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ABSTRACT
In this article, we propose a parameter estimation method based on pivotal quantities

for the Gumbel distribution following the progressive Type-II censoring scheme. We also
conduct a simulation study to assess the efficiency of the proposed method compared to the
classical maximum likelihood estimation method. Simulation results indicate that a pivot-
based method performs better than the likelihood method in terms of both bias and mean
squared error, particularly for the case of small sample sizes. Finally, we apply the proposed
method to two real applications and evaluate its performance through different goodness-
of-fit criteria. The results demonstrate competitive performance of the method across both
applications.

Keywords: Parameter estimation; Pivotal quantity; Point estimation; Progressive Type-II
censoring; The Gumbel distribution

1. Introduction
TheGumbel distribution, also known

as the extreme value distribution, is an im-
portant distributionwidely applied in differ-
ent contexts such as in meteorology (Gum-
bel [1]), hydrology (Rao and Hamed [2]),
finance (McNeil et al. [3]), and engineer-
ing (Castillo [4]). For instance, Heinz et
al. [5] introduced homogeneity tests based

on the extreme value distribution, Loaiciga
[6] utilized the Gumbel distribution to ana-
lyze extreme hydrologic events, and Huang
et al. [7] employed the Gumbel distribution
to study the pit corrosion depth of concrete
girder bridges.

Moreover, the Gumbel distribution
has been extended to study different types
of censored data usually occurring in med-
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ical data such as Type-I censoring (Raynal
and Salas [8]) and Type-II censoring (Ab-
bas et al.[9]). One widely applied censoring
scheme is the Type-II progressive censoring
which was first introduced in Herd [10] in
terms of themulti-censored sample (Balakr-
ishnan and Aggarwala, [11]). The concept
of the progressive Type-II is that a gener-
alization of Type-II censoring occurs when
the experiment is divided into 𝑚 channels.
In this case, the numbers to be censored
in different channels 𝑅=(𝑅1, 𝑅2, ..., 𝑅𝑚),
known as the censoring scheme, are fixed,
but the experimental times, 𝑇1, 𝑇2, ..., 𝑇𝑚,
are not fixed. Specifically, in a life-testing
experiment with a total of 𝑛 units, only 𝑚
units are fully observed until failure. When
the first unit fails, 𝑅1 of the remaining 𝑛 −
1 units are randomly removed (censored)
from the test. After the next failure, 𝑅2 of
the remaining 𝑛−2−𝑅1 units are censored,
and this process continues. Finally, when
the 𝑚-th failure occurs, all the remaining
𝑅𝑚 = 𝑛 − 𝑚 − 𝑅1 − · · · − 𝑅𝑚−1 units are
censored. Since the progressive Type-II is
known to be an efficient censoring scheme
that can save time and budgets, it has been
widely applied in different contexts. For
example, Mann [12] introduced a new es-
timator for the Weibull distribution using
the concept of order statistics and linear re-
gression under progressive Type-II censor-
ing. Furthermore, Balakrishnan et al. [13]
developed recurrence relations for the sin-
gle and product moments of progressively
Type-II censored data from a logistic distri-
bution. They also investigated the proper-
ties of these relations, including the means,
variances, and covariances. Several studies
of the progressive for Gumbel distribution
have been conducted in literature. For in-
stance, the censoring scheme was discussed
intensively in Balakrishnan and Aggarwala
[11]. Parameter estimation for the progres-

sive Type-II censoring for the Gumbel dis-
tribution was investigated in Balakrishnan
et al. [14] where the author introduced an
approximation of the maximum likelihood
estimation (AMLE) by using the Taylor se-
ries expansion. Their results suggest that
the approximated estimates are similar to
the maximum likelihood estimation (MLE).
Later, Salem et al. [15] studied the max-
imum likelihood estimator (MLE) and the
Bayes estimator for the Gumbel distribution
with progressive Type-II censoring.

Many parameter estimation tech-
niques to the maximum likelihood estima-
tion method have been investigated in lit-
erature. One such technique is the pivot-
based estimation technique which has been
proposed for many aspects. For example,
Kim et al. [16] proposed a new param-
eter estimation based pivotal quantity to
obtain parameter estimation for the Pareto
distribution. The authors showed that the
Pivot-based method performs better than
the maximum likelihood estimation tech-
nique. Therefore, the approach has been
widely extended in literature. For instance,
Seo et al. [17] extended the pivotal quantity
method of Kim et al. [16] to estimate the
parameters of the Pareto distribution with
Type-II censoring scheme. Shang and Gui
[18] proposed a pivotal inference for the
Rayleigh distribution based on progressive
first-failure censored data, combining the
pivotal quantity method with the modified
method of moments introduced by Kirimi
et al. [19]. Hussain et al. [20] also used
the pivotal quantity method with the least
squares estimation and order statistics to ob-
tain parameter estimation of the Pareto dis-
tribution.

In this study, we extend the pivot-
based parameter estimation method of
Shang and Gui [7] to the Gumbel distribu-
tion under the progressive Type-II censor-
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ing scheme. Moreover, we evaluate its per-
formance through a simulation study and
two real applications. The remainder of
the paper is organized as follows. Sec-
tion 2 presents the maximum likelihood es-
timator (MLE), which is used as a bench-
mark for comparison with the proposed
PQ method. Section 3 introduces the pro-
posed parameter estimation approach. Sec-
tion 4 presents simulation results compar-
ing the method with the maximum likeli-
hood method. Section 5 applies the method
to two real datasets. Finally, a discussion is
provided in Section 6.

