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ABSTRACT

In this paper, we introduce two new ¢-fixed point problems in the setting of complete
metric spaces using a-admissible mappings. The motivation of the work is derived from the
efforts for combining several trends of research in fixed point theory to create new results.
Existence and uniqueness results are established under appropriate conditions. The main
results are supported by two separate illustrative examples. The well-posedness property of
the proposed problems are investigated. One of the theorems is effectively applied to study
the solvability of a problem involving functional equations.
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1. Introduction and Mathematical sion of Banach’s contraction mapping prin-

Preliminaries

In 2014, Jleli et al. [[] first intro-
duced the concept of ¢-fixed point, that
is, a fixed point which is also a zero of a
given mapping. Using the above notion,
they derived a ¢-fixed point theorem using
some control functions, which is an exten-

ciple [2]. After that, many authors produced
different types of ¢-fixed point results in the
context of different metric spaces. Some
such recent works are [3-6].

In 2012, Samet et al. [{7] introduced
the concept of @-admissibility. Using the a-
admissibility concept they provided a new
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contraction mapping, which is known as
(a — ¥)- contraction, and established some
fixed point results in metric spaces. Further,
many works have been done in this direc-
tion. Some instances are [8—11].

We combine the above two new
trends in our work. Our main findings are
categorized under the ¢-fixed point prob-
lem, where we utilized @-admissible map-
pings and the contraction condition con-
tains rational components. Rational con-
traction was proposed by Das et al. [12].
The present work utilized two key advan-
tages of the a-admissibility condition. On
the one hand, it provides a flexible frame-
work for establishing a wide class of con-
tractive inequalities. On the other hand, it
relaxes the traditional contraction require-
ment by allowing the contractive condition
to be imposed only on a-admissible pairs,
rather than throughout the entire underlying
space.

We study the well-posedness prop-
erty of the main theorems. It can play a
crucial role in ¢-fixed point theory, if fur-
ther research can be done in this direction.
Some research works on the well-posedness
property in fixed point theory are [[13-16].

In the application section, a func-
tional equation is solved by a main theorem.
Functional equations frequently arise in dy-
namic programming, where they play a fun-
damental role in modeling and solving op-
timization problems. Solution of functional
equation by using fixed point methodology
appears to work like [[17-19].

Before starting the main results, we
recall some basic notations and concepts
that are used in the main findings. Through-
out the paper, we use the following nota-
tions:

N : the set of all natural numbers;
NU{0} : the set of all natural numbers with
Zero;
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R : the set of all real numbers;

Fr : the set of all fixed points of T = {u €
H :u=Tu};

Z, : the set of all zeroes of ¢ = {u € H :
e(u) =0};

FrnZy, ={ueH:u="Tuand p(u) =
0}, where T : H - Handp : H —
[0, o) are any two mappings and the set H
is non-empty.

Definition 1.1 ([[l]). Let H be a non-empty
set, T : H —» Hand ¢ : H — [0, )
be two mappings. An element u € H is
said to be a ¢-fixed point of 7' if and only if
u€ FrNZy, thatis, Tu = u and ¢(u) = 0.

Definition 1.2 ([[7]). Let H be a non-empty
setand @ : H X H — [0, co) be a mapping.
A self-mapping T : H — H is said to be
an a-admissible if a(u,v) > 1, foru,v € H
implies a(Tu,Tv) > 1.

Definition 1.3 ([20]). Let (#H, u) be a met-
ric space and @ : H X H — [0,0) be a
mapping. Then H is said to have a-regular
property if for every sequence {u,} in H
converging to u € H, a(uy,uy+1) = 1, for
all n € N implies that a(u,,u) > 1, for all
neN.

Let # denote the set of all functions F :
[0,00)3 — [0, o) satisfying the following
conditions:

(F1) max{a,b} < F(a,b,c), for
a,b,c € [0, );

(F2) F(0,0,0) = 0;

(F3) F is continuous;

(F4) F is non-decreasing with re-
spect to the first component;

(F5) F(apr + aa,b,c) <
F(ay,b,d) + F(as,d,c), for all
ai,as,b,c,d € [0, ).

