E-ISSN 2586-9027
Homepage : https://tci-thaijo.org/index.php/SciTechAsia Science & Technology Asia
Vol.31 No.3 July - September 2026 Page: [l4-@]

Original research article

Parameter Estimation for Brownian
Motion with Trend Mixed with Two
Fractional Brownian Motions

Phisitphong Ketrat, Raywat Tanadkithirun”

Department of Mathematics and Computer Science, Faculty of Science,
Chulalongkorn University, Bangkok 10330, Thailand

Received 24 January 2026; Received in revised form 10 July 2026
Accepted 17 July 2026; Available online 30 September 2026

ABSTRACT

This work studies parameter estimation for a stochastic process that combines a
Brownian motion with trend and two fractional Brownian motions with distinct Hurst
indices. The process is given by X; = ut + oW, + anIl + BBtH2, where W is a
standard Brownian motion, while Bt and B2 are fractional Brownian motions with
Hurst indices 0 < Hy < Hy < 1 such that Hy,H, # %, with W, Bf1, and B2 being
mutually independent. An ergodic theorem is applied to derive estimators for all unknown
parameters and examine the effect of different Borel function selections on the estimator
formulations. Numerical simulations are performed to confirm the asymptotic properties of
the estimators and to assess their accuracy under various configurations. The estimators are
then applied to cryptocurrency data to demonstrate their practical use.

Keywords: Brownian motion; Ergodic theorem; Fractional Brownian motion

1. Introduction modeling. However, Bm does not capture

One of the most widely used long-range dependence which is a feature
stochastic processes is standard Brownian observed in many real-world time series.
motion (Bm), which serves as the foun- Fractional Brownian motion (fBm), first
dation for many models in probability introduced by Kolmogorov [[I] in 1940,
theory and mathematical finance. Due to is a natural extension of Bm that allows
its independent and stationary increments, for correlated increments. When the Hurst
Bm has been extensively applied in areas parameter H > %, the increments exhibit
such as option pricing and asset return positive correlation, reflecting long-range
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dependence and aggregation behavior.
Conversely, for H < %, the increments are
negatively correlated, which reflects their
anti-persistent behavior; see, for example,
[2-4]. Various studies have examined
fBm and its applications, including [5-7].
Despite its wide applicability, fBm is
neither a semimartingale nor a Markov
process, except in the Bm case (H = 3),
which limits the applicability of classical
stochastic calculus techniques.

To address the non-semimartingale
nature of fBm while retaining its ability to
capture long-range dependence, Cheridito
[8] introduced the mixed fractional Brow-
nian motion (mfBm) in 2001, defined as a
linear combination of a Bm with an fBm
component. This model has been widely
studied and applied in finance, computer
network modeling, and physics [9-11]]. The
problem of estimating parameters for mfBm
has received significant attention, with var-
ious methods being proposed, including
the maximum likelihood estimation [[12],
Powell’s optimization algorithm [|13], and
the approach based on power variations
[14]. In the case of mfBm with trend
(mfBmT), Dufitinema et al. [[15] proposed
a parameter estimation method for the
process of the form Y, = mt +0 (B, +ABH),
where B is a Bm and B is an fBm inde-
pendent of B. Their method yields explicit
maximum likelihood estimators for m and
o, which depend on H and A, where the
latter are first estimated via minimization
of the negative log-likelihood. Taking a
different approach, in 2021, Kukush et al.
[L6] applied an ergodic theorem to estimate
all parameters simultaneously.

Inspired by the mfBm, Miao et al.
[L7] introduced the fractional mixed frac-
tional Brownian motion (fmfBm) in 2008
as a linear combination of two independent
fBms with distinct Hurst indices H; and
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H,. The framework was extended to the
fmfBm with trend (fmfBmT) by Mishura
[18], who applied the maximum likelihood
method to estimate only the drift parame-
ter assuming % < Hy < Hy < 1 with the
additional restriction Hy — Hy > %. Subse-
quently, Mishura and Voronov [[19] general-
ized this approach to estimate the drift pa-
rameter for any % < Hi < Hy < 1, remov-
ing the above restriction. As the number
of stochastic components increases, how-
ever, maximum likelihood estimation be-
comes considerably more difficult to imple-
ment. In particular, evaluating the likeli-
hood function generally requires the inver-
sion of a covariance matrix whose entries
depend on all unknown model parameters.
For models involving multiple fractional
Brownian motion components, the covari-
ance structure becomes substantially more
complicated, making likelihood-based esti-
mation analytically challenging and com-
putationally demanding. These challenges
motivate the use of alternative estimation
methods based on ergodic properties. In
2023, Ralchenko and Yakovliev [20] ap-
plied the ergodic theorem to estimate all
unknown parameters under the assumption
O0<H{<Hy<l1.

The increasing application of the
ergodic theorem in recent years is driven
by two main advantages. First, it directly
guarantees almost sure convergence, elim-
inating the need for separate asymptotic
verifications. Second, it allows for the
simultaneous estimation of all parame-
ters, avoiding the need to estimate them
separately, which may potentially result in
larger estimation errors. To construct esti-
mators using the ergodic theorem, it is es-
sential to select appropriate Borel functions.
While Kukush et al. [[16] propose specific
choices for the mfBmT, and Ralchenko and
Yakovliev [20] do so for the fmfBmT, it is
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evident that the explicit form of the estima-
tors is determined by this selection. Indeed,
varying these functions leads to different
estimator structures, which may potentially
affect the efficiency of the estimators.

This work unifies the frameworks
of the mfBmT and the fmfBmT by in-
troducing the Brownian motion with trend
mixed with two fractional Brownian mo-
tions (BmT2fBm), given by

X, = ut + oW, +aBI"™ + BB, (1.1)

where W is a Bm and B and BH2 are fBms
with Hurst indices 0 < Hy < Hy < 1
such that Hy, Hy +# % To eliminate the
cross-moment terms arising from products
of the driving processes, W, B and B>
are assumed to be mutually independent.
This assumption substantially simplifies the
theoretical derivations and enables the con-
struction of explicit estimators. Through-
out this paper, we assume that o, @, 8 > 0
and 4 € R. The primary objective of this
work is to investigate parameter estimation
for the BmT2fBm model using the ergodic
theorem. Additionally, we examine the in-
fluence of the Borel function selection used
in the estimation process on the numerical
accuracy of the resulting estimators.

The article is organized as follows.
Section [| introduces the construction of
estimators and their mathematical formu-
lation. Section [ presents alternative es-
timator formulations based on Borel func-
tion selections distinct from those in Sec-
tion Pl. Section M reports numerical ex-
periments comparing the performance of
these formulations. Section [j illustrates the
practical applicability of the proposed
estimators using real-world cryptocurrency
data. Section [ concludes with a discussion
of the numerical results.

2. Construction of Estimators

In this section, we apply the ergodic
theorem to construct estimators for the pa-
rameter vector 6 = (u, 02, a?, Hy, 2, H2).
Let &~ > 0 be fixed, and assume that the
process X; defined in Eq. ([L.1)) is observed
at discrete time points 7z = kh, where
k = 0,1,2,.... Unfortunately, the orig-
inal process X; is not ergodic, so direct
application of the ergodic theorem is not
feasible. To overcome this, we need to
construct an appropriate ergodic discrete-
time process. This process is defined in the
following lemma.

Lemma 2.1. The process
Yi = Xkst)n — Xkn —ph, k=0,1,2,...

is ergodic.

Proof. Fori e Nand H € (0,1), let p(i) =
Cov(Yp,Y;) and

o(i, H) = % (|i +12H —92H 4 i - 1|2H) .
We have
E [BhH (Bgu)h - Bg,)]
=E [BII;IBgH)h - B}[jBSI@]
= o (1P 1+ R~ in)
— 5 (1RPH P 1= DA

h2H
L (li +12H —92H 4 i - 1|2H)

2
= n*Hp(i, H).
Thus,
p(i) = Cov(Yy,Y;) = E[YoY;]
_ H; H>
- E[ (oW + aB]" + B2

X (0' (Wiirtyn — Win)
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H
ta (B(iil)h -

H H
+p (B(iil)h - Bih2) )]

H
B3

_ 2 H H H
=a’E [Bh ' (B(iil)h - Bihl)]
2 H H H
+B°E [Bh2 (B(iil)h - BihQ)]

= &R p(i, Hy) + B2 h*™2p (i, Hy).