2. Maximum Likelihood Estimation
Let 𝑚 be the number of failures be-

fore the termination of study and 𝑋1 < 𝑋2 <
· · · < 𝑋𝑚 denote a progressively Type-II
censored sample from the Gumbel distribu-
tion with the probability density function

𝑓𝑋 (𝑥) =
1

𝜎
𝑒 (𝑥−𝜇)/𝜎𝑒−𝑒

(𝑥−𝜇)/𝜎
,

and the cumulative distribution function
(CDF)

𝐹𝑋 (𝑥) = 1 − 𝑒−𝑒
(𝑥−𝜇)/𝜎

,

for −∞ < 𝑥 < ∞,−∞ < 𝜇 < ∞, 𝜎 > 0.
The progressive Type-II censoring scheme
is described by (𝑅1, . . . , 𝑅𝑚) where 𝑅𝑖 (𝑖 =
1, ..., 𝑚) denotes the number of units re-
moved after 𝑖𝑡ℎ failure. The likelihood
function is given by

𝐿 (𝜇, 𝜎) = 𝐶
𝑚∏
𝑖=1

𝑓 (𝑥𝑖; 𝜇, 𝜎) [1 − 𝐹 (𝑥𝑖; 𝜇, 𝜎)]𝑅𝑖 ,

where

𝐶 = 𝑛(𝑛 − 𝑅1 − 1)(𝑛 − 𝑅1 − 𝑅2 − 2)

· · ·
(
𝑛 −

𝑚−1∑
𝑖=1

𝑅𝑖 − 𝑚 + 1

)
,

is a constant that depends only on the cen-
soring scheme. The log-likelihood function
is therefore

ℓ(𝜇, 𝜎) = log𝐶 +
𝑚∑
𝑖=1

log 𝑓 (𝑥𝑖; 𝜇, 𝜎)

+
𝑚∑
𝑖=1

𝑅𝑖 log [1 − 𝐹 (𝑥𝑖; 𝜇, 𝜎)] .

The maximum likelihood estimators are
obtained by solving the score equations

𝜕ℓ(𝜇, 𝜎)
𝜕𝜇

= 0,
𝜕ℓ(𝜇, 𝜎)

𝜕𝜎
= 0,

where these equationsmay be evaluated uti-
lizing a numerical solver such as the R’s
nleqslv function.

3. Parameter estimation based on
pivotal quantities

This section introduces the proposed
estimation method. The estimating equa-
tions are presented first, followed by the
theoretical results that support the proposed
approach.

3.1 The Method
To obtain the pivot-based parame-

ter estimation, we first transform the sam-
ple to a standard exponential distribution
and then apply the properties of the chi-
squared distribution. Specifically, for each

𝑖 = 1, 2, ..., 𝑚, define 𝑌𝑖 = exp

(
𝑋𝑖 − 𝜇

𝜎

)
,

then we obtain in Theorem 6.1 that 𝑌1 <
𝑌2 < · · · < 𝑌𝑚 form a progressively Type-II
censored sample from a standard exponen-
tial distribution. Having obtained 𝑌𝑖 , we
construct a new set of variables 𝑇𝑖 , where

𝑇1 = 2𝑛𝑌1,

𝑇𝑖 = 2
[
𝑚 − 𝑖 + 1 +

𝑚∑
𝑗=𝑖

𝑅 𝑗

]
(𝑌𝑖 − 𝑌𝑖−1); (𝑖 = 2, ..., 𝑚).

By the same technique as in Shang and Gui
[18], we prove in Theorem 6.2 that the ran-
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dom variables 𝑇𝑖 (𝑖 = 2, ..., 𝑚) are indepen-
dent and identically distributed as 𝜒2(2).
Therefore, (see Lemma 6.2)

𝑈𝑚 =
𝑚∑
𝑖=1

𝑇𝑖 = 2
𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
(
𝑋𝑖 − 𝜇

𝜎

)
,

(3.1)

follows a chi-squared distribution with 2𝑚
degrees of freedom with the expectation

𝐸 (𝑈𝑚) = 2𝑚, (3.2)

and the variance

Var(𝑈𝑚) = 4𝑚.

Therefore, the pivotal quantity
𝑈𝑚

2𝑚
, has

mean and variance

𝐸

(
𝑈𝑚

2𝑚

)
= 1 and Var

(
𝑈𝑚

2𝑚

)
=

1

𝑚
,

respectively. Integrating these results with
the Chebyshev’s inequality, the pivotal
quantity

𝑈𝑚

2𝑚
converges to one in probabil-

ity as 𝑚 goes to infinity.
Similarly, define

𝑆𝑚 =
𝑚∑
𝑖=2

𝑇𝑖

= 𝑈𝑚 − 𝑇1

= 2
𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
(
𝑋𝑖 − 𝜇

𝜎

)
− 2𝑛 exp

(
𝑋1 − 𝜇

𝜎

)
.

Then, 𝑆𝑚 follows a chi-squared distribution
with 2𝑚 − 2 degrees of freedom with the
expectation

𝐸 (𝑆𝑚) = 2(𝑚 − 1),

and the variance

Var(𝑆𝑚) = 4(𝑚 − 1).

Consequently, by the independence be-
tween 𝑇1 and 𝑆𝑚, the statistic 𝑄𝑚, defined
as

𝑄𝑚 =
𝑇1/2

𝑆𝑚/[2𝑚 − 2] (3.3)

=
(𝑚 − 1)𝑛𝑒 1

𝜎 (𝑋1−𝜇)

𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑒
1
𝜎 (𝑋𝑖−𝜇) − 𝑛𝑒

1
𝜎 (𝑋1−𝜇)

,

(3.4)

is a pivotal quantity following 𝐹 (2, 2(𝑚 −
1)) distribution. Accordingly, we obtain

𝐸

(
𝑄𝑚

𝑚 − 1
− 1

𝑚 − 2

)
= 0, (3.5)

and

Var

(
𝑄𝑚

𝑚 − 1
− 1

𝑚 − 2

)
=

Var(𝑄𝑚)
(𝑚 − 1)2

=
𝑚 − 1

(𝑚 − 2)2 (𝑚 − 3) ,

converging to zero as𝑚 approaches to infin-
ity. Therefore, by Chebyshev’s inequality,

𝑄𝑚

𝑚 − 1
− 1

𝑚 − 2

𝑃−→ 0.

Following Shang and Gui [18], the es-
timators of 𝜇 and 𝜎 are obtained based
on the asymptotic properties of the pivotal
quantities. By the Weak Law of Large
Numbers, the pivotal quantities converge in
probability to their corresponding expecta-
tions. Therefore, from Eqs. (3.1)-(3.2) and
Eqs. (3.3)-(3.5), the estimating equations
are given by

𝑈𝑚 = 2𝑚, (3.6)

and

𝑄𝑚 =
𝑇1/2

𝑆𝑚/(2(𝑚 − 1)) =
𝑚 − 1

𝑚 − 2
, (3.7)
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respectively. Using Eqs. (3.6)-(3.7), the es-
timators 𝜇 and 𝜎̂ can be obtained by solving
the following two equations

(𝑚 − 1)𝑛𝑒
𝑋1
𝜎̂

𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑒
𝑋𝑖
𝜎̂ − 𝑛𝑒

𝑋1
𝜎̂

=
𝑚 − 1

𝑚 − 2
, (3.8)

and

2
𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
{(

𝑋𝑖 − 𝜇

𝜎̂

)}
= 2𝑚.