In this paper, we take a class of functions
©® which is the set of all non-decreasing and
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continuous functions 6 : [0, c0) — [0, o0)
satisfying 3, 6"(¢) < oo, wheret > 0 is any

n=
real number and 0" is the n-th iterate of 6.

Lemma 1.4 ([5]). If0 € O, then 6(¢t) < t
foreveryt >0 and 6(0) = 0.

2. Main Results

Theorem 2.1. Let (H,u) be a com-
plete metric space with a-regular property,
where @« : H X H — [0,00). Let F €
F,0 € ®and ¢ : H — [0,00) be a
lower semi-continuous mapping. Let T :
H — H be a mapping such that T is a-
admissible and there exists ug € H for
which a(ug, Tug) > 1. Suppose that for all
u,v € H,

a(u,v)F(u(Tu,Tv), o(Tu), p(Tv))
< 6( max {F(M(u, v), o(u), e(v)),
F(N(u,v), o(v), p(Tv)),

%F(u(u,TV),so(u),sO(TV))}), @.1)

where

M (u,v) = max{u(u,v), u(u, Tu),
p(u, Tu)(1 + p(v,Tv))
#(v:Tu), 1+ u(Tu,Tv)
p(v, Tu)(1 + p(u,Tv))

1+ pu(u,v) )

and

N(u,v) = max{u(v,Tv),

p(v,Tv)(1 +M(M,T”))}
1+ pu(u,v) )

ThenT has a p-fixed point in H. Further, if
a(z.,wy) = 1, for all z.,w. € Fr, then the
@-fixed point is unique.

Proof. Let ug € H such that a(ug, Tug) >
1. We construct a sequence {u,},en in

>
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H such that u,4q Tu,, for all n €
N U {0}. As a(ug,Tug) = a(ug,ui) >
1, applying a-admissibility of 7, we have
a(u1,us) > 1. By induction, it follows that
a(uy,upe1) > 1, foralln € NU {0}. If
possible, suppose that u;.; = u;, for some
i € NU{0}. Then u; = u;4+1 = Tu;, that
is, u; is a fixed point of T. As a(u;,u;) =
a(ui,uiy1) > 1, applying Eq. (2.1)) with
u=v =u;, we have

F(0, (ui), p(u;))

= F(u(ui,up), o(u;), o(u;))

= F(u(Tui, Tug), o(Tui), o(Tu;))

< a(uj, ui) F(u(Tug, Tug), o(Tu;), o(Tu;))

< e( max {F(M(ui, ui), o), ous),
F(N(ui,ui), (ui), p(Tu;)),

%F(N(ui, Tu;), p(u;), <P(Tui))})

_ e( max {F(Mwi, ui), (), 9 (1)),
F(N(uia ui)a QD(M;‘), ‘P(“z)),

%F(u(ui,ui),so(ui),sowi))}), 2.2)

where
M (ui, u;)
= max{p(u;, u;), u(u;, Tu;),
m(u, Tu;),
puiy Tui) (1 + p(ui, Tu;))
1+ u(Tu;, Tu;) ’
pui, Tui) (1 + p(ui, Tu;))
L+ p(ui,ui)

}=0

and
N(u;, u;) = max{p(u;, Tu;),
ﬂ(ui’ Tul)(l + lu(uia Tui))
L+ p(ui,ui)
Therefore, from Eq. (2.2), we have

F(0, o(u;), o(u;)) < 0(F (0, o(u;), ¢(u;))),

}=o0.
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which leads to a contradiction by a property
of 8 unless F (0, ¢(u;), ¢(u;)) = 0. There-
fore,