Since W, BH1, and B2 are centered Gaus-
sian processes with stationary increments,
the sequence {Yx, kK = 0,1,...} is a sta-
tionary Gaussian sequence with E(Yz) = 0.
By a classical result of Maruyama [24] (see
also Bennedsen et al. [25]), a stationary
Gaussian sequence is ergodic if and only
if its autocovariance function converges to
zero. Therefore, it suffices to show that
p(i) — 0 asi — oo. Using the fact that for
any H € (0,1), p(i, H) ~ H(2H—1) {?H~2
as i — oo, we obtain

p(i) ~ a®h*M1 Hy (2H, — 1)i*1~2
+ B2z, (2H, — 1)i%H1272

— 0 as [ — oo,

Hence, the process {Yi }r>0 is ergodic. O

Lemma enables us to apply the
ergodic theorem to construct estimators
following the approach of [[16,20]. Specif-
ically, for a Borel function g : RI*! — R
satisfying E |g(Yp, Y1, ...,Y;)| < co,we ob-
tain the convergence

1 N-1
N Zg(Yk’Yk+1$"-7Yk+l) -
k=0

E (g (Yo, Y1, ..
@.1)

The key idea in constructing estimators is
to select appropriate Borel functions g and
solve the resulting system of equations. To
formalize this approach, we introduce the

.,Y;)) as.as N — oo,

17

following notations, adapted from Kukush
et al. [16] and Ralchenko and Yakovliev
[20]. Forall N € N, define

= )
YN =5 (Xks1)n — Xin)™,  (2.2)
=0
N-1
1
N =y (X(k+1)n — Xkn)
k=0
(X(k+2)n — X(k+1)n) » (2.3)
N-1
1
AN = v (X (k+2)n — Xn)
k=0
(X(k+a)n — X(k+2)n) » (2.4)
N-1
1
W=y (X (k+ayn — Xin)
=0
(X(ks8)n — X(k+ayn) » (2.5)
N-1
1
KN = (X (k+8)n — Xkn)
k=0
(X (k+16)h — X(k+8)n) » (2.6)
and define
Vo = Xfl,

no = Xn(Xon — Xn),
Ao = Xop(Xan — Xop),
Yo = Xan(Xsn — Xan),
ko = Xgn(X16n — Xshn).

Lemma 2.2. The following a.s.
gences hold as N — oo:

conver-

X
() =7 = uh = fi(0).

(ii) vy —
E(vg) = y2h2 +02h+a?n? 4 ,82h2H2
= f2(0),
(i) NN —
E(n0) = u2h? + a2 h2H (22H1—1 _ 1)

+ g2p2H: (22H2—1 _ 1)
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= f3(0),
(ZV) /lN -
E(do) = 4u*h?
+ o221 92H (22H1—1 B 1)
+ B2 p2H292H: (22H2—1 _ 1)
= f1(0),
v)yn —
E(yo) = 16p°h?

+ o 2p2H1 94 (22111—1 _ 1)
+ B2 p2H294H: (22H2—1 _ 1)

= f5(0),
(Vi) kn —
E(kg) = 64u°h?

+ o 2p2H196H: (22H1—1 _ 1)
4 g2 p2HzobH: (22112—1 _ 1)
= f6(0).
Proof. (i) Applying Eq. (2.1) with g(yo) =
yo + uh yields
| N=l
= > (Ve + ph) = E[Yo + ph]
N &

N-1
(X(k+1)n — Xkn) = E[ X5 — Xo]
=0

1
N
< Gt = Xo) = B[] - B[X,]

X
LA
a.s. as N — oo.

(ii) Setting g(yo) = (yo+uh)? and applying
Eq. (2.1)), we obtain

N-—

Z (X (k+1)n — th)2
k=

=

1

VNZN
E

254
[

—

18

2
- E [(yh + oWy +aBf + BB} ]

2
= 12h2 + 0B [W2] + o®E [(BhHl) ]

2
2 H.
+ B°E [(BhQ) ]
= (*h* + o?h + PR 4 gEp?t
a.s. as N — oo.

(iii) Using g(yo, y1) = (yo + ph) (y1 + ph),
we get

nn — E [Xn(Xon — Xn)]
= B[ (uh+ oWy + aBf + pB]")
X (llh + 0 (Wap, — W)

+a (B;; - BhHl)

#8 (535 - 51) )|
= 12+ BB} (Bl - B}
+ BB | Bf® (BY: - B |
as. as N — oo. Since E (B} (B - B}))
2 _
=5 (BIYBY, - (BI)®) = 02 (22171 - 1)
forall H € (0,1),
nn — @2h? + 2R (22H1—1 _ 1)

+ B2 2H (22H2—1 _ 1)

a.s. as N — oo.
Following the same approach as in (iii),
setting g as

g(yo,---,y3) =(yo + y1 +2uh)

X (y2 +y3 +2uh),
g(yo, .-, y7) =(yo + -+ y3 +4uh)

X (y4+--+y7+4uh),
g(y0,--->y15) =(yo + -+ y7 + 8uh)

X (yg + -+ +yi5 + 8uh),

for (iv), (v), and (vi), respectively, yields the
required convergences. O
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Next, we introduce the function ~2 _ Un
AN = om0 (2.12)
1(8) = (f1(6), £2(0), f3(6), £1(6), f5(6), Xy
f6(0)) and define the sequences, for N € N, =
B2 = 0 (2.13)
Py = logy(h)’ '
— (AN YN
™~ = N ,VN,UN,/IN,)’N,KN s 9 ~
e Ll kL AP
70 = (1h, E(v0), E(10), E(10), E(y0), E(0)). N h T
Since f(#) = 79, obtaining estimators with

for the parameters (u, o2, &%, Hy, 5%, Ha) _ = 19 9
. . . =nn — Unh A% h?,
requires constructing a function ¢ such that AN ZIN = KN by = -

on =yn — 1603,

q(1) = 6. 2.7) dy = Kky — 64712, h?
The corresponding estimators are then Dy = (andy — bnin)?
(1) ’? i7(2) -~ T T
given by (,uN,O'N,OlN,H s Hy ) — 4(b3 — ancn)(Ca — bndn),

q(tn). In other words, to construct strongly
consistent estimators, we must solve the

1/2
estimation equation bNCN - aNdN - (DN) /
2(b2, - ’
£(6) =t 2:8) Oy -dvew)
ifH < —and Hy > —
with respect to the unknown parameters. Ty = T 2 272
Before presenting the explicit solution, we 12 ’
define the following auxiliary functions: byTn —andy + (Dn )+
1 ( ) " 0 2(bN—aNCN)
b 1 > b .
logy, (x) = {00g2 * . fx <0 and otherwise
’ Ix = ’
0)1/? = Vx, ifx >0, bnen —andy + (Dn)L?
0, ifx<O0. 2(b%, — anen) ’
1 1
Note that for x > 0, these functions coincide ifH < 3 and Hy > 3
with the standard log,(x) and v/, respec- YN = ,
tively. With these definitions, the explicit DoCn — and = 11/2
’ cy —andy — (D
solution leads to the following result. ARt el [i A( Ny ,
_ Q(b?\/ - aNcN)
Theorem2 3 The The estimator vector 6 = otherwise
AU 7)) /
,UN,UN,CVN, By Hy' | is a strongly
consistent estimator of 8 where . -
?N alil 1 SN 1
. X - 5 — 4 - 5 — 1
v =, 2.9) 2
_ by —anyn
g1 _ 1 UN = ——=———=——=—, and
Hy' =3 —logy, (Xn), (2.10) (YN —XN)TN
g1 Gn) 2.11) ;N:M
N =g o), @ Gn —En)sn

19
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Proof. To solve Eq. (2.8), we denote
vV=vN,n=1nN,4=AN,Y = YN, and
k = Ky, and define the auxiliary variables
as follows: a = — u?h?, b = 1 — 4u’h?,
c =vy—-16u?h% d = k — 64u’h? u =
Q2h2Hy = B2p2H2 = 92Hh = 92Ha
r=x/2-1,and s = y/2 — 1. With these
notations, Eq. (2.§) takes the form

Xnn
— = uh, 2.15
N - H (2.15)
v—1?h? =0 h+u+v, (2.16)
a =ur +vs, (2.17)
b = uxr +vys, (2.18)
¢ = ux’r +vy?s, (2.19)
d = ux’r + vySs. (2.20)
It is clear from Eq. (2.15) that

Xnn
= —. 2.21
N (2.21)

Next, we solve for x and y. From Eq. (2.17),
we have

ax = uxr +vxs and ay =uyr +vys.
(2.22)
Using Eq. (2.18) together with Eq. (2.22),

we obtain

b= b—ax u__b—ay
S (y-x)s ICEETS
(2.23)

Substituting Eq. (2.23)) into Eq. (2.19) and
Eq. (2.20), we get

e = (b? ~2) ~axy(y )
y—x
=b(y +x) — axy, (2.24)
d=——(b(* =) - axy(y? - %))
y—Xx

= b(y2 +xy +x2) —axy(y +x),
(2.25)

respectively. Multiplying Eq. (2.24) by y+x
gives

c(x+y) =b(y+x)?—axy(y+x). (2.26)

20

Subtracting Eq. (2.23) from Eq. (2.26), we
find

x=dZ (2.27)
c—by
d —_
y=4- (2.28)
c— bx
Similarly, from Eq. (2.24),
—b
x=Z9 (2.29)
b-ay
—b
y=2 (2.30)
b —ax

Thus, from Eq. (2:27) and Eq. (2.29), we

obtain
0 = y2(b? — ac) + y(ad — be) + ¢ - bd.

Likewise, from Eq. (2.28) and Eq. (2.30),

we get
0 =x%(b% - ac) + x(ad — be) + ¢* - bd.

