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ABSTRACT
Estimating missing data in volatile time series with oscillatory and noisy patterns is a

challenging issue in many applications. This work introduces a technique for missing data
imputation that combines data denoising and least-squares approximation. Our method first
applies the Hankel Singular Value Decomposition (HSVD) to the dataset to filter out noise
and capture the underlying data trend. The cleaned, trend-focused data then serves as the
basis for a least-squares approximation to accurately estimate the missing values. This ap-
proach is specifically applicable for noisy datasets where related information is available,
such as financial data from a stock market. The efficiency of this combined approach is val-
idated through a numerical case study on the stock prices of companies within Thailand’s
healthcare sector. The results confirm that preprocessing the data with HSVD before ap-
plying the least-squares estimation leads to a more accurate and reliable reconstruction of
missing entries, highlighting the method’s potential for financial time series analysis.

Keywords: Denoising method; Singular values decomposition; Hankel matrix; Financial
data

1. Introduction
Missing data is a challenging prob-

lem across numerous scientific and engi-
neering disciplines. Missing data arises
from a variety of factors including sensor
malfunctions, transmission failures, human

error, and disparate data collection rates [?].
This inherent imperfection in data acquisi-
tion underscores the critical importance of
data imputation in the analytical pipeline.
Extensive research has been dedicated to
the imputation of time series data, often fo-
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cusing on the efficiency of various imputa-
tion methods within specific datasets. For
instance, studies have explored the applica-
tion of imputation techniques to traffic data
to enhance the predictive capabilities of In-
telligent Transportation Systems, which are
frequently hampered by data incomplete-
ness [?]. Similarly, investigations utiliz-
ing meteorological data have evaluated the
performance of both conventional and con-
temporary imputation methods in time se-
ries contexts [?]. Research on air quality
data has also addressed imputation, aiming
to mitigate bias and improve the efficiency
of environmental modeling [?].

The problem of missing data could
become difficult to handle in domains
where data is often characterized by high
volatility, noise, and oscillatory patterns,
such as finance data. Stock prices, trading
volumes, and other financial indicators are
subject to gaps due to various reasons, in-
cluding market closures, trading halts, data
recording errors, or low-frequency trading
of certain assets [?, 6]. The proper han-
dling of this missing information is crucial,
as many standard statistical and economet-
ric models require complete datasets. The
presence of incomplete data can lead to bi-
ased analyses, flawed model training, and
unreliable forecasts, which makes the de-
velopment of robust imputation techniques
a critical area of research [?, 6].

A wide array of methods has been
developed to address missing data, rang-
ing from simple statistical techniques to
complex machine learning models. Tradi-
tional methods include mean, median, or
Last Observation Carried Forward (LOCF)
imputation [?, ?, ?, ?]. While these meth-
ods are straightforward to implement, they
often fail to capture the underlying dy-
namics of time series data and can intro-
duce significant bias, especially when data

is not missing completely at random.More
advanced techniques have shown greater
promise. Multiple Imputation by Chained
Equations (MICE) has been a popular ap-
proach, but can be limited in modeling the
non-linear relationships often present in fi-
nancial data [?]. Methods based on the
Expectation-Maximization (EM) algorithm
have also been widely used. More recently,
the field has seen a surge in machine learn-
ing and deep learning approaches, including
methods based on k-Nearest Neighbors (k-
NN), Random Forests, and various neural
network architectures like Denoising Au-
toencoders (DAE) and Generative Adver-
sarial Networks (GANs) [?, ?, ?]. While
these models are powerful, they often re-
quire large amounts of complete data for ef-
fective training, which can be a limitation.