(3.9)

Rearranging Eq. (3.8), we can see that 𝜎̂
can be obtained by numerically solving∑𝑚

𝑖=1(1 + 𝑅𝑖)𝑒𝑥𝑖/𝜎̂

𝑒𝑥1/𝜎̂
= 𝑛(𝑚 − 1), (3.10)

which can be done by a nonlinear equation
solver such as the R’s nleqslv function.
Substituting the obtained 𝜎̂ into Eq. (3.9),
we can obtain the estimator 𝜇. In particu-
lar, Eq. (3.10) yields,

𝜇 = 𝜎̂ log

(
𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑒𝑥𝑖/𝜎̂
)
. (3.11)

3.2 Theoretical Results
In this theorem, we present important

theoretical properties of the proposed esti-
mators 𝜎̂ and 𝜇 constructed in Section 3.1.
We begin by showing that the estimating
equation for 𝜎 has a unique positive solu-
tion, ensuring the uniqueness of 𝜎̂. We then
establish the consistency of 𝜎̂, followed by
the consistency of 𝜇.

Proposition 3.1. For𝑚 > 2, the estimating
equation

𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
(𝑥𝑖 − 𝑥1

𝜎

)
= 𝑛(𝑚 − 1),

(3.12)

has the unique positive solution for 𝜎, say
𝜎̂.

Proof. Let ℎ(𝜎) be the term on the left side
defined as a function of 𝜎,

ℎ(𝜎) =
𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
(𝑥𝑖 − 𝑥1

𝜎

)
;𝜎 > 0.

Then ℎ(𝜎) is a continuous function of 𝜎.
Therefore, to prove the main result, we will
show that the function ℎ is strictly decreas-
ing on [0,∞). In particular, since 𝑥1 < 𝑥2 <
· · · < 𝑥𝑚, we obtain

ℎ′ (𝜎) = −
𝑚∑
𝑖=2

(1+𝑅𝑖)
𝑥𝑖 − 𝑥1
𝜎2

exp
( 𝑥𝑖 − 𝑥1

𝜎

)
< 0.

In addition,

lim
𝜎→0+

ℎ(𝜎) = ∞,

and

lim
𝜎→∞

ℎ(𝜎) =
𝑚∑
𝑖=1

(1 + 𝑅𝑖) = 𝑛.

Consequently, ℎ(𝜎) decreases continu-
ously from infinity to 𝑛 and crosses 𝑛(𝑚 −
1) > 𝑛 exactly once. Therefore, the theo-
rem is proved. □

Theorem 3.2. The proposed estimators 𝜎̂
and 𝜇 are consistent estimators of the pa-
rameters 𝜎 and 𝜇, respectively.

Proof. From Eq. (3.11), we can see that 𝜇
can be regarded as a continuous function of
𝜎̂. Therefore, an integration of the consis-
tency of 𝜎̂ and the continuous mapping the-
orem leads to the consistency of 𝜇. As a re-
sult, it remains to prove the consistency of
𝜎̂. To achieve this, for any given parameter
vector (𝜇, 𝜎), we first define

𝑌𝑖 = exp

(
𝑋𝑖 − 𝜇

𝜎

)
, 𝑎 =

𝜎

𝜎̂
.

Then,

𝑋𝑖 − 𝑋1 = 𝜎 log

(
𝑌𝑖
𝑌1

)
,
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and the estimating Eq. (3.12) can be written
as

𝑚∑
𝑖=1

(1 + 𝑅𝑖)
(
𝑌𝑖
𝑌1

)𝑎
= 𝑛(𝑚 − 1).

Define 𝑀𝑚(𝑎) =
𝑚∑
𝑖=1

(1+𝑅𝑖 )
𝑛

(
𝑌𝑖
𝑌1

)𝑎
.

Then,
𝑀𝑚(𝑎) = 𝑚 − 1. (3.13)

From the definition of 𝑄𝑚,

𝑀𝑚(1) = 1+𝑚 − 1

𝑄𝑚
=

𝑚 − 1

𝑄𝑚

(
1 + 𝑄𝑚

𝑚 − 1

)
.

Therefore,

log𝑀𝑚(1) = log(𝑚 − 1) − log𝑄𝑚

+ log

(
1 + 𝑄𝑚

𝑚 − 1

)
. (3.14)

To prove the main result, we first define

𝑟𝑚 =
log𝑀𝑚(1)
log(𝑚 − 1) , and prove the following

statements.

1.) 𝑟𝑚 converges to one in probability as
𝑚 approaches infinity.

2.) For the estimator 𝑎, we obtain that

a) 1 ≤ 𝑎 ≤ (𝑟𝑚)−1 if 𝑎 ≥ 1,

b) (𝑟𝑚)−1 ≤ 𝑎 ≤ 1 if 0 < 𝑎 < 1.

To prove 1.), we first consider the limit in
distribution of 𝑄𝑚 defined in Eq. (3.3). We
first know that 𝑇1

2 ∼ Exp(1). In addition,
the Weak Law of Large Numbers implies
that

𝑆𝑚
2(𝑚 − 1) =

1

𝑚 − 1

𝑚∑
𝑖=2

𝑇𝑖
2

𝑃−→ 1.

Applying the Slutsky’s theorem, we ob-
tain that 𝑄𝑚 converges in distribution
to Exp(1). Therefore, log𝑄𝑚

log(𝑚−1) and

log(1+𝑄𝑚/(𝑚−1) )
log(𝑚−1) converge to zero in distri-

bution, implying the convergence in proba-
bility. Applying these limits to Eq. (3.14),
we can show that 𝑟𝑚 converges to one in
probability as 𝑚 approaches to infinity.
To prove 2.), we note that if 𝑎 ≥ 1, then
the function 𝑓 (𝑥) = 𝑥𝑎 is convex; con-
sequently, the Jensen’s inequality and Eq.
(3.13) imply that

𝑚 − 1 = 𝑀𝑚(𝑎) ≥ {𝑀𝑚(1)}𝑎 .