We see that x and y satisfy the same

quadratic equation, whose solutions take
the form

bc —ad + VD

2(b%2 —ac)

where D = (ad—bc)?—4(b%—ac)(c?-bd).
Since

2.31)

ad — be = uvrs(y — x)2(y +x),
b% —ac = —uvrs(y - x)?,

¢? = bd = —uvxyrs(y — x),

we obtain D = u?v?r%s?(y — x)5. Noting
that u,v,x,y >0,y —x > 0,and r,s # 0,
it follows that D > 0. The case r > 0 and
s < 0 is impossible. For the case r < 0 and
s >0 (ie, Hi < 3 and Hy > 3), Eq. (2.31))
gives

bc —ad + VD 1 _
2(b2—_ac)=—§(—y—X+(y—X))
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which leads to

bc—ad —\D

B _bc—ad+\/l_)
o 2(b2-ac) - '

2(b2 - ac)

In the remaining cases where r,s > 0 or
r,s <0,

be—ad VD _ Ly ova(y-m).

2(b2 —ac)
Hence,
bc —ad + VD bc —ad - VD
X=——— = - 7
2(b2 —ac) ’ Y 2(b2 - ac)

Recalling that x = 22H1 and y = 22H2 we
obtain

1 1
Hy = 5 logy(x) and Hi = 510g2()’)-
(2.32)

Since u = @?h*" and v = ﬁ2h2H2> it
follows that

2 u u “
a” = = =

h2H1  ploga(x)  ylogy(h)’

2_ v __v __V

B = h2H2 Jloga (y) h ylogg(h)' (2.33)

Finally, from Eq. (2.16), we obtain the
expression

o Vv—ulh®—u-v

h

gs. (2.21)), (2.32)-(2.34) provide the ex-
plicit form of the function ¢ in Eq. (2.7).
To ensure the continuity of the mapping ¢
at 79, we note that all denominators appear-
ing in the explicit expressions remain non-
zero under the model assumptions. Indeed,
h > 0and a,8 > 0 imply u,v > 0, while
0 < Hy < Hy < 1 implies x = 22H1 5 (),
y = 2202 5 0, and x # y. Moreover,
the assumption Hi, Ho # % ensures that
r=x/2-1#0ands=y/2-1+#0. Con-
sequently, the denominators in Eq. (2.23)
and Eq. (R.31)) are non-zero. Since the ar-
guments of the logarithms in Eq. (2.32) are

(o

(2.34)

21

also strictly positive, the mapping g is well-
defined and continuous in a neighborhood
of 79. Thus, replacing 79 with 7 in these
equations yields a strongly consistent esti-

mator § = (,uN,O'N,ozN,H(l) 32 H(z))
for 6 = (u, 02, a2, Hy, 52, Hy) as given in

Eq. 2.9)-Eq. (2.14). O

Remark 2.4. The proof relies on the fact
that Dy, Xn, and Yn converge (almost
surely) to strictly positive limits as N —
oo. However, for insufficiently large sam-
ple sizes, these quantities may occasionally
take non-positive values. To prevent com-
putational failures caused by invalid inputs,
Theorem .3 employs the auxiliary func-
tions logy, () and (-)Jlr/2 This modifica-
tion ensures numerical robustness without
affecting the theoretical convergence prop-
erties. Numerical evidence of such cases is
illustrated in Section |,

Remark 2.5. Alternatively, the estimators
512\,, ,@2\, and 3& can be written in terms of
N, Hl(vl), and Hz(vz) as

a2 = N _
N~ h2ﬁ1(\/1)’
By= 2
N hQI-AI[(\?)’
(1) 7(2)
~2 12 _ =2 12H o2 1.2H
52 _VN—uNh —anhN = B RN
N =

h

These expressions define an alternative
estimator vector. We conducted exten-
sive numerical experiments and found that
this vector yields estimates close to the
estimator vector in Theorem P.3  How-
ever, it introduces bias in &12\], [?]2\, and 5']2\]
because their calculation relies on H 1(\}) and

H(2), which are derived using the auxil-
iary logy,(+) function. For this reason,
we adopt the estimator vector stated in the
theorem.  Nevertheless, both estimator
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vectors become theoretically equivalent as
N — oo.

Remark 2.6. When applying the estimators
to empirical data, the assignment of the two
computed roots to x and y is ambiguous,
since the actual values of Hy and Hy are
unknown. However, because of our as-
sumption that x <y, we first compute the
two solutions of the roots, then assign the
smaller value to x and the larger value to y.

The sequential computational steps
for computing the proposed estimators,
together with the root-selection procedure
described in Remark P.6, are summarized
in Algorithm [1].

3. Alternative Estimator Formula-
tions

As established in Section P, the
explicit expressions for the six estimators
are directly determined by the selection of
the Borel functions g in Eq. (2.1)). In this
section, we demonstrate that varying the
choice of g allows for the construction of
alternative estimators. We specifically pro-
pose two approaches to this modification:
first, by altering the function selection to
affect only the estimator for o2 while main-
taining the others; and second, by gener-
ating a new system of equations to derive
distinct estimators.

To illustrate the first approach, we
consider the estimators derived in Theorem
R.3 as a baseline. We direct our attention to
the estimator for o2 because, in the proof
of Theorem R.3, Eq. (2.16) is used exclu-
sively to determine 5’1%, and is not required
to solve for the other estimators. Thus, re-
placing this equation yields alternative esti-
mators for o2 without affecting the others.
Applying arguments similar to those used
in the proof of Lemma R.2, we obtain the

following convergences:

1 N-1

Iy = v Z (X(ks2)n — th)2
k=0

— *(2h)* + a*(2h) + a*(2h)*™
+ B2 (2h)*"2, (3.1)

1 N-1

oN = v Z (X (k+a)n — th)2
k=0

— p(4h)* + o (4h) + a*(4h)*"
+ B2 (4h)*H2, (3.2)
N-1

SN = (X(krg)n — th)2
0

1
N £
— 12 (8h)? + 02 (8h) + o (8h)*M
+ B*(8h)*2, (3.3)
1 N-1

YN = N kZ:;) (X(k+16)n — th)2

— 12(16h)% + o%(16h) + o (16h)*H
+ B2(16h)%12, (3.4)
1 N-1 5
N = v Z (X (k+1)n — Xkn)
k=0

— 13K + 3uh*c? + 3uha’

+ 3uhB?h?t2, (3.5)

Replacing Eq. (2.2) with any of these alter-
natives leads to the following estimators for

0%, denoted as 77 , fork =2,...,6:
o ON = E3(2h)? —UNIN ~ VNN
TN = 2h ’
o ON — I3 (4h)? —UNXR, VNN
Ta.N T 4h .
o SN~ H3,(8)? —uNX} — VNI,
TaN = 8h ’
o UN = i3 (16h) —uNTy — VNN
T5.N T 164 :
o N —ENK = 3ENh(iN +VN)
76N = 3N h? ’

respectively. These values differ slightly
from 812’ v = 0% givenin Eq. (2.14), while
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Algorithm 1 Sequential Computational Steps for Parameter Estimation (Theorem P.3))

Step 1: Estimate Trend (u)

- XNn
MN Nh1

Step 2: Compute Sample Variations

Step 3: Centralize Variations
mp, — [i3h?

ay < NN —myp, by — Ay —4my,

R RSN ERDN T

51\1 — (ENJN - ENEN)Q
: den «— 2(?;2 - ENEN)

bnen-andn+(Dn)y
den

bnin-andn—(Dn)y

ooty | o

XN ¢ min(rooty, roots)

YN < max(rooty, rooty)

Step 5: Compute Final Estimators

XN _ y_N_
2 1’ 2 1

_.
e

72
—4(b%

—
—_

1/2

12:

root; «
1/2

13:
14:
15:
16:

17: ?N — TS\N —
bn-anin
_(N-XN)TN
bN AN XN
ON—XN)SN

1 —
<3 logy, (xn)

— Llogy, (Fw)
_UN

Eﬁng (h)

22 VN

5;11\‘])82 (h)

18: uN<——

19: v
20:

21:
22:

23:

24: 5'12\] « YNZMp—UN—VN

25: Output: (,uN,o'N,a/N,H(l) ﬁN,H(Q))

Input: Discrete observations X = (Xg, X, . . .

CN < YN — 16mp,
Step 4: Solve for Intermediate Parameters
—ancn)(cy

s XNhy oo o> X(N+16)h): time step £ > 0

Compute vy, 7n, An, Y~ , kn using Equations Eq. (2.2)-Eq. (2.6)

C’[N — KN — 64mh

—bydy)

leaving the estimators for all other param-
eters invariant. As we will show in Sec-
tion M, the estimated values of o2 derived
from these modifications remain numeri-
cally close to 6'12 ~- Note, however, that
the formulation of & 0'6 N involves division
by the trend estimator . Accordingly,
its use requires the theoretical assumption
that 4 # 0. Furthermore, even under this
assumption, the formula cannot be applied
if the computed value of jiyis exactly zero.
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Fortunately, in practice, this event is highly
unlikely.

Turning to the second approach, we
propose two additional equation systems in
Theorems and B.2. In both systems, we
retain the original estimator for u, consis-
tent with Theorem P.3.