Financial time series are notoriously
noisy, which can corrupt the data structure
and complicate the imputation task. Con-
sequently, a growing body of research sug-
gests that separating the signal from the
noise is a crucial preliminary step for effec-
tive data analysis and reconstruction. De-
noising methods based on signal process-
ing techniques, such as the Wavelet Trans-
form and Empirical Mode Decomposition
(EMD), have been successfully combined
with forecasting models to improve perfor-
mance [?].Singular Value Decomposition
(SVD) has emerged as a powerful tool for
both denoising and data reconstruction. The
foundational work by Broomhead and King
demonstrated that by constructing a Han-
kel matrix (a matrix of time-delayed em-
bedding vectors) from a one-dimensional
time series, one can use SVD to decompose
the signal into a set of orthogonal modes
[?]. The dominant singular values typically
correspond to the underlying signal trend,
while the smaller values represent noise. By
truncating these smaller singular values and
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reconstructing the signal, a denoised ver-
sion of the time series can be obtained. This
method, often referred to as Hankel-SVD
(HSVD), has proven effective in various ap-
plications, such as micro-vibration signals
[?], partial discharge phenomena [?], and
ground-penetrating radar [?].

Several studies have explored SVD-
based methods for direct imputation, often
by framing the problem as a low-rank ma-
trix completion task [?]. However, the per-
formance of these methods can be degraded
by high levels of noise. This motivates a
two-stage approach, as proposed in this pa-
per, where HSVD is first used explicitly for
denoising. This strategy is based on the ra-
tionale that a cleaner, trend-focused signal
provides a more reliable foundation for sub-
sequent approximation methods. By filter-
ing the noise before imputation, the subse-
quent least-squares approximation can op-
erate on a more stable representation of
the data, allowing it to more accurately
model the relationships between observed
data points and estimate the missing val-
ues. This combined approach leverages
the strengths of both signal processing and
statistical approximation to tackle the dual
challenges of noise and missingness inher-
ent in volatile time series.

2. Denoising Method using Hankel
Singular Value Decomposition

This section discusses the construc-
tion of a Hankel matrix from noisy time se-
ries data and explains how singular value
decomposition (SVD) of this matrix can be
used to reduce noise.

Let 𝑥(𝑖) be the value of the data at
time 𝑡𝑖 ∈ [0, 𝑇] for 𝑖 = 1, ..., 𝑁 . We
can define a vector of one-dimensional dis-
cretized data x with 𝑁 components as x =
[𝑥(1), 𝑥(2), . . . , 𝑥(𝑁)]𝑇 ∈ R𝑁 . In general,
the vector x constructed from the original
datamay contain unwanted noise. TheHan-

kel matrix H corresponding to the time se-
ries data x can be generated from the signal
𝑥 as shown below

H =


𝑥 (1) 𝑥 (2) · · · 𝑥 (𝑛)
𝑥 (2) 𝑥 (3) · · · 𝑥 (𝑛 + 1)
..
.

..

.
. . .

..

.
𝑥 (𝑁 − 𝑛 + 1) 𝑥 (𝑁 − 𝑛 + 2) · · · 𝑥 (𝑁 )


,

where 𝑁 is the length of 𝑥 and the num-
ber of column 𝑛 ∈ (1, 𝑁) is a positive inte-
ger that makes the Hankel matrix close to a
square matrix as much as possible. That is,
if 𝑛 and 𝑚 are the numbers of columns and
rows for H, respectively, they can be deter-
mined as shown below.

𝑛 =

{
𝑁
2 , 𝑁 is even
𝑁+1
2 , 𝑁 is odd

, (2.1)

where 𝑚 = 𝑁 + 1 − 𝑛. Suppose that x con-
sists of the denoised component, denoted by
x𝑠, and the noise component, denoted by
w𝑛. In general, w𝑛 is assumed to be the ad-
ditive Gaussian noise. Then x can be ex-
pressed as:

x = x𝑠 + w𝑛.

As a result, if H, H𝑠 and H𝑤𝑛 are the corre-
sponding Hankel matrices of x , x𝑠 and w𝑛,
respectively, then

H = H𝑠 +H𝑤𝑛 . (2.2)

SVD will be used to separate the main data
trend and the noise subspaces as shown
next.