Applying the logarithm function, we have

1 ≤ 𝑎 ≤ (𝑟𝑚)−1.

By the same technique, if 0 < 𝑎 ≤ 1, then
the function 𝑓 (𝑥) = 𝑥𝑎 is concave; and the
Jensen’s inequality yields

𝑀𝑚(𝑎) ≤ {𝑀𝑚(1)}𝑎,

so that
(𝑟𝑚)−1 ≤ 𝑎 ≤ 1.

Therefore, results in 1.) and 2.) imply that
𝑎 converges to one in probability; conse-
quently, we obtain from the definition of 𝑎
that 𝜎̂ converges to 𝜎 in probability. In par-
ticular, 𝜎̂ in a consistent estimator of 𝜎 □

4. Simulation Results
In this section, we perform a simu-

lation study to investigate performance of
the proposed pivot-based method compar-
ing to the well-known maximum likelihood
estimation (MLE) method. The settings of
parameters are 𝜇 = 0, 1, and 𝜎 = 1. The
sample sizes considered are 𝑛 = 10, 30, 50
ranging from small to large sample sizes.
Different numbers of failures 𝑚 are consid-
ered for each sample size to evaluate the es-
timation methods across a range of realis-
tic scenarios. In particular, we consider the
following three settings:

Scenario 1 : 𝑛 = 10, 𝑚 = 4, 5, 6,
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Scenario 2 : 𝑛 = 30, 𝑚 = 4, 15, 18,

Scenario 3 : 𝑛 = 50, 𝑚 = 4, 25, 30.

In each scenario, we include two ex-
treme censoring schemes: Scheme 1 (S1)
:= (0, 0, . . . , 0, 𝑛 − 𝑚) and Scheme 2
(S2) := (𝑛 − 𝑚, 0, 0, . . . , 0). For sim-
plicity, the two schemes are denoted as
((𝑚−1) ∗0, 𝑛−𝑚) and (𝑛−𝑚, (𝑚−1) ∗0),
respectively. For example, (4 ∗ 0, 20)
represents the scheme (0, 0, 0, 0, 20). Each
scenario is repeated for 10,000 simulation
runs. To generate the dataset for each
simulation run, we follow the simulation
algorithm of Balakrishnan and Sandhu
(1995) described as follows.

1. Generate 𝑚 independent obser-
vations 𝑊1,𝑊2, . . . ,𝑊𝑚 from the
Uniform(0, 1) distribution.

2. For each 𝑖 = 1, 2, . . . , 𝑚, define

𝑉𝑖 = 𝑊1/(𝑖+𝑅𝑚+𝑅𝑚−1+···+𝑅𝑚−𝑖+1 )
𝑖 .

3. For each 𝑖 = 1, 2, . . . , 𝑚, set

𝑈𝑖 = 1 −𝑉𝑚𝑉𝑚−1 . . . 𝑉𝑚−𝑖+1.

Therefore, the resulting observations
𝑈1,𝑈2, . . . ,𝑈𝑚 form a progressively
Type-II censored sample from the
Uniform(0, 1) distribution.

4. For each 𝑖 = 1, 2, . . . , 𝑚, set

𝑋𝑖 = 𝐹−1(𝑈𝑖),

where 𝐹−1(·) is the inverse cumu-
lative distribution function of the
Gumbel distribution. Therefore,
𝑋1, 𝑋2, . . . , 𝑋𝑚 form a progressively
Type-II censored sample from the
Gumbel distribution.

5. Obtain the PQ estimate of 𝜎 by nu-
merically solve
𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp(𝑋𝑖/𝜎̂)

exp(𝑋1/𝜎̂)
= 𝑛(𝑚 − 1).

The nonlinear equation is solved us-
ing the nleqslv function in R.

6. After obtaining 𝜎̂, compute the PQ
estimate 𝜇 from

𝜇 = 𝜎̂ log

[
1

𝑚

𝑚∑
𝑖=1

(1 + 𝑅𝑖) exp
(
𝑋𝑖

𝜎̂

)]
.

7. Obtain the maximum likelihood esti-
mates (𝜇MLE, 𝜎̂MLE) by solving the
corresponding likelihood equations

𝜕ℓ(𝜇, 𝜎)
𝜕𝜇

= 0,
𝜕ℓ(𝜇, 𝜎)

𝜕𝜎
= 0,

using the nleqslv function in R.

8. Repeat Steps 1–7 for 𝑁 simulation
replications. For each estimation
method, calculate the average bias
andmean squared error of the estima-
tors. Convergence is declared when
the default convergence criterion of
nleqslv is satisfied.

To investigate the sensitivity of the numer-
ical procedure to the choice of initial val-
ues, the average estimates of 𝜇 and 𝜎̂ were
computed using initial values perturbed by
10%, 50%, and 100% around the true pa-
rameter values (𝜇, 𝜎) = (0,1). The same
simulated data set was used for all runs. The
results, presented in Table 3 show that the
average estimates remain nearly unchanged
across the three perturbation levels for both
the PQ and MLE methods under both cen-
soring schemes. This suggests that the nu-
merical solutions are stable and not sensi-
tive to the choice of initial values.
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Table 1. The average bias (AB) and the mean squared error (MSE) of PQs and MLEs for (𝜇, 𝜎) =
(0, 1).

n m Scheme
𝜇 𝜎

PQ MLE PQ MLE
Bias MSE Bias MSE Bias MSE Bias MSE

10 4 S1: (3*0,6) -0.0447 0.1058 -0.3238 0.4969 0.0870 0.0802 -0.2333 0.2341
S2: (6,3*0) -0.0698 0.2210 -0.1807 0.3099 0.2221 0.1429 -0.1192 0.1239

5 S1: (4*0,5) -0.0317 0.1192 -0.2104 0.3095 0.1023 0.0813 -0.1836 0.1768
S2: (5,4*0) -0.0780 0.2078 -0.1297 0.2451 0.2349 0.1461 -0.1102 0.1065

6 S1: (5*0,4) -0.0237 0.1289 -0.1413 0.2137 0.1378 0.0785 -0.1492 0.1401
S2: (4,5*0) -0.0848 0.1816 -0.0941 0.1961 0.2318 0.1184 -0.1009 0.0935

