlying
distribution characteristics. It was found that
6 = 0.762 and p= 0.0197. Additionally, the

process monitoring chart parameters are
defined as follows: the moving average
window width is set to 3, ensuring a stable
smoothing effect in the monitoring process,
while the weighting parameter « is assigned a
value of 0.05, allowing for gradual
adjustments to new observations while
maintaining sensitivity to process variations.

TCC Statistics
(=]

The performance analysis results of
TCC, TEMCC, and TMECC can be explained
as follows: Fig. 1 shows the detection of
changes in TCC, revealing that no data points
exceed the control bound. Next, Fig. 2
illustrates the detection of changes in the
TEMCC, indicating that all data points remain
within the upper and lower bounds of control.
Lastly, Fig. 3 presents the detection of changes
in the TMECC, where data points 73, 74, and
75 exceed the upper bound of control.
Therefore, the TMECC is the most effective in
detecting changes.

TCC

LBC

UBC

Number of TCC Statistics

Fig. 1. TCC for ZIB process.

0.5
0.4
03
0.2
0.1

TEMCC Statistics

-0.1
-0.2
-0.3

TEMCC

LBC

UBC

Number of TEMCC statistics

Fig. 2. TEMCC for ZIB process.

0.4

03

0.2

0.1

Scale of TMECC

-0.1

-0.2

TMECC

LBC

UBC

Number of TMECC statistics

Fig. 3. TEMCC for ZIB process.
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3.3.2 Zero-inflated poisson distribution
A dataset of 90 observations (days) from
which a subset was selected to estimate the
acceptable limits (WAL) values parameters
(7). The method of moments was applied for
parameter  estimation,  following  the
formulations in Egs. (2.7)-(2.8) to maintain
consistency and accuracy in the control
process analysis [20]. It was found that 7 =
0.52 and A = 2.15. The process monitoring
chart parameters are set with a moving average
window width of 3 for smoothing and a
weighting parameter o of 0.05 to balance
sensitivity and stability in detecting process
variations.
The evaluation of the performance
results for TCC, TEMCC, and TMECC can be

10
8
6
4
2

0

TCC Statistics

1 4 7101316192225283134374043464952555861646770737679 828588

explained in detail as follows. Fig. 4 illustrates
the detection of changes in the TCC, where no
data points exceed the upper or lower bounds
of the controls, indicating a stable process
without significant variations. Subsequently,
Fig. 5 presents the detection of changes using
the TEMCC, demonstrating that all data points
remain within the defined bound of control,
suggesting that the process is well-maintained
within acceptable boundaries. Finally, Fig. 6
illustrates the detection of changes using the
TMECC, revealing that data points 77, 78, and
79 exceed the control bound. Therefore, it can
be concluded that TMECC detects changes in
the data more quickly than TCC and TEMCC,
demonstrating its higher sensitivity in
identifying process shifts.

TCC

LBC

UBC

Number of TCC statistics

Fig. 4. TCC for ZIP process.

25

TEMCC Statistics

0

TEMCC

LBC

UBC

1 4 7101316192225283134374043464952555861646770737679828588

-0.5

Number of TEMCC statistics

Fig. 5. TEMCC for ZIP process.
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TMECC Statistics

o

TMECC

LBC
UBC

1 4 7101316192225283134374043464952555861646770737679828588
Number of TMECC statistics

Fig. 6. TMECC for ZIP process.

4. Conclusions and Discussion

The performance comparison of the
non-parametric Tukey-based control charts —
Tukey control chart (TCC), Tukey-based
exponentially weighted moving average —
moving average control chart (TEMCC), and
Tukey-based mixed exponentially weighted
moving average — moving average control
chart (TMECC)—was conducted using
average time until an alarm (ATA), variability
of run length (VRL), and middle run length
(MRL) as key criteria for measuring
efficiency. The results showed that when the
process followed either a zero-inflated
binomial (ZIB) or zero-inflated Poisson (ZIP)
distribution, the average time until an alarm
(ATA) was maintained at 370 under the
within-acceptable-limits (WAL) condition,
ensuring that false alarms remained at an
acceptable level. When the process is out of
control, the following conclusions can be
drawn:

For the ZIB distribution, the TMECC
demonstrated  superior performance in
detecting process changes when the shift
magnitude ranged from 0.01 to 0.50. It could
quickly identify minor to moderate process
shifts more effectively than the other process

monitoring charts. However, for more
significant shifts of 0.75 and 1.00, the TCC
exhibited better detection efficiency,
suggesting that it was more effective in
identifying substantial deviations in the
process.
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For the ZIP distribution, the TMECC
was the most effective process monitoring
chart for detecting process changes when the
shift magnitude was between 0.01 and 0.10,
showing that it responded well to small shifts
in a zero-inflated Poisson process. However,
when the shift magnitude increased to 0.25 and
1.00, the TCC outperformed the others,
indicating that it was more efficient in
detecting more significant shifts in zero-
inflated Poisson-distributed data.

These findings suggest that the TMECC
is particularly effective for detecting small to
moderate shifts in both ZIB and ZIP
distributions. The TCC performs better when
detecting larger shifts, making it a suitable
option for processes with more significant
deviations.

This study's limitations include its focus
solely on changes in the zero-inflated
parameters of the zero-inflated binomial (ZIB)
and zero-inflated Poisson (ZIP) distributions,
as well as the specific sample sizes and process
monitoring chart parameters considered. The
findings indicate that the mixed non-
parametric ~ Tukey-based control chart
effectively detects small process shifts but
requires longer processing time than single
control charts. Single control charts are more
practical and convenient when dealing with
large datasets.

For future research, it is recommended
to explore changes in the mean of zero-inflated
data across the entire process and to
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incorporate additional performance evaluation
methods. It would enhance the understanding
and interpretation of zero-inflated data
characteristics, improving the applicability of
process monitoring charts in various scenarios.
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