Consider the singular value decom-
position of the Hankel matrix H ∈ R𝑚×𝑛:

H = USV𝑇 ,

whereU ∈ R𝑚×𝑚 andV ∈ R𝑛×𝑛 are unitary
matrices, and S ∈ R𝑚×𝑛 is a diagonal ma-

trix that can be expressed as: S =

[
Σ 0
0 0

]
,

with diagonal matrix

Σ = 𝑑𝑖𝑎𝑔(𝜎1, 𝜎2, . . . , 𝜎𝑅𝐻 )∈ R𝑅𝐻×𝑅𝐻 ,
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for 𝜎1 > 𝜎2 > . . . > 𝜎𝑅𝐻 > 0, and 𝑅𝐻 is
the rank of H. Note that U and V are called
the left and right singular matrices.

Let 𝑘 be the dimension of the sub-
space for columns of H𝑠 corresponding to
the original unpolluted signal 𝑥𝑠. Then, the
dimension 𝑘 is less than 𝑅𝐻 = 𝑟𝑎𝑛𝑘 (H).
Therefore, if we partition thematricesU,V,
and S in the forms, respectively, as

U = [U𝑘 ,U𝑤𝑛],V = [V𝑘 ,V𝑤𝑛],

S =

[
Σ𝑘 0
0 Σ𝑤𝑛

]
,

where the matrix U𝑘 ∈ R𝑚×𝑘 is the first 𝑘
columns of U, the matrix U𝑤𝑛 ∈ R𝑚×(𝑚−𝑘 )

is the last 𝑚 − 𝑘 columns of U, the ma-
trix V𝑘 ∈ R𝑛×𝑘 is the first 𝑘 columns
of V, the matrix V𝑤𝑛 ∈ R𝑛×(𝑛−𝑘 ) is the
last 𝑛 − 𝑘 columns of V, the matrix Σ𝑘 =
𝑑𝑖𝑎𝑔(𝜎1, . . . , 𝜎𝑘) ∈ R𝑘×𝑘 , and the matrix
Σ𝑤𝑛 ∈ R(𝑚−𝑘 )×(𝑛−𝑘 ) contains the remain-
ing lower-right corner entries in S. We can
express the SVD of H as

H = USV𝑇

= [U𝑘 ,U𝑤𝑛]
[
Σ𝑘 0
0 Σ𝑤𝑛

] [
V𝑇

𝑘
V𝑇

𝑤𝑛

]
= U𝑘S𝑘V

𝑇
𝑘 +U𝑤𝑛S𝑤𝑛V

𝑇
𝑤𝑛

.

Note that, from the above equation, the first
partH𝑘 := U𝑘S𝑘V

𝑇
𝑘 is expected to be corre-

sponding to the original signal and the sec-
ond termU𝑤𝑛S𝑤𝑛V

𝑇
𝑤𝑛

is expected to be cor-
responding to the noise component. The ac-
curacy of this separation entirely depends
on the choice of the dimension 𝑘 . When
the value of 𝑘 is too small, the resulting de-
noised data may ignore the important fea-
ture of the actual signal. However, when
the value of 𝑘 is too large, the resulting de-
noised signal may include also some part of
the noise component. Ideally, we would
like to choose 𝑘 so that H𝑘 is the same as

H𝑠 from (2.2) to recover the actual trend of
the time series data. The appropriate choice
of 𝑘 can be observed from the decay of sin-
gular values in the matrix S.

The denoised data is finally recov-
ered from the matrix H𝑘 with the same po-
sition as define for the Hankel matrix H in
(2.1). That is, if x𝑘 is defined to be the ap-
proximated denoised data, then

x𝑘 = [𝑥𝑘 (1), 𝑥𝑘 (2), . . . , 𝑥𝑘 (𝑁)]𝑇 (2.3)

with the components 𝑥𝑘 (1), 𝑥𝑘 (2), . . . ,
𝑥𝑘 (𝑁) extracted from the first row and last
column of H𝑘 as shown below:

H𝑘 =


𝑥𝑘 (1) 𝑥𝑘 (2) · · · 𝑥𝑘 (𝑛)
𝑥𝑘 (2) 𝑥𝑘 (3) · · · 𝑥𝑘 (𝑛 + 1)

...
...

. . .
...

𝑥𝑘 (𝑁 − 𝑛 + 1) 𝑥𝑘 (𝑁 − 𝑛 + 2) · · · 𝑥𝑘 (𝑁 )


.