Theorem 3 1. The estimator vector 6
(ﬁN,5 H(l) ﬁN,H(2)) is a strongly
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consistent estimator of 8 where

~ XNh

MN _Nh s

— 1 -
A = > log,, (Tn),

2
9y 1 ~
HY = - loga, (),

Un

~logy(h)’

N

VN

—logy(h)’

YN

—~ = =2 5 52

my — MN)CN - VNyN
4h ’

with

an =nn —ayh® by = Ay - 4jyh?,

cn =yN — 165 h% my = 6y — 1615, h%,

en = YN — 256715 h%,

_ _ 2

Dy = [aN(zN — iy — ATy - szEN]
—8(ancn — 512\1)

X [EN(E'N - 41’71']\] — 4?]\1) — 2??\/]

dnen —2bnCn — ddniiy

—4anen + (Dn)y”

A(ancy - b3)

B

1

1
ifH1<§andH2>2

anen — 2bnCy - danmy
—danen - (Dn)Y
A(ancy - b3)

otherwise

’
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dnen — 2byCN — daniiy
—daney - (Dy)y?
A(@ney - b3)
ifHy < lanaVHg > E
VN = 2 2 ,

dnen — 2bnCn — Adyimy
—ddaycn + (D)2

A(ancn - b%) '

otherwise

—_ ;N ~ yN
== _1, == 1,

r'n 2 SN 2

— _  by-anyN

UunN = ——=—/m—m————, and
(YN —XN)TN

_ bN —JNEN

VN

~ (N —EIN)SN

Proof. Solving the system given by Egs.
£.3)-(2.3), (3.2), and Eq. (B-4) as in The-

orem 2.3 with auxiliary variables e =  —
256u%h%, m = 6 — 16u%h?, and w = o2h,
the system becomes:

a=ur+vs, [2.17)
b = uxr +vys, .18)
¢ = ux’r +vy?s, 2.19)
e = 16w + ux® + vy*, 3.6)
m = 4w + ux® + vy?. 3.7

We apply the proof technique of Theorem
R.3. First, we obtain:

b—ay b —ax
= — , V=—"—"
(y—x)r (y—x)s
-b -b
ST and y= 22 3
b—ay b—ax

From the above setup, we have e — 4m =
2cx + 2cy + 4¢ — 2bxy, and thus,

e—4m —2cy —4c

d
2c — 2by an

X =
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e —4m — 2cx — 4c
2¢ — 2bx

We find that x and y satisfy the same
quadratic equation

y:

0 = z2(2ac — 2b?)
+ z(2bc — ae + 4am + 4ac)
+ be — 4bc — 4bm — 2¢?

with solutions given by

ae — 2bc — 4am — 4ac £ VD
4(ac - b?) ’

(3.9)

where Dy = (ae — 2bc — 4am — 4ac)® —
8(ac — b%)(be — 4bc — 4bm — 2c¢?).
Upon algebraic simplification, we obtain
Dy = 4u*v?r’s%(y — x)%. Noting that
u,v,x,y > 0,y —x > 0,and r,s # 0,
it follows that Do > 0. The case r > 0 and
s < 0 is impossible. For the case r < 0 and
s >0 (e, Hy < %and Hy > ), Eq. B.9)
gives

ae —2bc — 4dam — 4ac + \VDo
4(ac — b?)

= S Gy (=)

which leads to

ae — 2bc — 4am — 4ac + VD

t e 4(ac - b?) ’
_ae—2bc—4am —4ac — VD>
4(ac - b?) ’

In the remaining cases where r,s > 0 or
r,s <0,

ae —2bc — 4dam — 4ac + \VDo
4(ac — b?)

= Sy e (o).

ae — 2bc — 4am — 4ac — Do
x = ,

4(ac - b?)
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ae — 2bc — 4am — 4ac + VD
4(ac — b?)

Recalling the definitions x = 2291 and
y = 22H2 we obtain

1 1
H, = §log2(x) and Hsy = Elogz(y).
Since u = o?h*M1 and v = BZhR%H2 it
follows that

2 U 2__ VY

= ot A= S
Finally, from Eq. (B.7), we obtain
dw = m — ux? — vy?, and since w = o2h,
we have

5  m—ux?—vy?

7= 4h

Analogous to Theorem P.3, all relevant de-
nominators remain strictly non-zero under
the model assumptions. Therefore, the as-
sociated mapping is continuous at the limit
point, and the continuous mapping theorem
implies that 6 is a strongly consistent esti-
mator of 6. O

Theorem 3.2. The estimator vector 6 =
(,uN,V2 2 H(l) ,BN,H(z))lsastrongly
consistent estzmator of 6 where

AN = XNh
N
Hy' = 5 logs, ().
HY = ikg%@N>
AN
) _ VN
N yllt)[gz(h) ’
Ly AN - UNXS, — VN Y,
2 _

8h
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with

dn =nn —fixh? by = Ay — 44y,
én = yn - 16431,
N = §N — 64413, h*,
En = YN — 256415 h%,
Dy = (dnén — 2bnEn — 2dniin)?
~ 8(ancn — b3y)

X (I;NEUN - 251\1711\1 - 2512\]),

—21;1\]51\] + (éN - QﬁN)dN
+ (Dw)"?

A(dnen - b))

’

1 1
ifHi < — and Hy > —
. ifHy <5 and Hy > 3
xN - )
—251\/51\] + (éN — QﬁN)dN
- (Dn))”
A(dnen - b3,)
otherwise
—QI;NCU‘N+(€VN—27\’JIN)[EN
- (Dn)y”
A(dncEn — b3)
if H) < L d Hy > L
y yHLS 5 andtin =g
YN = s

—QBNCU‘N + (éN - 271]\/)671\[

<12
+ (Dy)y
v v 792
4(LZNCN - bN)
otherwise
. XN y YN
rN:__l, SN:__17
2 2
. by —dnYN
UN = =700 o > and
(YN —XN)PN
. by —dnXN
VN =

(YN —XN)SN
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Proof. Solving the system given by Egs.

(23)-(.5), and Egs. (B.3)-(B4) as in The-

orem P.3 with auxiliary variables e = ¢ —
256u2h?, n = ¢ — 64u*h? and w = o2h,
the system becomes:

a =ur+vs, €17
b = uxr +vys, (.19)
¢ = ux’r +vy?s, e.19
e = 16w + ux* + vy, (B.9)
n=8w+ux®+ vy, (3.10)

Again, we obtain the four equations given
in Eq. (8.8). Subtracting 2 times Eq. (B.10)
from Eq. (B.6), we have e—2n = 2cx+2cy—
2bxy, and thus,

e—2n—2cy e —2n—2cx
x=—= and y=———
2c — 2by 2c — 2bx

Hence, x and y satisfy the same quadratic
equation

0 = z2(2ac — 2b*) + z(2bc — ae + 2an)
+ be — 2bn — 2¢*

with solutions given by

—2bc + (e — 2n)a = VD3
4(ac — b?) ’

G.11)

where D3 = (2bc — ae + 2an)? — 8(ac —
b?)(be—2bn—2c?). Upon algebraic simpli-
fication, we obtain D3 = 4u?v?r?s?(y—x)°.
Noting that u#,v,x,y > 0, y —x > 0, and
r,s # 0, it follows that D3 > 0. Applying
the same root selection logic as in Theorem
B.1l, Eq. (B.11) yields the expressions for X
and y given in the theorem. Recalling the
definitions x = 221 and y = 22M2 we
obtain

1 1
Hy = §log2(x) and Hs = Elogz()’)-
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Since u = o?h*Mr and v = BZhH2, it
follows that

Vv

2 u 2 _
a“°=——— and B _—ylog2(h)‘

= Xlogz(n)
Finally, from Eq. (B.10), we obtain
8w = n — ux® — vy3, and since w = o2h,
we acquire

Analogous to Theorem 2.3, all relevant de-
nominators remain strictly non-zero under
the model assumptions. Therefore, the as-
sociated mapping is continuous at the limit
point, and the continuous mapping theorem
implies that 6 is a strongly consistent esti-
mator of 6. o

Remark 3.3. In solving the system for
w in order to derive the estimator for
o2, Eq. (B.6) could alternatively be
employed. However, we utilized Eq. (8.7)
and Eq. (8.10) for this purpose in Theorems
B4 and B.4 respectively. This specific
choice of the equation for o does not
affect the strong consistency of the result-
ing estimator vectors 0 and é as will be

discussed in Section §.3.

Remark 3.4. Consider the set of nine equa-
tions provided by Eq. R.2)-Eq. (2.6) and
Eq. B.1-Eq. (B.4), with Eq. (B.9) omitted
due to its algebraic complexity. Since u
can be estimated separately, five unknown
parameters remain to be identified. Con-
Structing an estimation system therefore re-
quires the selection of exactly five equa-
tions, resulting in a total of (g) = 126 pos-
sible combinations. By examining all 126
possible systems, we found that only seven
admit explicit closed-form solutions. In-
spection of these seven successful systems
indicates that they all possess an algebraic

27

structure that enables the analytical elimi-
nation of the linear variables u and v (cor-
responding to o and %), thereby reducing
the remaining equations to a quadratic sys-
tem inx = 22H1 andy = 22H2 yuhich can be
solved explicitly. For the remaining com-
binations, obtaining such an analytical re-
duction is considerably more difficult. In-
stead, the resulting systems involve more
strongly coupled nonlinear equations that
do not readily admit explicit closed-form
solutions. For these remaining combina-
tions, the resulting nonlinear systems may
be solved numerically using root-finding
procedures such as Newton-type methods.
However, numerical approaches for mul-
tidimensional nonlinear systems often de-
pend strongly on the choice of initial val-
ues and may suffer from convergence dif-
ficulties.  Therefore, to ensure computa-
tional efficiency, maintain explicit analyt-
ical expressions, and preserve theoretical
tractability, this paper focuses exclusively
on the seven systems that admit explicit
solutions. These successful combinations
yield the estimator vectors presented in
Theorems B.d| and 8.2 together with five
variants based on Theorem 0.3 In these
five variants, the estimator for o2 is cho-
sen from the set {5’,3’]\,}2:1, while the other
estimators remain invariant.