30 4 S1: (3*0,26) -0.0124 0.0386 -0.6339 1.3937 0.0647 0.0342 -0.2461 0.2389
S2: (26,3*0) -0.0351 0.1570 -0.2363 0.3439 0.1475 0.0938 -0.0615 0.0784

15 S1: (14*0,15) -0.0062 0.0302 -0.0704 0.0903 0.0449 0.0299 -0.0594 0.0583
S2: (15,14*0) -0.0537 0.0746 -0.0390 0.0747 0.1481 0.0445 -0.0355 0.0353

18 S1: (17*0,12) -0.0050 0.0352 -0.0484 0.0630 0.0589 0.0305 -0.0495 0.0472
S2: (12,17*0) -0.0539 0.0633 -0.0286 0.0611 0.1321 0.0360 -0.0342 0.0315

50 4 S1: (3*0,46) -0.0114 0.0268 -0.7512 1.9668 0.0465 0.0237 -0.2475 0.2418
S2: (46,3*0) -0.0163 0.1379 -0.2345 0.3470 0.1230 0.0797 -0.0434 0.0656

25 S1: (24*0,25) 0.0033 0.0174 -0.0411 0.0523 0.0387 0.0188 -0.0346 0.0333
S2: (25,24*0) -0.0441 0.0447 -0.0214 0.0436 0.1124 0.0243 -0.0208 0.0206

30 S1: (29*0,20) 0.0024 0.0203 -0.0264 0.0381 0.0452 0.0208 -0.0273 0.0271
S2: (20,29*0) -0.0418 0.0383 -0.0149 0.0365 0.0992 0.0187 -0.0190 0.0183

Having obtained the 10,000 samples
following the progressive Type-II censoring
scheme, we compute parameter estimates
by the proposed pivot-basedmethod and the
maximum likelihood estimation method.
The results of the two methods are com-
pared by using the average bias (AB) and
the mean squared error (MSE). In particu-
lar, for each estimator 𝜃 of a parameter 𝜃,
the average bias (AB) and the mean squared
error (MSE) are respectively defined as

AB(𝜃) = 1

𝑁

𝑁∑
𝑖=1

(
𝜃𝑖 − 𝜃

)
, (4.1)

MSE(𝜃) = 1

𝑁

𝑁∑
𝑖=1

(𝜃𝑖 − 𝜃)2, (4.2)

where 𝑁 is the number of simulation runs
and 𝜃𝑖 is the estimate from the 𝑖-th sample.

The calculated AB and MSE are
presented in Tables 1-2 for the cases of

(𝜇, 𝜎) = (0, 1) and (𝜇, 𝜎) = (1, 1), respec-
tively. The boxplots of parameter estimates
for the setting (𝜇, 𝜎) = (0, 1) and the cases
of 𝑚 = 4 and 𝑚 = 0.6𝑛, representing low
and high levels of censoring, are shown in
Figs. 1-2, respectively.

From Tables 1-2, we observe that the
average biases (ABs) of the PQ method
are negative for the parameter 𝜇 and posi-
tive for the parameter 𝜎, whereas the ABs
of the MLE are negative for both param-
eters. Considering the absolute average
bias (AAB) and the mean squared error
(MSE), the PQ method generally provides
smaller values than the MLE for estimat-
ing the location parameter 𝜇. For the scale
parameter 𝜎, however, the relative perfor-
mance depends on the censoring scheme
and sample size. In particular, the MLE
produces smaller AAB andMSE in some of
Scheme 2 settings, whereas the PQ method
performs comparably in many other cases.
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Table 2. The average bias (AB) and the mean squared error (MSE) of PQs and MLEs for (𝜇, 𝜎) =
(1, 1).

n m Scheme
𝜇 𝜎

PQ MLE PQ MLE
Bias MSE Bias MSE Bias MSE Bias MSE

10 4 S1: (3*0,6) -0.0437 0.1119 -0.3275 0.5067 0.0905 0.0819 -0.2353 0.2312
S2: (6,3*0) -0.0717 0.2199 -0.1849 0.3173 0.2226 0.1366 -0.1208 0.1224

5 S1: (4*0,5) -0.0374 0.1165 -0.2180 0.3112 0.1077 0.0795 -0.1812 0.1762
S2: (5,4*0) -0.0868 0.1956 -0.1383 0.2403 0.2340 0.1248 -0.1081 0.1061

6 S1: (5*0,4) -0.0298 0.1289 -0.1509 0.2179 0.1414 0.0796 -0.1543 0.1409
S2: (4,5*0) -0.0912 0.1845 -0.1010 0.1976 0.2346 0.1235 -0.1050 0.0939

30 4 S1: (3*0,26) -0.0104 0.0386 -0.6157 1.3907 0.0614 0.0339 -0.2411 0.2449
S2: (26,3*0) -0.0310 0.1589 -0.2296 0.3399 0.1444 0.0945 -0.0588 0.0813

15 S1: (14*0,15) -0.0064 0.0308 -0.0718 0.0915 0.0464 0.0300 -0.0597 0.0590
S2: (15,14*0) -0.0546 0.0744 -0.0400 0.0753 0.1492 0.0447 -0.0358 0.0357

18 S1: (17*0,12) -0.0055 0.0367 -0.0492 0.0644 0.0623 0.0308 -0.0472 0.0454
S2: (12,17*0) -0.0559 0.0643 -0.0305 0.0616 0.1328 0.0366 -0.0320 0.0302

50 4 S1: (3*0,46) -0.0100 0.0271 -0.7420 2.0052 0.0452 0.0238 -0.2456 0.2431
S2: (46,3*0) -0.0103 0.1354 -0.2267 0.3406 0.1183 0.0783 -0.0422 0.0664

25 S1: (24*0,25) 0.0026 0.0174 -0.0426 0.0526 0.0399 0.0189 -0.0348 0.0346
S2: (25,24*0) -0.0453 0.0449 -0.0228 0.0438 0.1133 0.0250 -0.0217 0.0215

30 S1: (29*0,20) 0.0012 0.0203 -0.0297 0.0379 0.0472 0.0207 -0.0319 0.0275
S2: (20,29*0) -0.0433 0.0382 -0.0155 0.0366 0.0995 0.0187 -0.0227 0.0186