F(O’ ‘p(ui)7 QD(MI)) =0, (23)

which, by the property (F1) of F, implies
that ¢(u;) = 0. Thus, u; € Fr N Z, and
hence the theorem holds trivially. There-
fore, we assume that u,.; # u,, for all
n € NU{0}. As u(uy,,u,1) > 0, foralln €
N U {0}, using the property (F1) of F, we

haVe F(#(”n’ un+1)a So(un)’ Qo(un+1)) > O:
foralln e NU{0}. Again a(u,—1,uy,) > 1,

for n > 1. Applying Eq. (.1]) with u =
Up—1,V = Uy, for n € N, we have

F(N(una Mn+1)’ ‘p(un)’ <P(Mn+1))
= F(u(Tun-1,Tun), o(Tun-1), ¢(Tun))
< &(up-1,un)F(u(Tup_1,Tuy),

¢(Tun-1), ¢(Tun))

< H(max {F(M(un_l,un),
1), @), FON Gt 1,100, ),
P(Titn)), 5 F piitn 1, i), 1),
90(Tun))})

- o ma P01
Un)s ¢ (un-1), ¢(tn)), F (N (n-1, ),
plan), 9t 5t

I/ln+1), (,D(l/ln_l), ¢(”n+1))}),
(2.4)

where

M (up-1,u,)
= max{u(up-1,Un), #(Up-1,Ttn-1),
m(up, Tuy 1),
pup—1,Tup—1)(1 + p(un, Tuy))
1+ u(Tup-1,Tuy,)
pup, Tup—1) (1 + p(up-1,Tuy,)) }
1+ :u(un—la Un)
= max{u(un-1, un), W(Un-1,un), u(Un, un),
H(up—1,un) (1 + pu(up, Uns1))
1+ p(up, un+1)
P, ) (1 + p(un-1,Un+1)) )
L+ p(un-1,un)
= pu(up-1,un)

’

’

and

N(up-1,un)
= max{u(un, Tuy),
P Tun) (1 + p(un-1,Tun-1))
L+ p(up-1,un)
= max{u(un, n+1),
Mty uns1) (1 + p(un-1, Mn))}
1+ p(un-1,un)

= ﬂ(“na I/ln+1).

}

Therefore, from Eq. (2.4), we get
F(p(un, tns1), @(un), ¢(un+1))
< H(max {F(,u(un_l,un),
@(un-1), ¢(un)), F(p(un, ttns1), ¢(un),
1)), 3 F i1,

Lln+1), QD(Mn_]_), 1,0(1/!,1+1))}) .

It follows by the properties (F4) and (F'5)
of F' and the non-decreasing property of 6
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that
F(p(un, uns1), @(un), @(uns1))
< a( e P 1.0), 011,
@(un)), F(p(un, un+1), ¢(tn), ¢(un+1)),

1
QF(M(MH—]J un) + M(un’ ul’H—l)y

So(un—l)’ ¢(un+1))})

< 9( max {F(ﬂ(un—l’ un)’ ‘p(un—l)a
@(un)), F(u(un, tn+1), ¢(n), p(un+1)),

1

3 (F(,u(un_l, Un), @(Un-1), ¢(uy))+

F(u(un, ns1), o(un), ¢(un+1)))})

= 9( max {F(u(un_l, Un), ¢(Un-1),

So(un))’ F(,u(una Upt1)s QD(Mn),

¢(”n+1))}) .
(2.5)
If possible, suppose that
F(p(un-1,un), ¢(tn-1), ¢(un)) <

F(lu(una un+1), SD(Mn)’ ‘P(”n+1)) Then
from Eq. (2.5), we have

F(/l(una Uni1), Qo(un), So(un+1))
< O(F (u(un, un+1), ¢ (un), ¢(un+1)))
< F(pu(utn, un+1), ¢ (Un), (Un+1)),

which is a contradiction. Therefore,

F(pu(un, un+1), ¢ (Un), p(ttn+1)) <
F(p(un-1,un), p(tn-1), p(un)). Thus
from Eq. (.5), we get

F(u(un, uns1), o (Un), p(n+1))
< O(F(u(un-1,un), ¢(Up_1),
©(uy,))), foralln € N,

By repeated application of the above in-
equality, we have

F(u(un, uns1), o(un), ¢(un+1))
< H(F(,u(”n—l, un)’ 90(”11—1)’ QD(Mn)))
< 62(F(,u(un_2, Un-1), ¢(Un-2), p(ttn-1)))