The steps for denoising time series
data described above are summarized in Al-
gorithm 1.

Algorithm 1 Algorithm for denoising time
series data using HSVD
Input: x = [𝑥(1), 𝑥(2), . . . , 𝑥(𝑁)]𝑇

1: Form a Hankel matrix H for x
2: Find SVD of H: H = USV𝑇

3: Select dimension 𝑘 .
4: Form
5: U𝑘 := U(:, 1 : 𝑘),
6: V𝑘 := V(:, 1 : 𝑘) and
7: S𝑘 := S(1 : 𝑘, 1 : 𝑘).
8: Construct H𝑘 = U𝑘S𝑘V

𝑇
𝑘 .

9: Reconstruct denoised data:
10: x𝑘 in 2.3 from H𝑘 .
Output : Denoised Data:
x𝑘 = [𝑥𝑘 (1), 𝑥𝑘 (2), . . . , 𝑥𝑘 (𝑁)]𝑇

3. Missing Data reconstruction
This section describes how least-

squares approximation is used to recon-
struct missing components of incomplete
data. We will approximate an incomplete
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data vector by projecting on a subspace
spanned by a basis that represents other re-
lated complete data vectors.

Let {y1, y2, . . . , y𝑛𝑠 } be a complete
data set. Define Y := {y1, y2, . . . , y𝑛𝑠 } ⊂
R𝑛 and Y = [y1, y2, . . . , y𝑛𝑠 ] ∈ R𝑁×𝑛𝑠 .
Suppose ŷ is an incomplete sample that
has 𝑛𝑐 known components and 𝑛𝑔 = 𝑁 −
𝑛𝑐 unknown components. Let C :=
{𝑐1, 𝑐2, . . . , 𝑐𝑛𝑐 } ⊂ {1, 2, . . . , 𝑁} be the in-
dices of the known components in ŷ and
define C = [e𝑐1 , . . . , e𝑐𝑛𝑐 ] ∈ R𝑁×𝑛𝑐 ,
where e𝑐𝑖 = [0, . . . , 0, 1, 0, . . . , 0]𝑇 ∈ R𝑛

is the 𝑐𝑖-th column of the identity matrix
I𝑁 ∈ R𝑁×𝑁 , for 𝑖 = 1, . . . , 𝑛𝑐. Note
that, pre-multiplyingC𝑇 is equivalent to ex-
tracting the 𝑛𝑐 rows corresponding to the
indices 𝑐1, . . . , 𝑐𝑛𝑐 . Similarly, let G =
{𝑔1, 𝑔2, . . . , 𝑔𝑛𝑔 } ⊂ {1, 2, . . . , 𝑁} be the
indices of the unknown components in ŷ
and define G = [e𝑔1 , . . . , e𝑔𝑛𝑔 ] ∈ R𝑁×𝑛𝑔 .
Let ŷ𝑐 := C𝑇 ŷ ∈ R𝑛𝑐 and ŷ𝑔 := G𝑇 ŷ ∈
R𝑛𝑔 . Then, the known components and the
unknown components are contained in the
vectors ŷ𝑐 and ŷ𝑔, respectively. The miss-
ing components contained in ŷ𝑔 will be ap-
proximated by first projecting ŷ onto the
column span of a basis matrix U with rank
𝑟 , where 𝑟 ≤ 𝑅, 𝑅 := rank(Y). I.e.

ŷ ≈ Ua,

or
ŷ𝑐 ≈ U𝑐a and ŷ𝑔 ≈ U𝑔a,

for some coefficient vector a ∈ R𝑟 , and
where U𝑐 := C𝑇U ∈ R𝑛𝑐×𝑟 , U𝑔 := G𝑇U ∈
R𝑛𝑔×𝑟 . Note that the choice of the basis ma-
trix U will be discussed in Section 3.1.