For the PQ method, the AAB values re-
main relatively stable across different sam-
ple sizes and censoring schemes, while the
MSE generally decreases as the sample size
increases. In contrast, the MLE exhibits
relatively large AAB and MSE when the
number of observed failures is small (e.g.,
𝑚 = 4). For example, when 𝑛 = 50 and
𝑚 = 4 under Scheme 1 (Scheme (3∗0, 46))
in Table 1, the AAB and MSE of the MLE
are 0.7512 and 1.9668 for 𝜇, and 0.2475
and 0.2418 for 𝜎, respectively, which are
substantially larger than those of the PQ
method. Similar patterns can also be ob-
served in Table 2 for the case (𝜇, 𝜎) =
(1, 1). From Figs. 1-2, the boxplots show
that the PQ estimates are generally centered
around the true values for both 𝜇 and 𝜎.
For the location parameter 𝜇, the medians
of the PQ estimates are consistently close
to the true values across all simulation set-
tings. For the scale parameter 𝜎, the rela-

tive performance of the PQ and MLE meth-
ods depends on the censoring scheme and
sample size. In particular, the MLE pro-
duces estimates closer to the true value in
some of Scheme 2 settings, whereas the PQ
method performs comparably inmany other
cases. The boxplots also indicate that the
variability of the PQ estimates is generally
comparable to that of the MLE. In several
settings, particularly under Scheme 1 and
for small sample sizes, the PQ estimates ex-
hibit slightly smaller dispersion. Overall,
the graphical results are consistent with the
numerical summaries reported in Tables 1-
2.

5. Applications
In this section, we apply the proposed

estimation method to two real datasets. The
first dataset is the “Breaking down of an in-
sulating fluid” dataset in Viveros and Bal-
akrishnan [21] involving the log-times to
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Fig. 1. Boxplots of the estimates of 𝜇 and 𝜎 under Scheme 1 (top) and Scheme 2 (bottom) for 𝜇 = 0,
𝜎 = 1, with (𝑛, 𝑚) = (10, 4), (30, 4), (50, 4).
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Fig. 2. Boxplots of the estimates of 𝜇 and 𝜎 under Scheme 1 (top) and Scheme 2 (bottom) for 𝜇 = 0,
𝜎 = 1, with (𝑛, 𝑚) = (10, 6), (30, 18), (50, 30).
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Table 3. Average estimates of 𝜇 and 𝜎 under 10%, 50%, and 100% perturbations of the initial values.

n m Estimator Scheme Initial perturbation Average 𝜇 Average 𝜎̂
30 14 PQ 1 10% 0.0986 1.2274

50% 0.1101 1.2353
100% 0.1176 1.2478

2 10% -0.0697 1.1707
50% -0.0729 1.1643
100% -0.0750 1.1689

MLE 1 10% -0.0705 0.9400
50% -0.0882 0.9249
100% -0.1639 0.8599

2 10% -0.0405 0.9633
50% -0.3243 0.7405
100% -0.6694 1.0801

18 PQ 1 10% 0.0457 1.1997
50% 0.0524 1.2046
100% 0.0579 1.2198

2 10% -0.0611 1.1675
50% -0.0693 1.1543
100% -0.0700 1.1622

MLE 1 10% -0.0492 0.9496
50% -0.0782 0.9207
100% -0.2197 0.7784

2 10% -0.0313 0.9644
50% -0.2449 0.7690
100% -0.4089 1.1851

breakdown of an insulating fluid tested at
34 kilovolts. The second dataset is the “Av-
eraging wind speed values” dataset pre-
sented in Zhang and Gui [22] involving 30
observed monthly average wind speed val-
ues from 2006 to 2008. For each of the
datasets, we compute parameter estimates
corresponding with their bootstrap standard
errors (SEboot(𝜃)) and coefficient of varia-
tion (CV). A parametric bootstrap proce-
dure with 𝐵 = 1000 replications was used
to estimate the bootstrap standard errors and
coefficients of variation. For each bootstrap
replication, a complete random sample of
size 𝑛 was generated from the fitted Gum-
bel distribution using the estimated param-
eters. The original progressive Type-II cen-
soring scheme was then imposed to obtain
a bootstrap progressively Type-II censored
sample, fromwhich the parameter estimates

were recalculated. The bootstrap procedure
is summarized in Algorithm.

1. Estimate 𝜇 and 𝜎̂ from the observed
progressively Type-II censored sam-
ple.

2. Generate a complete random sample
of size 𝑛 from the fitted Gumbel dis-
tribution with parameters (𝜇, 𝜎̂).

3. Apply the original progressive Type-
II censoring scheme (𝑅1, . . . , 𝑅𝑚)
to obtain a bootstrap progressively
Type-II censored sample.

4. Compute the bootstrap estimates 𝜇𝑏
and 𝜎̂𝑏 from the bootstrap sample.

5. Repeat Steps 2–4 for 𝐵 = 1000 boot-
strap replications.
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6. Calculate the bootstrap mean, boot-
strap standard error, and coefficient
of variation.

For each of the datasets, we compute
parameter estimates corresponding with
their bootstrap standard errors (SEboot(𝜃))
and coefficient of variation (CV). The
SEboot and CV of any estimator 𝜃 are cal-
culated as

SEboot(𝜃) =

√√√
1

𝐵 − 1

𝐵∑
𝑏=1

(𝜃𝑏 − 𝜃boot)2,

CV =
SEboot
𝜃boot

,

where

𝜃boot =
1

𝐵

𝐵∑
𝑏=1

𝜃𝑏,

𝐵 is the number of bootstrap replications
and 𝜃𝑏 (𝑏 = 1, 2, . . . , 𝐵) is the esti-
mate from the 𝑏th bootstrap sample. More-
over, we apply different goodness-of-fits
to the fitted distribution. These criteria
are Anderson-Darling (AD), Cramer-von
Mises (CM), and Kolmogorov-Smirnov
(KS) tests (Zhu [23]), respectively defined
as

AD =
[
1 + 0.75

𝑛
+ 2.25

𝑛2
]

×
[
− 𝑛 − 1

𝑛

𝑛∑
𝑗=1

{(2 𝑗 − 1)

× log(𝑈 𝑗) + (2𝑛 + 1 − 2 𝑗) log(1 −𝑈 𝑗)}
]
,

CM =
[
1 + 0.75

𝑛
+ 2.25

𝑛2
]