< Hn(F(,U(MO, l/tl), ()D(MO)’ (,0(141)))

Using the property (F1) of F, we have

0< ,u(um un+1)
< 0" (F(u(uo,u1),
@(uo), p(u1))) and
0 < ¢(un)
< 0" (F(u(uo,uz),
¢(ug), p(u1))). (2.6)
By a property of 6, we have
lim 6" (F (p1(uo, u), ¢ (uo), ¢(u1))) = 0.
Taking the limit as n — oo in Eq. (@), we
get
lim p(up, uns1) = 0and lim ¢(uy,) = 0.
2.7

Using Eq. (2.6), we have for m > n (m,n €
N),

u(ttn, um)
< p(n, uns1) + u(Upi1, Uns2) + .
+ p(tm—2, Um-1) + (-1, Um)
< 0" (F(u(uo, u1), ¢(uo), p(u1)))
+ 0" (F (1o, 1), (uo), (u1)))
+ .+ 02 (F (u(ug, ur), @(uo), @(u1)))
+ 0" (F (p(uo, u1), o(uo), ¢(u1)))

m—1

< Z 0" (F(u(ug, u1), ¢(uo), ¢(u1))),

i=n
(2.8)
which, by a property of 8, implies that
lim p(uy,uy,) = 0, that is, {u,} is a

m,n—co

46
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Cauchy sequence in H. As the metric space
(H, u) is complete, there exists zg € H
such that u,, — zg as n — oo.

Next we prove that zg is a fixed point
of T and finally we will prove zg € FrNZ,.
Since ¢ is lower semi-continuous, we have

¢(z0) < liminf ¢(u,) = 0.

Therefore, we have ¢(zp) 0. Since
H is a-regular and {u,} is a sequence in
‘H satisfying u, — zp as n — oo and
a(uy,ups1) = 1, for all n € N, we have
a(un,z0) > 1. Applying Eq. (.1)) with
U=uyVv =270,

F(u(un+1,Tz0), ¢(un+1), ¢(Tz0))
= F(u(Tun,Tzo0), ¢(Tun), p(Tz0))
< a(upn, 20) F (u(Tun, Tzo),

@(Tun), ¢(Tz0))

< Q(InaX {F(M(un, 20), ¢(un),
QO(ZO))’ F(N(Mn, ZO)’ ()D(ZO)’ ()D(TZO))’

5l T20), (). (T2 |
(2.9)
where
M (uy, z0)
= max{u(un, 20), #(Un, Tu,),
p(un, Tun) (1 + u(zo,T20))
L+ u(Tun, Tzo) ’
#(zo, Tuy) (1 + p(up, TZO))}
I+ /J(un, ZO)
= max{u(un, 20), 4(Un, Un+1)> #(20, Un+1),
P, un+1) (1 + p(z0,720))
1+ p(uns1,T20)
H(z0, Un+1) (1 + p(un, T2o)) 3
1+ pu(un, z0)

1(zo, Tuy),

>

and
N (un, z0) = max{u(zo,Tz0),

1(z0, Tzo) (1 + p(up, Un+1)) )
1 +M(”n’ ZO) ‘

47

Taking the limit as n — oo, we get
lim M (u,, zp)

=0and lim N(un,20) = u(z0,T0)-

Taking the limit as n — oo in Eq. (.9), we
get

F(1(z0,Tz0), 0, ¢(Tz0))

< 9( max {F(O, 0,0), F(u(zo,Tz0),0,

AT20). SF (e T20). 0, (Tz0) | ).
that is,

F(.U(ZO’ TZO)’ 09 ¢(TZ0))
< 0(F (u(z0,T20), 0, 9(Tz0))),

which, by a property of 6, is a contradic-
tion unless F(u(zo,Tz0),0,¢(Tzp)) = O.
Hence, F(u(zo0,Tz0),0,¢(Tzp)) = 0. Us-
ing the property (F1) of F, we have

u(z0,Tzo) = 0, which implies that zoy = T'z.