The known components contained in
ŷ𝑐 are then used to determine the coeffi-
cient vector a through the approximation
ŷ𝑐 ≈ U𝑐a from the following least-squares
problem:

min
a∈R𝑟

∥ŷ𝑐 −U𝑐a∥22. (3.1)

The solution obtained from the correspond-
ing normal equation of the above prob-
lem is given by a = U+

𝑐 ŷ𝑐, where U+
𝑐 =

(U𝑇
𝑐U𝑐)−1U𝑇

𝑐 is the Moore–Penrose pseu-
doinverse. That is,

ŷ𝑔 ≈ U𝑔a = U𝑔U
+
𝑐 ŷ𝑐 . (3.2)

The steps described above are summarized
in Algorithm 2.

Algorithm 2 Standard least-squares ap-
proach for approximating missing data
Inputs:
- Complete snapshot set {y 𝑗}𝑛𝑠𝑗=1 ⊂ R𝑁 and,
dimension 𝑟 ≤ 𝑟𝑎𝑛𝑘 ({y 𝑗}𝑛𝑠𝑗=1)
- Incomplete data ŷ ∈ R𝑁 with known en-
tries in ŷ𝑐 ∈ R𝑛𝑐 and unknown entries in
ŷ𝑔 ∈ R𝑛𝑔 , where 𝑛𝑐 + 𝑛𝑔 = 𝑁 .
1: Create snapshot matrix:

Y = [y1, . . . , y𝑛𝑠 ] ∈ R𝑁×𝑛𝑠and
let 𝑅 = 𝑟𝑎𝑛𝑘 (Y).

2: Construct basis U of rank 𝑟 ≤ 𝑅 for Y.
3: Find coefficient vector a from ŷ𝑐 using

least-squares problem in (3.1):
4: mina∈R𝑟 ∥ŷ𝑐 −U𝑐a∥22.
5: Compute the approximation ŷ𝑔 ≈ U𝑔a.
Output: Approximation of ŷ𝑔

From Algorithm 2, a crucial factor
to obtain missing data approximation is to
have a basis U in Step 2. This basis should
capture the main features of the snapshot set
{y 𝑗}𝑛𝑠𝑗=1. A common approach to construct
this basis optimally will be discussed next.

3.1 Optimal basis for data set
Consider a set of snapshots

{y1, y2, . . . , y𝑛𝑠 } where y 𝑗 ∈ R𝑁 ,
𝑗 = 1, 2, . . . , 𝑛𝑠. Suppose we want to ap-
proximate a snapshot y 𝑗 by using a set of or-
thonormal vectors {𝜙1, 𝜙2, . . . , 𝜙𝑟 } ⊂ R𝑁 ,
where 𝑟 < 𝑁 . Then the approxima-
tion is in the form y 𝑗 ≈ ∑𝑟

𝑖=1 𝑤𝑖𝜙𝑖 ,
for some constants 𝑤𝑖 , 𝑖 = 1, 2, ..., 𝑟 .
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Alternatively, we can write this approx-
imation in matrix form as y 𝑗 ≈ Φ𝑟w,
where Φ𝑟 = [𝜙1, 𝜙2, . . . , 𝜙𝑟 ] ∈ R𝑁×𝑟

is a matrix of basis vectors and
w = [𝑤1, 𝑤2, . . . , 𝑤𝑟 ]𝑇 ∈ R𝑟 is the
vector of unknown coefficients. To find w,
we use the fact that Φ𝑟 has orthonormal
columns, i.e. Φ𝑇

𝑟 Φ𝑟 = I𝑟 , and the min-
imum error occurs when the residual is
orthogonal to the column span of Φ𝑟 , i.e.
Φ𝑇
𝑟 (y 𝑗 − Φ𝑟w) = 0, which implies that

w = Φ𝑇
𝑟 y 𝑗 and the approximation becomes

y 𝑗 ≈ Φ𝑟Φ
𝑇
𝑟 y 𝑗 . (3.3)

The goal is to find the orthonormal basis
that minimizes this approximation error in
2-norm for a given basis rank 𝑟 ≤ 𝑅 :=
rank({y1, y2, . . . , y𝑛𝑠 }), i.e.

min
Φ𝑟 ∈R𝑁×𝑟

𝑛𝑠∑
𝑗=1

∥y 𝑗 − Φ𝑟Φ
𝑇
𝑟 y 𝑗 ∥22 (3.4)

such that Φ𝑇
𝑟 Φ𝑟 = I𝑟 , where I𝑟 ∈ R𝑟×𝑟 is

the identity matrix. This optimal basis is
often called proper orthogonal decomposi-
tion (POD), which is also known by other
names, for example, Karhunen-Loève de-
composition (KLD), principal component
analysis (PCA), or singular value decompo-
sition (SVD).