4. Numerical Simulations

In this section, we conduct numeri-
cal simulations to evaluate the performance
of the proposed estimators. To simulate
trajectories of the BmT2fBm model, we
generate Bm and fBms. The Bm is simu-
lated using standard techniques (see, e.g.,
Higham [21]). The fractional Gaussian
noise is synthesized using the simulation
procedure described by Shevchenko [22],
which is based on the exact circulant em-
bedding method originally proposed by
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Wood and Chan [23]. Subsequently, the
paths of the fBms are obtained by com-
puting the cumulative sums of the frac-
tional Gaussian noise. In this simulation
framework, the number of generated fBm
samples is constrained to powers of two.
Because of this condition, setting N = 29
would necessitate simulating 29+ points to
accommodate estimator lags. To avoid this
computational overhead, we fix T = 29 and
set N = T — 15. This adjustment is com-
putationally efficient and asymptotically
negligible.

4.1 Numerical Verification of Strong
Consistency

The strong consistency of the
estimators derived in Theorem R.3 is ver-
ified through a Monte Carlo study. Since
the Hurst indices significantly influence
the sample path behavior of the model, we
design the experiment to assess perfor-
mance across a diverse range of index
combinations. In this analysis, sample
paths of the BmT2fBm process are sim-
ulated using a fixed step size of & = 1
and constant model parameters: u = 0.5,
o =1.5,a = 2.5,and 8 = 2.0. To clearly
observe the asymptotic behavior of the
estimators, we vary the sample size expo-
nent ¢ = 14, 16, 18, 20, 22 (where T = 29)
alongside the following pairs of Hurst
parameters (H1, Hz): (0.1,0.3), (0.1,0.6),
(0.1,0.9), (0.3,0.6), (0.3,0.9), (0.4,0.7),
(0.4,0.9), (0.6,0.9), and (0.7,0.9). Based
on 1000 independent simulations for
each parameter combination, we report
the averaged values of the six estimators
an, HY, ﬁz(vZ)’ as, AIQV and 0y in Table
and Table 2. Additionally, to visually illus-
trate the strong consistency of the proposed
estimators, Fig. [l| plots these averaged
values as the sample size increases for
representative pairs of Hurst parameters.
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The convergence of the trend
estimator i is examined in Table [I.
The averaged values remain consistently
close to the true value u = 0.5 across
all tested (Hy, Hs) pairs and sample size
exponents g. These results demonstrate the
robust performance of the estimator, which
achieves high accuracy even at the lowest
sample size considered and exhibits clear
asymptotic convergence as N increases.

The strong consistency of ﬁj(vl)

and ﬁ](VQ) is demonstrated in Table f. We
observe persistently negative averaged
values for ﬁl(\,l) in the (0.1,0.3) pair and
a negative averaged value in the (0.3, 0.6)
pair. Moreover, some averaged values
for ﬁl(\?) exceed 1 in the (0.6,0.9) and
(0.7,0.9) pairs. These out-of-bounds esti-
mates are primarily associated with certain
configurations of the Hurst parameters, as
will be discussed in Section #.2. Apart from
the fluctuations observed in the averaged
estimates, a closer inspection of individual
sample paths reveals that in some cases,
the value of ﬁf\}) is exactly equal to ﬁl(\?)
This is caused by non-positive values of
the discriminant D ~, which forces the
roots Xy and yy to be equal. We denote
the frequency of these occurrences as
Np<o. Crucially, a non-zero Np<g does
not inherently invalidate the computed
values of ﬁ](\}) and ﬁ](\?), as the accuracy
of their averaged values remains robust
even when the roots coincide. We observe
that Np<g decreases significantly as ¢
increases; however, it remains positive for
the (0.3,0.6) and (0.4,0.7) pairs even at
q = 22.

We now turn to the verification
of strong consistency for the coefficient
estimators @3, ,E?V, and 73, with re-
sults summarized in Table P Based on
the behavior at ¢ = 22, the Hurst pa-
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Table 1. Averaged values of iy across 1000 Monte Carlo paths with varying g. The true parameters
are u =0.5,0 = 1.5, =2.5,and 8 = 2, with h = 1.

q
H, H, 14 16 18 20 22
0.1 0.3 0.50052 0.50009 0.50001 0.49999 0.50001
0.1 0.6 0.50170 0.50132 0.50079 0.50004 0.50001
0.1 09 0.52853 0.52679 0.52885 0.50200 0.50250
0.3 0.6 0.50164 0.50128 0.50077 0.50004 0.50001
0.3 09 0.52847 0.52675 0.52884 0.50200 0.50250
0.4 0.7 0.50377 0.50358 0.50262 0.50019 0.50004
04 0.9 0.52832 0.52667 0.52878 0.50202 0.50249
0.6 0.9 0.52671 0.52593 0.52778 0.50224 0.50226
0.7 09 0.52348 0.52451 0.52496 0.50299 0.50149
~ 1)
053 ﬁ_\_n_'_,_fn\ 08¢ Hy
%) errnannasaasnneness Wovsrrasssasesssaninn %3 17 S el ot el bt e P T ®
9 , 4 R )
§ 052F (01 09) § ]
2 -a--(0.3,0.9) 3z L
%051 (056, 09) %04 ot R
o % (0.7, 0.9) ) R e
< < &= ® e e o
0.49 : : : : : 0 : : : : :
14 16 18 20 22 14 16 18 20 2z
o ¥
i a%
117 Hx 8¢ 2 B
g g | — ;
g g4
S0t s
4
0.8 0 : : : :
14 16 18 20 2z
q
&3
a2} dl X,
g S6l
3 4t 3
> >
% 381 % ¢ “x
E 36 * 22f
| | \ | | 0 | : ‘ ‘
14 16 18 20 22 14 16 18 20 2z

q

Fig. 1. Averaged values of the proposed estimators for representative Hurst parameter pairs:
(0.1,0.9), (0.3,0.9), (0.6,0.9), and (0.7,0.9) as the sample size exponent g increases. The dashed
horizontal lines indicate the corresponding true parameter values. The true model parameters are
u=05,0=15a=25and =2, withh =1.

rameter pairs can be classified into three
(1) those exhibiting valid

categories:
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numerical convergence toward the true
parameters;

(2) those yielding special-
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Table 2. Consolidated averaged values of ﬁl(vl), H (2), &]2\,, Eﬁ,, and 5',2\,, along with the count Np <,
across 1000 Monte Carlo paths with varying g. The true parameters are ¢ = 0.5,0 = 1.5, = 2.5,
and 8 = 2, with h = 1.

H Hy 4 16 13 20 22 True Value
AY 006301 -0.10365 -0.13134 -0.15869 -0.03021 0.1
H? 037869 041678 0.46422 049483  0.41950 0.3
01 03 az NaN NaN Inf 446321 526272 6.25
B2 NaN NaN Inf 537423 5.10819 4
&1,5\, NaN NaN NaN  2.66234  2.12887 2.25
Np<o 28 9 1 0 0 .
AD 000142  0.10450 0.11960 0.11217  0.10310 0.1
H? 058882 055093 0.57372  0.58586  0.59656 0.6
01 0.6 a’,% NaN NaN Inf Inf 6.48045 6.25
B2 NaN NaN Inf Inf 2441964 4
&% NaN NaN NaN NaN  -18.40021 2.25
Np<o 417 343 179 4 0 .
H() 013640 012698 0.11398  0.10982  0.10445 0.1
H? 084039 0.86526 087657 0.88378  0.88863 0.9
01 0.9 a’?v JInf  7.38507  6.68990 651722  6.39557 6.25
32 Inf 415292 3.96086  3.94385  3.93387 4
&% NaN 053650 1.51191 178858  1.98559 2.25
Nb<o 16 0 0 0 0 -
HJ -000171 0.16019 024138 029081 031115 03
A2 045972 062042 0.61246 0.58622  0.58115 0.6
03 0.6 EEN NaN NaN NaN Inf Inf 6.25
B2 NaN NaN NaN -Inf -Inf 4
5—% NaN NaN NaN NaN NaN 2.25
Np<o 438 504 437 374 257 .
AY 033442 035563 032426 031598  0.30505 0.3
A2 082482 084811 0.87229  0.88199  0.88805 0.9
03 0.9 ah;‘, Inf Inf 679748 7.81230  6.69328 6.25
32 Inf Inf 423064  4.03061  3.95949 4
&% NaN NaN 1.13454 040685  1.66226 2.25
Np<o 272 66 0 0 0 .
Y 020770 027965 030105 038415  0.40933 0.4
H? 090791 081266 071969  0.69097  0.68478 0.7
0.4 0.7 ay, NaN NaN NaN -Inf -Inf 6.25
B2 NaN NaN NaN Inf Inf 4
5'1,% NaN NaN NaN NaN NaN 2.25
Np<o 275 427 418 340 216 ,
HY 035160 046376 044752 043068  0.40621 0.4
H? 092651 085568 0.86091 0.87798  0.88737 0.9
0.4 0.9 {iN NaN NaN -Inf -Inf 12.64700 6.25
B2 NaN NaN Inf Inf 3.99650 4
&% NaN NaN NaN NaN  -4.32847 2.25
Nb<o 346 322 99 10 0 .
H{' 015128 021842 038914 053031  0.59920 0.6
H? 101443 1.02517 095966 0.89890  0.89306 0.9
0.6 0.9 az NaN NaN 359861  5.08506  6.32351 6.25
B2 NaN NaN 3.45826  3.75565  3.77811 4
&%’, NaN NaN  5.10517  3.40917 221334 2.25
Np<o 10 2 0 0 0 -
AD 016272 024232 045009 0.61351  0.69763 0.7
H? 099948  1.04742  1.00428 091707  0.90470 0.9
0.7 0.9 a? NaN Inf 649416  0.80762  5.64549 6.25
B2 NaN Inf 425616  4.18316  3.61739 4
&1,% NaN NaN 140784 725799  3.05126 2.25
Np<o 20 1 0 0 0 .