×
[ 𝑛∑
𝑗=1

{ 𝑗 − 0.5

𝑛
−𝑈 𝑗}2 +

1

12𝑛

]
,

KS =
[√

𝑛 − 0.01 + 0.85
√
𝑛
]max(𝐷+, 𝐷−),

where 𝐷+ = max
𝑗=1,2,...,𝑛

{
𝑗

𝑛
−𝑈 𝑗

}
,

𝐷− = max
𝑗=1,2,...,𝑛

{
𝑈 𝑗 −

𝑗 − 1

𝑛

}
, and

𝑈 𝑗 = 𝐹 (𝑥 ( 𝑗 ) ; 𝜇, 𝜎̂), 𝑗 = 1, . . . , 𝑛,

with 𝐹 (·; 𝜇, 𝜎̂) is the fitted Gumbel cumu-
lative distribution function evaluated at the
ordered observations. The AD, CM, and
KS statistics are computed from these trans-
formed values following Zhu [23]. The cor-
responding p-values are obtained using our
implementation of the procedure described
in Zhu [23], with the parameters are re-
placed by their estimates.

5.1 Data Set 1 : Breaking down of an in-
sulating fluid

The first dataset contains 19 observa-
tions of the logarithm of breakdown times
for an insulating fluid tested at 34 kilo-
volts. A progressively Type-II censored
sample from this dataset is shown in Table
4. The parameter estimates, bootstrap stan-
dard errors, coefficients of variation, and
goodness-of-fit (GOF) statistics are sum-
marized in Table 5.

From Table 5, we can see that the
PQ method provides larger values of the
bootstrap standard errors and coefficients
of variation. However, considering the p-
values of the three goodness-of-fit statistics,
we can see that the p-values correspond-
ing to the PQ method are higher than those
of the MLE method. These results suggest
that the twomodels are comparable, and the
advancement between the two methods de-
pends on the evaluation criteria.

5.2 Data Set 2 : Averaging wind speed
values

The progressive Type-II censored
sample for this dataset, generated by Zhang
and Gui [18], is shown in Table 6. The
parameter estimates, bootstrap standard er-
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Table 4. Progressively Censored Sample Generated From the Log-Times to Breakdown Data on
Insulating Fluid Tested at 34 kilovolts.

𝑖 1 2 3 4 5 6 7 8
𝑥𝑖:18:13 -1.6608 -0.2485 -0.0409 0.2700 1.0224 1.5789 1.8718 1.9947

𝑅𝑖 0 0 3 0 3 0 0 5

Table 5. Result for Log-Times to Breakdown consist of Point estimates, Bootstrap standard errors
(SEboot(𝜃)), Coefficients of Variation (CV), Anderson-Darling (AD), Cramer-von Mises (CM), and
Kolmogorov-Smirnov (KS), for Progressive Type-II censored sample of parameter estimation meth-
ods of data set 1.
Method 𝜇 𝜎 Goodness-of-fit statistics (p-values)

𝜇 SEboot (𝜇) CV 𝜎̂ SEboot ( 𝜎̂) CV AD CM KS
PQ 2.192 0.4464 0.1895 0.974 0.4425 0.3424 2.7944 (0.745) 0.5509 (0.745) 1.4761 (0.738)
MLE 2.222 0.1923 0.0924 1.026 0.0999 0.1091 2.9034 (0.659) 0.5739 (0.668) 1.4868 (0.685)

Table 6. Progressive Type-II censored sample generated by Zhang and Gui [18].

𝑖 1 2 3 4 5 6 7 8 9
𝑥𝑖:18:13 2 2.7 2.8 2.9 3.2 3.3 3.3 3.4 3.5

𝑅𝑖 1 0 1 1 0 1 1 0 1
𝑖 10 11 12 13 14 15 16 17 18

𝑥𝑖:18:13 3.9 4 4.7 5.3 5.4 5.5 5.7 6.7 6.9
𝑅𝑖 1 0 1 1 0 1 1 0 1

rors, coefficients of variation along with the
corresponding goodness-of-fit statistics, are
provided in Table 7.

Similar to the first dataset, we can see
that the PQ method provides slightly larger
values of the bootstrap standard errors and
coefficients of variation. However, consid-
ering the p-values of the three the goodness-
of-fit statistics, we can see that the p-values
corresponding to the PQ method are higher
than those of the MLE method. These re-
sults suggest that the two models are com-
parable.

6. Discussion
In this study, we proposed a pivot-

based parameter estimation method for the
Gumbel distribution under a progressive
Type-II censoring scheme. The perfor-
mance of the proposed method was inves-

tigated through a simulation study. The
simulation results indicate that the proposed
method generally provides more accurate
estimation of the location parameter 𝜇 than
the maximum likelihoodmethod in terms of
bias and mean squared error. For the scale
parameter 𝜎, the relative performance de-
pends on the censoring scheme and sam-
ple size, and the proposed method per-
forms comparably to the maximum likeli-
hood method in most simulation settings.
Finally, the proposed method was applied
to two real datasets. The results show that
the proposed method yields parameter es-
timates and goodness-of-fit comparable to
those obtained by the maximum likelihood
method. Several directions for future re-
search may be pursued, including extend-
ing the proposed method to other censoring
schemes and distributions, as well as invest-
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Table 7. Result for Averaging wind speed values consist of Point estimates, Bootstrap standard errors
(SEboot(𝜃)), Coefficients of Variation (CV), Anderson-Darling (AD), Cramer-von Mises (CM), and
Kolmogorov-Smirnov (KS), for Progressive Type-II censored sample of parameter estimation meth-
ods of data set 2.

Method 𝜇 𝜎 Goodness-of-fit statistics (p-values)
𝜇 SEboot (𝜇) CV 𝜎̂ SEboot ( 𝜎̂) CV AD CM KS

PQ 6.333 0.3483 0.0549 1.835 0.4917 0.2267 5.1037 (1.00) 1.0179 (1.00) 2.0634 (0.997)
MLE 6.358 0.2715 0.0433 1.877 0.1567 0.0867 5.1608 (1.00) 1.0314 (1.00) 2.0783 (0.938)

ing the performance of the proposedmethod
to other datasets.
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Appendices
In this section, we provide detailed

proofs of the the properties of the trans-
formed variables𝑌𝑖 and𝑇𝑖 discussed in Sec-
tion 3.1.