It can be shown [?, ?] that POD ba-
sis defined above can be obtained from the
left singular vector of the snapshot matrix
Y = [y1, y2, . . . , y𝑛𝑠 ]. Let Y = UΣV𝑇

be the singular value decomposition of Y,
where matrices U = [u1, . . . , u𝑅] ∈ R𝑁×𝑅

and V = [v1, . . . , v𝑅] ∈ R𝑛𝑠×𝑅 are ma-
trices with orthonormal columns and Σ =
𝑑𝑖𝑎𝑔(𝜎1, . . . , 𝜎𝑅) ∈ R𝑅×𝑅 is a diagonal
matrix with 𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎𝑅 > 0.
Then the POD basis matrix of dimension
𝑟 is U𝑟 = [u1, . . . , u𝑟 ] ∈ R𝑁×𝑟 , 𝑟 ≤
𝑅, i.e. U𝑟 = argminΦ𝑟 ∈R𝑁×𝑟

∑𝑛𝑠
𝑗=1 ∥y 𝑗 −

Φ𝑟Φ
𝑇
𝑟 y 𝑗 ∥22 with U𝑇

𝑟 U𝑟 = I𝑟 . It is
well-known [?, ?] that this minimum error
is given by

𝑛𝑠∑
𝑗=1

∥y 𝑗 −U𝑟U
𝑇
𝑟 y 𝑗 ∥22 =

𝑅∑
ℓ=𝑟+1

𝜎2
ℓ , (3.5)

which is the sum of the neglected singular
values 𝜎𝑟+1, . . . , 𝜎𝑅 from the SVD of Y.

4. Numerical Results
This section evaluates the effective-

ness of the proposed approach for estimat-
ingmissing data in highly volatile and oscil-
latory time series data. A data set of stock
prices is used as a case study in this work.
This case study utilizes daily stock price
data from 10 companies in the Thai health-
care sector, collected from April 1, 2023, to
April 1, 2024. The companies are listed in
Table 1. The inherent volatility of this fi-
nancial data is evident in Fig. 1, which plots
the original stock prices for Bangkok Dusit
Medical Services (BDMS). A comparative
analysis is performed for the missing data
approximation accuracy achieved by apply-
ing a least-squares method to the original
raw data versus the denoised data.

Ticker Full Name

BCH BANGKOK CHAIN HOSPITAL
BDMS BANGKOK DUSIT MEDICAL SERVICES
BH BUMRUNGRAD HOSPITAL
CHG CHULARAT HOSPITAL
EKH EKACHAI MEDICAL CARE
PR9 PRARAM 9 HOSPITAL
PRINC PRINCIPAL CAPITAL
SKR SIKARIN
THG THONBURI HEALTHCARE GROUP
VIBHA VIBHAVADI MEDICAL CENTER

Table 1. The companies in healthcare sector
considered in the case study.

In Section 4.1, we first employ the
HSVD denoising technique described in
Section 2 to extract the data trend. Then,
Section 4.2 demonstrates the accuracy re-
sults of missing data approximation by us-
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Fig. 1. BDMS stock price and its denoised data
using HSVD approach with 𝑘 = 1, 3, 5, 10.

ing the least-squares approach described in
Section 3 based on both the original raw
data and the denoised data from Section 4.1.