Thus we have zg = Tzp and ¢(zp) = 0, that
is, zp € Fr N Z¢.

Next we prove the uniqueness of
¢-fixed point under the assumption that
a(z+,w,) = 1, whenever z,,w, € Fr.
If possible, let zg,wg € Fr N Z,. Then
Tzo = zo,Two = wo, ¢(z0) = 0 = @(wo)
and a(zp, wo) > 1. Applying Eq. (R.1)) with
u=2zpandv = wy

F(u(z0, wo), 0,0)

= F(p(z0, wo), ¢(z0), p(wo))

= F(u(Tz0, Two), ¢(Tz0), (Two))
< @(z0, wo) F (u(Tzo, Two),

©(Tz0), o(Twy))
< 9( max {F(M(ZO, wo). @ (z0). (wo)),

F(N(z0,wo), ¢(wo), ¢(Two)),
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1 i 3
§F<u<zO,TWO>,go(zO),so(TwO))}), oy =0 TUSU<L d

1 if% <u<l
(2.10) O )
_J3 lfO <u,v<s,

a(u,v) =
where 2 otherwise.
M (20, wo) Clearly, the mapping ¢ : H —

[0, c0) is lower semi-continuous, T is a-

= max{u(z0. wo), #(20, T20), (w0, T20), admissible and H has a-regular property.

#(z0, Tzo) (1 + p(wo, Two)) When either 0 < u < %, 0<v< %or
1+ u(Tzo, Two) ’ 3 <u < 1,1 <v <1, then the quantity
u(wo, Tz0) (1 + pu(zo, TWO))} F(u(Tu,Tv), o(Tu), ¢(Tv)) becomes
1+ u(zo, wo) identically zero and hence the inequality

= max{u(z0, wo), 0, (w0, 20), 0, t(wo, z0)}  Eq. (1)) holds trivially. We discuss the
_ following cases:
= u(zo, wo),

and CaseI.LetO£u<%and%Sv

%. Then Tu = 1—70, Tv = %and w(u)

A

N(z0,wo) = max{u(wo, Two),

©(Tu) = ¢(v) = ¢(Tv) = 0. In this case,
u(wo, Two)(1 +M(ZO,TZ0))} we have
1+ p(zo, wo)
=0. CL’(I/l, V)F(#(TM’TV)’ QD(TM)’ QD(TV))
1 1
Therefore, from Eq. (2.10), we have - 10 M(u,v) 2 5 and N(u,v) 2 0.

F(u(z0, w0), 0,0) < O(F (u(z9,wp),0,0)),  Now,

which, by a property of 6, leads to a con- 9( max {F(M(u, v), p(u), ¢(v)),
tradiction unless F(u(zg,wp),0,0) = 0. .

Therefore, F(u(z0,w0),0,0) = 0, which F(N(u,v), o(v), o(Tv)), =F (u(u, Tv),
by the property (F1) of F implies that 2

u(zo, wp) = 0 and consequently zg = wy. o(u), cp(TV))})

This completes the proof.

= = %(max {M(M,V),N(M,V),%ll(“’ Z)})

Example 2.2. Take the complete metric 4 1
space (H,u), where H = [0,1] and > 5 > T

V) = |u—v|, forall u,v € H. Let
‘}(Z vf) and Ig : [(Y loo)or_i1 [ou OZ) be deﬁneed = @@, )F(u(Tw,Tv), ¢(Tu), o(T)).

respectively by F(a,b,c) = a+ b + ¢ and Casell. LetO<u < jand3 <v <
0(1) = %[. LetT : H — H be defined by 1. ThenTu = 1—70’ Ty = %’ <p(u) = ¢(Tu) =
©(Tv) = 0 and ¢(v) = 1. In this case, we
L oif0<su<i h
Tu = 10 —= > ave
3 ifi<uc<l
a(u, V)F(u(Tu,Tv), o(Tu), ¢(Tv))

Define ¢ : H — [0,00) and a : H X H — 1 1
[0, 00) respectively as follows: 10 M(u,v) = 1 and N(u,v) > 0.