30
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valued averages (Inf, -Inf, or NaN), namely
(0.3,0.6) and (0.4,0.7); and (3) those
producing numerical but physically in-
valid averaged values, exemplified by the
negative 5'12\, for (0.1,0.6) and (0.4,0.9).
We begin with the simplest case, Category
(1). In these scenarios, where the count of
non-positive discriminants is zero (Np<g =
0) at ¢ = 22, the estimators demonstrate
clear convergence toward the true param-
eter values. Regarding Category (2), the
special-valued averages correspond directly
to the occurrence of non-positive discrim-
inants. As evident from the table, the
presence of such paths invariably results in
Inf, -Inf, or NaN averaged values. This
dependency arises because the special-
valued averages stem from singularities
intrinsic to the estimator formulas: the
denominators vanish when Xy = yu, a
condition occurring precisely when Dy <
0. Due to the algebraic structure, uy
and vy diverge with opposite signs. This
causes 512\, and E?v to diverge in opposite
directions (averaging to NaN if both signs
appear), while &]%,, which involves the
sum 4y + vV, encounters an indeterminate
form directly within individual trajectories.
Consequently, any occurrence of a non-
positive discriminant invariably results in
a NaN average for o7,. We observe in
Table P that Np<o decreases significantly
as g increases. It is expected that as Np<q
reaches zero, the estimators in Category
(2) are likely to produce numerical values
that are not Inf, -Inf, or NaN, similar to
Category (1) or (3). Similarly, as ¢
increases further, the estimators in Category
(3) will eventually mirror the convergence
behavior of Category (1).

In summary, we have verified the
strong consistency of the estimator vector
0. However, the convergence behavior is
not uniform across all cases; while many
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parameter pairs demonstrate rapid conver-
gence within the tested sample sizes, others
exhibit slower asymptotic behavior. This
variability is primarily driven by the spe-
cific values of H; and Hs. A detailed analy-
sis of their impact on estimator performance
is provided in the next subsection.

4.2 Impact of Hurst Parameters

This subsection examines the im-
pact of H; and Hs on estimation accuracy.
Although theoretical convergence is guar-
anteed as N — oo, we fix ¢ = 22 for
this analysis, as it allows for a clear ob-
servation of the estimators’ behavior across
all cases. We present averaged values
for a comprehensive set of (Hy, H2) pairs,
covering all possible one-decimal-place
combinations. The results are summarized
in Table .

The first observation is that Np<g is
significantly influenced by the values of H
and Hs, tending to be higher when both
indices are close to 0.5. This trend is no-
tably observed in the (0.4, 0.6) pair, which
yields the highest count, followed by the
(0.3,0.6) and (0.4,0.7) pairs. Next, we
examine the impact of index placement
by comparing parameter pairs with equiv-
alent relative distances from 0.5 in two dis-
tinct scenarios: first, where both indices in
one pair are above 0.5 while those in the
other are below 0.5; and second, where the
indices in both pairs straddle 0.5. In the
first scenario, comparing (0.3,0.4) with
(0.6,0.7) reveals that the former yields a
positive Np<g while the latter does not.
This discrepancy arises from the property
of fBm, which exhibits short-range depen-
dence if H < 0.5 and long-range depen-
dence if H > 0.5. In the second scenario,
comparing (0.2, 0.6) with (0.4, 0.8) shows
that despite having symmetric distances
from 0.5, the pair containing the smaller
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Table 3. Consolidated averaged values of ﬁ;vl), f]l(vz), 612\,, Eﬁ,, 5',%,, and i, along with the count
Np<o, across 1000 Monte Carlo paths with fixed ¢ = 22 for all possible one-decimal-place combi-

nations of (Hy, Hs). The true parameters are u = 0.5,0- = 1.5, = 2.5, and 8 = 2, with h = 1.

=625 p2=4 0%2=225 pu=05
H, H» Np< HY HY a2, B2 a2 N
01 02 0  -0.13898 0.44353  3.39753  6.60623  2.49600  0.50001

0.1 03 0 -0.03021 0.41950 5.26270  5.10820  2.12890  0.50001
0.1 04 0 0.05219 0.44400 5.46431 5.48453 1.55097  0.50001
0.1 0.6 0 0.10310 0.59656  6.48040 24.41960 -18.40020 0.50001
0.1 0.7 0 0.10086 0.69894  6.30313  4.09650  2.09990  0.50005
0.1 0.8 0 0.10192 0.79745 631090  4.05312  2.12702  0.50039
0.1 09 0 0.10445 0.88863  6.39560  3.93390 1.98560  0.50250
02 03 0 -0.09316 0.49072  2.88992  7.17183 2.43802  0.50001
02 04 0 -0.02271 0.61224  4.63092  4.33756  3.53132  0.50001
02 06 40 0.21117  0.58796 Inf -Inf NaN 0.50001
02 0.7 0 0.20160 0.69818  6.44523  4.22646 1.82785  0.50005
02 0.8 0 0.20241 0.79715 637746  4.07148 2.04210  0.50039
02 09 0 0.20461 0.88839  6.46861 3.94400 1.90242  0.50250
03 04 3 -0.00897 0.57838 NaN NaN NaN 0.50000
03 06 257 031115 0.58115 Inf -Inf NaN 0.50001
03 0.7 4 0.30522  0.69448 -Inf Inf NaN 0.50005

03 0.8 0 0.30368 0.79648  6.75973 4.12136 1.60995  0.50039
03 09 0 0.30505 0.88805  6.69330  3.95950 1.66230  0.50250

04 06 422 035978 0.60931 NaN NaN NaN 0.49999
04 0.7 216 0.40933 0.68478 -Inf Inf NaN 0.50004
04 038 6 0.40921 0.79286 -Inf Inf NaN 0.50038
04 09 0 0.40621 0.88737 12.64700  3.99650  -4.32850 0.50249
06 0.7 0 0.19286 0.94475 3.61876  5.36072 3.52011  0.49981
0.6 0.8 0 0.52956 0.83954 292350  3.60819 5.95937  0.50014
0.6 09 0 0.59920 0.89306  6.32350  3.77810  2.21330  0.50226
0.7 0.8 0 0.45191 0.98358  4.69889  4.66727 3.12427  0.49938
0.7 09 0 0.69763  0.90470  5.64550  3.61740 3.05130  0.50149
0.8 09 0 0.65877 1.10091  6.08115 3.76690  2.45202  0.49844

32



P. Ketrat and R. Tanadkithirun | Science & Technology Asia | Vol.31 No.3 July - September 2026

index 0.2 yields a significantly higher
count. Consequently, Np<o tends to be
higher for the pair containing an index that
deviates further below 0.5.

The second important observation
is that the averaged values of ﬁl(\,l) and

ﬁz(\?) exhibit larger deviations from the true
values when H; and Hy are close to each
other. This behavior is clearly visible
across the pairs (0.6,0.7), (0.6,0.8), and
(0.6,0.9). We observe that the averaged
values deviate most for the closest pair,
(0.6,0.7), but become progressively closer
to the true parameters as the indices be-
come more distant, resulting in accurate
averaged values for the most separated pair,
(0.6,0.9). Furthermore, even when the
distance between the indices is identi-
cal, parameter pairs where both values are
below 0.5 exhibit larger deviations from the
true parameters compared to pairs where
both indices exceed 0.5. This is evident
when comparing (0.1, 0.3) with (0.7,0.9);
the former yields poor averaged values
(—0.030 and 0.420), while the latter is
precise (0.698 and 0.905). A similar
pattern is observed for other pairs with
equivalent separations, such as (0.1,0.4)
versus (0.6,0.9) and (0.2,0.4) versus
(0.6,0.8). This phenomenon arises from
the dependence properties of fBm. In sum-
mary, the accuracy of the estimators tends
to deteriorate significantly when the two
Hurst parameters are close to each other or
when both are below 0.5. Revisiting the re-
sults in Table [, the negative averaged es-
timates observed for the (0.1,0.3) pair can
be attributed to this Hurst parameter effect.
However, by the strong consistency result,
the estimates are guaranteed to converge to
the true parameter as the sample size in-
creases. This asymptotic behavior becomes
evident at ¢ = 22, where the averaged es-
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timate moves noticeably closer to the true
parameter.