4.1 Numerical results on HSVD denois-
ing method

To extract the underlying data trend,
we employ the HSVD denoising technique
described in Section 2. The choice of the
dimension 𝑘 in the HSVD method is cru-
cial; a small 𝑘 captures only the princi-
pal trend, whereas a large 𝑘 may retain too
much of the original noise, as shown in Fig.
1. The selection of an appropriate 𝑘 can be
guided by examining the singular value de-
cay of the corresponding Hankel matrix. As
shown for the BDMS stock data in Fig. 2,
a sharp drop occurs around the fifth singu-
lar value, suggesting that 𝑘 = 5 is a rea-
sonable choice to capture the data’s overall
trend without overfitting to noise. Fig. 3 il-
lustrates the resulting trends for all 10 com-
panies, which suggest the HSVD approach
to take parameter 𝑘 = 5.

4.2 Missing data reconstruction
We now assess the accuracy of the

data reconstruction. The analysis compares
the performance of the least-squares ap-
proximation under two distinct scenarios:

Fig. 2. Singular values of Hankel matrix for the
BDMS stock prices.

• Case 1: The least-squares method
is applied directly with the original,
noisy stock price data.

• Case 2: The least-squares method is
applied with the denoised data ob-
tained from the HSVD preprocessing
step.

Recall that the least-squares approxi-
mation given in Section 3 requires to select
the low dimension 𝑟, which can be done by
observing the decay of the singular values
as shown in Fig. 4. Fig. 4 suggests that rea-
sonable choices of 𝑟 are around 𝑟 = 2, 3, 4
where the singular values start to stop de-
creasing.

The accuracy is quantified using the
Root Mean Squared Error (RMSE), Rela-
tive RMSE (Rel RMSE) and Mean Abso-
lute Percentage Error (MAPE), as defined
in Eqs. (4.1)-(4.3), respectively.

RMSE =

√√√
1

𝑁

𝑁∑
𝑖=1

(𝑦𝑖 − 𝑦𝑖)2, (4.1)

Rel RMSE =

√√√
1

𝑁

𝑁∑
𝑖=1

(
𝑦𝑖 − 𝑦𝑖)

𝑦𝑖

)2
,(4.2)
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Fig. 3. The actual stock prices (in blue color)
of the 10 companies from healthcare sector in
Thailand and the corresponding trend (in red
color) from the HSVD approach with 𝑘 = 5.

MAPE =
1

𝑁

𝑁∑
𝑖=1

���� 𝑦𝑖 − 𝑦𝑖
𝑦𝑖

���� × 100. (4.3)

The experiments were conducted by
simulating missing data points and compar-

Fig. 4. Singular values of Hankel matrix for the
BDMS stock prices.

ing the estimated values to the exact val-
ues. Tables 2-4 present the approximation
results for three randomly chosen missing
components (indices 10, 20, and 30) for
both Case 1 and Case 2.

Table 2. Approximations of three missing com-
ponents that are randomly chosen and the corre-
sponding RMSE and Rel RMSE when 𝑘 = 3 is
used in HSVD and 𝑟 = 3 is used in the least-
squares method.

Index Exact Case 1: Approx Case 2: Approx
(denoised)

10 2.0000 1.7787 1.9518
20 1.8900 1.7764 1.9444
30 1.7900 1.8124 1.9064
Error: RMSE - 0.1442 0.0792
Error: Rel RMSE - 0.0730 0.0434
Error: MAPE - 6.109% 3.930%

Table 3. Approximations of three missing com-
ponents that are randomly chosen and the corre-
sponding RMSE and Rel RMSE when 𝑘 = 3 is
used in HSVD and 𝑟 = 4 is used in the least-
squares method.

Index Exact Case 1: Approx Case 2: Approx
(denoised)

10 2.0000 1.9150 1.9531
20 1.8900 1.9181 1.8243
30 1.7900 1.8567 1.8021
Error: RMSE - 0.0508 0.0471
Error: Rel RMSE - 0.0273 0.0245
Error: MAPE - 2.571% 2.165%
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Table 4. Approximations of three missing com-
ponents that are randomly chosen and the corre-
sponding RMSE and Rel RMSE when 𝑘 = 5 is
used in HSVD and 𝑟 = 3 is used in the least-
squares method.