Theorem 6.1. Let 𝑋1, . . . , 𝑋𝑚 be a pro-
gressively Type-II censored sample from the
Gumbel distribution with parameters 𝜇 ∈ R
and 𝜎 > 0. Define

𝑌𝑖 = exp

(
𝑋𝑖 − 𝜇

𝜎

)
, 𝑖 = 1, . . . , 𝑚.

Then
𝑌1, . . . , 𝑌𝑚

constitute a progressively Type-II censored
sample from the standard exponential dis-
tribution.

73



C. Sangarun and J. Suntornchost | Science & Technology Asia | Vol.31 No.3 July - September 2026

Proof. Let

𝑌 = exp

(
𝑋 − 𝜇

𝜎

)
.

Then

𝑋 = 𝜇 + 𝜎 ln𝑌,

����𝑑𝑋𝑑𝑌 ���� = 𝜎

𝑌
.

Since

𝑓𝑋 (𝑥) =
1

𝜎
exp

{𝑥 − 𝜇

𝜎

}
exp

{
− exp

(𝑥 − 𝜇

𝜎

)}
,

the density of 𝑌 is

𝑓𝑌 (𝑦) = 𝑓𝑋 (𝜇 + 𝜎 ln 𝑦)
����𝑑𝑋𝑑𝑌 ����

=
1

𝜎
exp(ln 𝑦) exp(−𝑦) · 𝜎

𝑦

= 𝑒−𝑦 , 𝑦 > 0.

Hence,
𝑌 ∼ Exp(1).

Since the transformation

𝑌 = exp

(
𝑋 − 𝜇

𝜎

)
is strictly monotone, the progressive Type-
II censoring scheme is preserved. There-
fore, the transformed observations form
a progressively Type-II censored sample
from the standard exponential distribu-
tion. □

Theorem 6.2. For the transformed pro-
gressively Type-II censored exponential
sample, define

𝑇1 = 2𝑛𝑌1,

and

𝑇𝑖 =2

(
𝑚 − 𝑖 + 1 +

𝑚∑
𝑗=𝑖

𝑅 𝑗

)
(𝑌𝑖 − 𝑌𝑖−1),

𝑖 = 2, . . . , 𝑚.

Then
𝑇1, 𝑇2, . . . , 𝑇𝑚

are independent random variables with

𝑇𝑖 ∼ 𝜒2
2 , 𝑖 = 1, . . . , 𝑚.

Proof. The joint density of the progres-
sively Type-II censored exponential sample
is

𝑓 (𝑦1, . . . , 𝑦𝑚) = 𝐶
𝑚∏
𝑖=1

𝑒−(1+𝑅𝑖 )𝑦𝑖 ,

where 𝐶 is a normalizing constant. Apply-
ing the above transformation, the Jacobian
is

|𝐽 | = 1

2𝑚𝐶
.

Hence,

𝑓 (𝑡1, . . . , 𝑡𝑚) = 𝑓 (𝑦1, . . . , 𝑦𝑚) |𝐽 |

=
𝑚∏
𝑖=1

(
1

2
𝑒−𝑡𝑖/2

)
.

Since the joint density factors into the prod-
uct of the marginal densities,

𝑓𝑇𝑖 (𝑡) =
1

2
𝑒−𝑡/2, 𝑡 > 0,

the variables

𝑇1, . . . , 𝑇𝑚

are mutually independent and each follows
a chi-square distribution with two degrees
of freedom. □

Lemma 6.3. Let

𝑇1 = 2𝑛𝑌1

and, for 𝑖 = 2, . . . , 𝑚,

𝑇𝑖 = 2

(
𝑚 − 𝑖 + 1 +

𝑚∑
𝑗=𝑖

𝑅 𝑗

)
(𝑌𝑖 − 𝑌𝑖−1).

Then
𝑚∑
𝑖=1

𝑇𝑖 = 2
𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑌𝑖 .
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Proof. Define

𝑐𝑖 = 𝑚 − 𝑖 + 1 +
𝑚∑
𝑗=𝑖

𝑅 𝑗 , 𝑖 = 2, . . . , 𝑚.

Using

𝑛 = 𝑚 +
𝑚∑
𝑗=1

𝑅 𝑗 ,

we have

𝑐2 = 𝑚 − 1 +
𝑚∑
𝑗=2

𝑅 𝑗 = 𝑛 − 1 − 𝑅1.

Moreover, for 𝑖 = 2, . . . , 𝑚 − 1,

𝑐𝑖 − 𝑐𝑖+1 =

(
𝑚 − 𝑖 + 1 +

𝑚∑
𝑗=𝑖

𝑅 𝑗

)
−

(
𝑚 − 𝑖 +

𝑚∑
𝑗=𝑖+1

𝑅 𝑗

)
= 1 + 𝑅𝑖 ,

and
𝑐𝑚 = 1 + 𝑅𝑚.

Therefore,

1

2

𝑚∑
𝑖=1

𝑇𝑖 = 𝑛𝑌1 +
𝑚∑
𝑖=2

𝑐𝑖 (𝑌𝑖 − 𝑌𝑖−1)

= 𝑛𝑌1 +
𝑚∑
𝑖=2

𝑐𝑖𝑌𝑖 −
𝑚∑
𝑖=2

𝑐𝑖𝑌𝑖−1.

Reindexing the last sum gives

𝑚∑
𝑖=2

𝑐𝑖𝑌𝑖−1 =
𝑚−1∑
𝑖=1

𝑐𝑖+1𝑌𝑖 .

Hence,

1

2

𝑚∑
𝑖=1

𝑇𝑖 = (𝑛 − 𝑐2)𝑌1

+
𝑚−1∑
𝑖=2

(𝑐𝑖 − 𝑐𝑖+1)𝑌𝑖 + 𝑐𝑚𝑌𝑚

= (1 + 𝑅1)𝑌1

+
𝑚−1∑
𝑖=2

(1 + 𝑅𝑖)𝑌𝑖 + (1 + 𝑅𝑚)𝑌𝑚

=
𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑌𝑖 .

Multiplying both sides by 2 yields

𝑚∑
𝑖=1

𝑇𝑖 = 2
𝑚∑
𝑖=1

(1 + 𝑅𝑖)𝑌𝑖 .

□
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