The third key observation concerns
the coefficient estimators 6212\,, EIZ\,, and
AZQV, corresponding to B BH>  gpd
W, respectively. Having addressed the
special-valued cases, we now focus on
the valid numerical values. We find that
estimation accuracy is fundamentally gov-
emed by the relative distinctness among
Hi, H>, and the Brownian index 0.5.
When any pair of these values is close,
their corresponding stochastic components
exhibit similar dynamics, confounding the
identification of their coefficients. To illus-
trate this, we examine three representative
cases characterized by different proximity
patterns: Case (1), where H; = 0.4 is
close to the Brownian index 0.5 while
Hs, = 0.9 is distant; Case (2), where
Hy = 0.6 is close to 0.5 while H; = 0.1
is distant; and Case (3), where H; = 0.1
and Hy = 0.2 are close to each other but
well-separated from 0.5. In the first two
cases, the proximity of a Hurst index to the
Brownian index results in substantial
errors for the pair 3]2\, and 612\, in Case (1),
and the pair 53, and 32, in Case (2), while
the estimator for the distant component
remains robust. In Case (3), the distinctness
of the Brownian index 0.5 from both frac-
tional indices allows 31%, to remain reliable,
whereas 512\, and EJQ\/ may still suffer from
mutual confounding. Furthermore, despite
identical separations, pairs below 0.5
exhibit larger deviations than those above
0.5, as exemplified by the comparisons of
(0.1,0.4) versus (0.6,0.9) and (0.1,0.2)
versus (0.8,0.9).

The final key observation is that the
trend estimator gy is robust across all
(Hy, Hs) pairs. However, a comparison
of cases with a fixed Hy reveals that av-
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eraged values corresponding to Hy = 0.9
consistently exhibit the largest deviation
from the true value. This occurs because as
the Hurst index increases, the fBm produces
paths that become progressively smoother,
thereby closely mimicking a linear trend.

In summary, the accuracy of the
estimators depends heavily on the wval-
ues of Hy and Hy. The estimators tend
to exhibit increased errors when the in-
dices are close to each other or near 0.5.
Although the estimators are theoretically
consistent, these challenging cases require
significantly larger sample sizes to achieve
accurate results.

4.3 Effect of Function Selection for G-
As discussed in Section [, esti-
mators for o? can be constructed using
various Borel functions. In this subsection,
we examine the family of estimators 8,3 N
for k = 1,...,6. We will numerically
demonstrate the strong agreement among
these estimators using two complementary
approaches. First, we analyze how the
discrepancies between the estimators
evolve as the sample size exponent ¢
increases. Second, we present estimated
values for individual simulation paths
to directly illustrate the closeness of the

estimates. Throughout this analysis, we
fix the model parameters at u = 0.5,0 =
1.5, = 25,8 = 2.0,H; = 0.1, and
Hy =0.9.

To implement the first approach, we
conducted a Monte Carlo simulation study
varying the parameter g across the values
14,16, 18, 20,22. For each of the 1000
generated paths, we computed the range
of the estimates by calculating the differ-
ence between the maximum and minimum
values obtained from all six estimators. The
averages of these ranges are summarized in
Table f. The results demonstrate a clear
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decreasing trend, confirming that although
discrepancies may be pronounced at smaller
sample sizes, they diminish as the sample
size increases, and the estimators asymptot-
ically converge to a unified value.

We address the second objective
by examining the estimated values for
individual simulation paths. Throughout
our simulations, we consistently observe
that while estimates may deviate from the
true parameter value, these six different
estimators exhibit a uniform pattern of
deviation. To illustrate this general behav-
ior, Table [ presents the results for five
representative  independent trajectories.
Notably, estimators derived from the
quadratic functions (077, to G2 ) yield
results that are nearly identical, whereas the
estimator derived from the cubic function
(5‘62’ ) differs slightly yet remains within
an acceptable range.

In conclusion, the results demon-
strate a clear dependency on the sample
size exponent g. The discrepancies among
the six estimators are amplified at lower
sample sizes. However, the average range
decreases monotonically as ¢ increases,
validating the asymptotic convergence of
all estimators. This means that while the
choice of function can slightly impact the
estimate at limited sample sizes, the over-
all findings indicate that the influence of
the function selection becomes negligible as
N — oo. Furthermore, as noted in Remark
B.3, although an alternative equation could
be employed to estimate o2 within the
estimator vectors in Theorems and B.2,
the results would remain consistent with the
asymptotic behavior observed here.

4.4 Comparison of Proposed Estimators

Following the analysis where only
the estimator for o-2 was modified, we now
extend our comparison to the full estimator
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Table 4. Averaged range of estimates for 5’,? N (kK =1,...,6) across 1000 Monte Carlo paths with
varying ¢g. The true parameters are 4 = 0.5,0 = 1.5, = 2.5, = 2, H; = 0.1, and Hy = 0.9, with

h=1.
q 14 16 18 20 22
Average Range NaN 0.9773 0.5190 0.2002 0.1819
Table 5. Estimates obtained using 5’,? n (kK =1,...,6) across five representative independent simu-

lation paths with fixed ¢ = 22. The true parameters are u = 0.5,0 = 1.5, = 2.5,8 = 2,H; = 0.1,

and Hy = 0.9, with h = 1.

Tin Tin Tin Tin TN To.n
2.2253287 2.2253304 2.2253291 2.2252986 2.2251340 22734313
1.8626352 1.8625612 1.8625786 1.8628086 1.8633384 1.8628291
2.2417247 2.2417274 2.2417156 22416714 2.2415880 2.3908448
2.6743607 2.6743356 2.6743426 2.6743540 2.6744836 2.7016142
0.2601327 0.2601406 0.2601360 0.2601335 0.2599453 0.2814503

vectors: 6§ (from Theorem P.3), 6 (from
Theorem B.1)), and 6 (from Theorem B.2).
Since the estimator for u remains identical
across all vectors, our focus narrows to
the five remaining parameters. We assess
the agreement among these three vectors
using two complementary approaches:
first, by analyzing the evolution of
discrepancies among the estimators as the
sample size exponent ¢ increases; and
second, by examining estimated values
from individual simulation paths to directly
visualize their proximity.

To implement the first approach, we
conducted a Monte Carlo simulation study
varying the parameter g across the values
14,16, 18, 20, 22, while fixing the model
parameters at 4 = 0.5,0 = 15,a =
2.5, = 2.0,H; = 0.1, and Hy = 0.9.
For each of the 1000 generated paths, we
computed the range of the estimates for
the five distinct parameters. The aver-
ages of these ranges are summarized in
Table . The results exhibit a clear de-
creasing trend, confirming that while dis-
crepancies are more pronounced at smaller
sample sizes, they diminish consistently as
the sample size increases. This provides
strong evidence that the estimators from all
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three theorems asymptotically converge to
a unified value.

We address the second objective by
examining estimates obtained from vari-
ous parameter sets at a fixed sample size
exponent of ¢ = 22. Consistent pat-
terns of agreement are observed across
all investigated scenarios. Three repre-
sentative parameter sets were selected as
illustrative examples, whose results from
a single simulation path are presented in
Table . The table displays the true
parameter values in the first column,
followed by the estimates obtained using 0,
0, and 6. The results mirror the patterns
observed in the previous analysis: even
when an individual trajectory yields de-
viations from the true parameters, their
estimates remain remarkably close to one
another. This confirms that for sufficiently
large ¢, the choice of the equation sys-
tem has minimal impact on the estimation
results.

In conclusion, the comparative
analysis of 5, 5, and 6 confirms their signif-
icant numerical agreement and consistent
asymptotic behavior. As evidenced by
the simulation results, while discrepancies
and occasional numerical instabilities
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Table 6. Averaged range of estimates for Hy, Ho, a?, ,82, and o2 across the estimator vectors 5 5,
and 6 over 1000 Monte Carlo paths with varying ¢g. The true parameters are u = 0.5,0 = 1.5, =

2.5,=2,H; =0.1,and Hy = 0.9, with h = 1.

q

Parameter 14 16 13 20 2
Hy 3.994x 1073 8.857x107* 2.145x10"* 5.027x107° 1.280x107°
H» 1.804x 1073  3.403x107% 7.594x107° 1.687x107° 4.144x10°6
a? NaN 2.831x1072 5.052x 1073 1.102x 1073 2.706 x 10~
B? NaN 1.188x 1072 2.329x 1073  5.033x107% 1.224x 107
o2 NaN 4.024x 1072  7.392x 1073 1.608 x 1073  3.939 x 10~*

Table 7. Comparison of parameter estimates
obtained using 0, 6, and § from a single sim-
ulation path for each of three representative pa-
rameter sets, with fixed g = 22.