Index Exact Case 1: Approx Case 2: Approx
(denoised)

10 2.0000 1.7787 1.9832
20 1.8900 1.7764 1.9135
30 1.7900 1.8124 1.8629
Error: RMSE - 0.1442 0.0454
Error: RMSE Rel - 0.0730 0.0251
Error: MAPE - 6.109% 2.072%

Table 5. RMSE and Rel RMSE for the approx-
imations of missing data blocks (index ranges
10-15 and 10-20) when 𝑘 = 5 is used in HSVD
and 𝑟 = 4 is used in the least-squares method.

Index Range Error Case 1: Approx Error Case 2: Approx (denoised)
RMSE Rel. RMSE RMSE Rel. RMSE

10-15 0.1527 0.0769 0.0147 0.0114
10-20 0.1362 0.0692 4.7731e-04 0.0101

which are called “Approx” and “Ap-
prox (denoised),” respectively in these ta-
bles. Note that the missing components
are in one of the ten companies’ stock
prices and the remaining 9 companies con-
tain complete datasets. Table 2 shows the
results using 𝑘 = 3 for HSVD and 𝑟 = 3 for
the least-squares method. Table 3 demon-
strates that increasing the least-squares di-
mension to 𝑟 = 4 (while keeping 𝑘 = 3) im-
proves the accuracy for both cases, as indi-
cated by lower RMSE and Rel RMSE, and
MAPE values. Table 4 shows that further
increasing the HSVD parameter to 𝑘 = 5
(while keeping 𝑟 = 3 as in Table 2) yields a
slight improvement in the accuracy for Case
2 when compared with the results in Table
2. Note that the change in dimension 𝑘 used
in HSVD has no effect on the results in Case
1 because HSVD is not applied in Case 1.
A crucial and consistent observation across
all experiments is that Case 2 provides more
accurate approximations than Case 1. This
highlights the significant benefit of using
denoised data for the least-squares approx-
imation.

To further investigate the robustness
of our approach, we estimated consecutive
missing data blocks. Table 5 details the re-
sults for missing data in index ranges 10-15
and 10-20. The results confirm our previ-
ous findings that applying the least-squares
method to denoised data (Case 2) yields
substantially more accurate reconstructions
compared to using the original noisy data
(Case 1).

Notice that utilizing the HSVD de-
noising technique as a preprocessing step
provides a more stable and reliable back-
ground for the least-squares approximation,
delivering a promising and accurate method
for predicting missing data in noisy time se-
ries.

5. Conclusion
This work addresses the challeng-

ing problem of missing data imputation
in volatile, oscillatory, and noisy time se-
ries by introducing a combined approach
of Hankel Singular Value Decomposition
(HSVD) for denoising and least-squares ap-
proximation. This approach is particularly
applicable for the datasets where related
time series information is available. The
numerical results from a case study on stock
prices of companies in Thailand’s health-
care sector consistently demonstrate the su-
perior performance of the proposedmethod.
Specifically, preprocessing the data with
HSVD to extract the underlying trend be-
fore applying least-squares estimation sig-
nificantly enhances the accuracy and re-
liability of reconstructing missing entries.
This is evidenced by lower RMSE, Rel
RMSE andMAPEvalues in “Case 2” (least-
squares method with denoised data) com-
pared to “Case 1” (least-squares method
with raw original data), even when con-
sidering randomly chosen single missing
components and consecutive missing data
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ranges. These results emphasize the signifi-
cant potential of this combined approach for
robust and accurate missing data imputation
in financial time series analysis.

Possible future directions on enhanc-
ing the proposed missing data imputation
technique include exploring adaptive meth-
ods for selecting the optimal ‘k’ dimen-
sion in HSVD, extending its application
to a wider range of financial instruments
and global markets, and evaluating its ef-
fectiveness in handling longer and irregu-
larly spaced missing data segments. Addi-
tionally, a comprehensive comparison with
other state-of-the-art imputation techniques
will be conducted, alongside an investiga-
tion into how various data characteristics
influence performance. Finally, integrat-
ing this method into real-time systems for
financial data processing and forecasting
could further extend the proposed approach
in practical applications.
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