Parameter 4 4 0
H, =0.1 0.1048506  0.1047530  0.1047762
H>; =0.9 0.8908218  0.8908533  0.8908458
a?=6.25 6.4469250  6.4448455 6.4453404
B2 =4 3.9366163  3.9356864  3.9359077
o2 =225 1.9602925 1.9632960 1.9626457
H, =0.1 0.1095725  0.1091502  0.1092836
H; =0.3 0.3480623  0.3476878  0.3478058
a? =0.0225  0.0326550  0.0325311 0.0325702
B2 =0.0625 0.0580209  0.0581066  0.0580796
o2 =0.04 0.0345079  0.0345461 0.0345342
H,; =0.7 0.6394608  0.6398109  0.6396807
H; =0.9 0.8708606  0.8709079  0.8708903
a’=1 0.7345192  0.7343801 0.7344310
pBZ=1 1.2551387 1.2543348 1.2546340
o?=1 0.9569409  0.9578841 0.9575413

(indicated by NaN values) are observable
at smaller sample sizes, they diminish
rapidly as ¢ increases, demonstrating
strong convergence across all estimator
vectors. Furthermore, regarding computa-
tional efficiency, the execution times for
all three estimator vectors were found to be
comparable. A similar observation holds
for the estimators 3]3,]\] (k 1,...,6),
which also exhibited negligible differences
in computational cost. However, when
applying these estimator vectors to real-
world data characterized by limited sample
sizes, determining the optimal choice
remains challenging, as relative perfor-
mance depends heavily on the specific
characteristics of the underlying series.
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This variability and data dependency are
further illustrated in the subsequent section.

5. Application to Cryptocurrency
Data

Asset price forecasting has tradi-
tionally relied on geometric Brownian
motion (gBm) due to its analytical
tractability. However, financial time series
often exhibit persistent correlations, which
the independent increments of Bm fail
to capture. To address this limitation,
fBm has been incorporated, leading to
the geometric mixed fractional Brownian
motion (gmfBm). In this study, we extend
this framework by introducing the geo-
metric Brownian motion mixed with two
fractional Brownian motions (gBm2{Bm).
This model provides enhanced flexibility
in capturing the heterogeneous depen-
dence structures observed in real markets.
We define the models directly via their
logarithmic price representations:

gBm:

S 1
log S—;) = (,u - 5(72) t+ oW,

gmfBm:

S
—z) = ut + oW, +an1,
So

gBm2{Bm:

log

S
—’) = ut + oW, + aB™ 4+ g2,

1
og S
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where S; denotes the asset price at time
t, and W,, B,Hl, and B,H2 are mutually
independent. For the gmfBm and
gBm2fBm models defined above, we
make no assumption regarding the stochas-
tic integral interpretation. However, under
the Itd6 interpretation, u is effectively
replaced by (u — %(72), from which u is
easily recovered via algebraic rearrange-
ment.

We focus on the daily closing prices
of the SOL token, sourced from Ya-
hoo Finance, a cryptocurrency selected for
its high liquidity and distinct volatility
patterns. The estimation period spans from
October 24, 2023, to July 20, 2025, com-
prising a total of 636 observations. Using
the estimated parameters, we simulate 1000
trajectories for each model that yields valid
parameters, employing conditional expec-
tation to preserve the dependency structure
inherent in the fractional components. The
predictive accuracy of these simulations is
then evaluated against the actual data from
July 21, 2025, to September 18, 2025. The
estimator vector for the gBm model, de-
noted as 6 = (4, &), is obtained following
Ibrahim et al. [6], while that for the gmfBm
model, denoted as 0 = (ﬂ,(},d,I:I), is
estimated following Kukush et al. [16].
For the gBm2fBm model, we apply the
three estimator vectors 5,5,5 derived in
this work. The estimated parameters are
reported in Table §. We observe that
the gmfBm model yields a negative Hurst
index (H = -0.084), violating the the-
oretical condition H € (0,1). Simi-
larly, the alternative gBm2fBm estimators
6 and 0 produce invalid results for this
specific dataset, yielding imaginary volatil-
ity coefficients and non-positive Hurst in-
dices. These anomalies serve as empirical
evidence of the estimation challenges dis-
cussed in Section [, which may arise from

37

the occurrence of a non-positive discrimi-
nant in the observed trajectory or deviations
from the model’s underlying assumptions.
Consequently, for the simulation and error
analysis, we proceed using only the valid
estimates from @ for the gBm2{fBm model,
alongside the standard gBm model.

The simulation results derived
from these two models are presented in
Figs. B-B. Fig. P presents a comparison
between ten randomly selected simu-
lated paths and the actual historical data.
To provide a comprehensive view, all
simulated trajectories are plotted in Fig. .
As evident from these plots, the trajectories
generated by the gBm and gBm2fBm
models are visually indistinguishable.
Given this visual resemblance, we evaluate
predictive performance using the Mean
Absolute Percentage Error (MAPE) and
Root Mean Squared Percentage Error
(RMSPE), calculated via two averaging
approaches:  Mean-then-Error (error of
the averaged path) and Error-then-Mean
(average of individual path errors). As
detailed in Table [, the gBm2fBm model
(5) consistently yields lower errors than
the gBm model across all metrics, indicat-
ing superior predictive accuracy for this
dataset.

In summary, this study evaluates
the practical performance of the proposed
estimators using daily closing prices of the
SOL token, benchmarking the gBm2fBm
model against gBm and gmfBm. While
the gmfBm model and the alternative
gBm2fBm estimator vectors (FQV, 0) yielded
theoretically invalid parameters for the
analyzed series, the gBm2fBm estimator
vector 6 remained valid and demonstrated
superior predictive accuracy. However,
estimator validity and performance are
highly sensitive to data characteristics.
Extended testing on other assets, such
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Table 8. Estimated parameters for each model based on SOL token data.

. Parameter
Model Estimator
u o a B H; H»>
gBm 0 0.003  0.047 — — — —
gmfBm 0 0.003 0.045  0.012 —  -0.084 —
0 0.003 0.038 0017 0023 0137 0543
¢Bm2fBm 0 0.003  0.046  0.0004i 0.012  0.000 -0.138
14 0.003  0.046  0.0004i 0.012  0.000 -0.145
gBm

400 -

—Actual Data

300

200

gBm2fBm

400 -

300

200

Fig. 2. Comparison of ten simulated paths with the actual observed data.

Table 9. Percentage errors for the gBm and
¢gBm2fBm models under two averaging ap-
proaches.

Criterion gBm gBm2fBm (5)
MAPE (Mean-then-Error) 7.1923 6.7612
MAPE (Error-then-Mean) 21.802 21.302
RMSPE (Mean-then-Error)  0.8828 0.8350
RMSPE (Error-then-Mean)  2.5511 2.4933

as BTC and RENDER, confirmed this
variability, as either the proposed
gBm2fBm model or the simpler gBm
model proved superior depending on
the specific dataset and time interval.
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Therefore, rather than claiming universal
dominance, we present the gBm2fBm
model as a valuable alternative for
modeling asset prices.

6. Discussion and Conclusion

This study applies the ergodic
theorem to estimate the parameters of the
BmT2fBm model. Our theoretical and
numerical investigations yield three key
insights.

First, we conclude that the choice
of Borel functions for constructing the
estimators does not significantly impact the
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gBm gBm2fBm
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— Actual Data —Actual Data
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Fig. 3. Comparison of the full set of simulated trajectories (1000 paths) with the actual data.

results when the sample size is sufficiently sizes are required to achieve robust conver-
large. The estimator vectors derived from gence compared to other configurations.
different Borel function selections yield Finally, the empirical application
estimates that remain remarkably close to to cryptocurrency data highlights the
one another, confirming the robustness of predictive superiority of the gBm2fBm
the estimation method based on the ergodic model over standard benchmarks like
theorem. However, establishing the precise gBm. However, real-world data can trigger
theoretical rate of convergence for these theoretical singularities, resulting in invalid
estimators remains an open question that parameters for certain estimator vectors.
would provide valuable insights for future Therefore, the gBm2fBm model offers a
research. viable alternative for modeling asset prices
Second, while strong consistency is or processes potentially characterized by
guaranteed as N — oo, finite-sample the interplay of Brownian and fractional
performance is critically sensitive to the stochastic drivers. However, its suitability
configuration of the Hurst indices. Our is not guaranteed in advance and thus re-
simulations reveal that estimation errors quires empirical verification. Practitioners
and numerical instabilities, manifesting as are advised to first estimate the model
non-positive discriminants or undefined parameters for the dataset; the occurrence
(NaN) coefficients, are most prevalent of invalid estimates (e.g., H ¢ (0,1) or
when H; and Hs are in close proximity to non-real coefficients) may indicate that
each other or to the Brownian limit of 0.5. the sample size is insufficient, the model
In such regimes, significantly larger sample is misspecified, or the chosen estimation
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framework is unsuitable for the underlying
process.

Despite these contributions, the
present framework has certain theoretical
limitations that suggest directions for future
research. Currently, the model relies on
the assumption that the driving stochastic
processes (W, B and B"2) are mutually
independent and that the observations are
collected at regularly spaced time intervals.
In many practical applications, such as
financial markets, these assumptions may
be restrictive due to potential dependence
structures and irregular sampling schemes.
Therefore, future work could extend the
proposed estimation framework to settings
with correlated driving processes. In
addition, adapting the methodology to ir-
regularly spaced observations or extending
the model to a multivariate setting would
be natural and promising directions for
further research.
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