48
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Now,

a(max {F(M(M,V),so(u),tp(\/)),
F(N(u,v), o(v), o(Tv)).

3P T o 0T |

4
g(max{M(u,v) +1,N(u,v) +1,

13 1
- A >1s —
pH. 4)}) =710

= a(u,V)F(u(Tu,Tv), ¢(Tu), (Tv)).

Case III. Let% <uc< %andO <
v < %and. Then Tu = %,Tv = 1—7Oand
o(u) = ¢(Tu) = ¢(v) = ¢(Tv) = 0. In

this case, we have

a(u, V)F(u(Tu,Tv), p(Tu), o(Tv))

1 1
=10 M(u,v) > Z—landN(u,v) >

o] =

Now,

a(max{F(Mw,v),so(u),«p(v)),
F(N(,v), 9(v), ¢(T),

S, T), g (w), gp(Tv))})

4 7
= 3(max {M(u, v),N(u,v), %u(u, 1_0)})

11
> > —
5710

= a(u,V)F(u(Tu,Tv), o(Tu), (Tv)).

Case IV. Let%1 <u<land0<v<
%. Then Tu = %, Ty = 1—70, ©(Tu) = p(v) =
@(Tv) = 0 and ¢(u) = 1. In this case, we
have

a(u, V)F(u(Tu,Tv), p(Tu), o(Tv))

1 1
=—, M(u,v) > 1 and N(u,v) >

1
10 5

49

Now,

a(max {F(M(u,v>, o), (1)),
F(N(u,v), (1), ().

3P, (0.0 |

%(max {M(u, v)+1,N(u,v),

Sl )+ 1)}) 51

> % =a(u, V)F(u(Tu,Tv), o(Tu), o(Tv)).

Here, all the conditions of Theorem .1 are
satisfied, and it is seen that % is the only -
fixed point of T'.

In the following, we state Theorem
in another approach.

Theorem 2.3. Let (H,u) be a complete
metric space with a-regular property and
T : H — H be an a-admissible mapping,
where @ : H X H — [0,00). Let F € F,
0 € ®and ¢ : H — [0,00) be a lower
semi-continuous mapping. Suppose there
exists ug € H for which a(ug, Tug) > 1
and for all u,v € H with a(u,v) > 1,

F(u(Tu,Tv), (Tu), o(Tv))
< 9( max {F(M(u, v), o(u), (v)),
F(N(u,v), o(v), p(Tv)),

%F(“(”’TV)’sO(u),w(TV))}), @2.11)

where
M(u,v)
= max{u(u, v), u(u, Tu), u(v,Tu),
p(u, Tu)(1 +p(v,Tv))
14 u(Tu,Tv) ’
u(v, Tu)(1 + pu(u,Tv))
1+ pu(u,v) }




B.S. Choudhury et al. | Science & Technology Asia | Vol.31 No.3 July - September 2026

. e < <« .
( *II*|*|I*I*II I I I<
\ \ \8 \8 \ \& \, \3 \&

Fig. 1. Logical flowchart for the proof of Theorem P.1].

and Then T has a -fixed point in H. Further, if
N(u,v) = max{u(v,Tv), a(z4,wy) 2 1, for all z.,w. € Fr, then the
1 (v, Tv)(1 + p(u, Tu)) @-fixed point is unique.
1+ pu(u,v) ’
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Proof. Let ug € H such that a(ug, Tug) >
1. We take the same sequence {u,} as in
the proof of Theorem PR.1. Arguing simi-
larly to the proof of Theorem .1, we have
a(uy,uyr1) > 1, foralln € NU {0}. If
possible, suppose that u;.; = u;, for some
i € NU{0}. Then u; = u;4+1 = Tu;, that
is, u; is a fixed point of T. As a(u;,u;) =

@(ui,ui41) = 1, applying Eq. (2.11)) with
u=v =u;, we have

F(0, o(u;), p(u;))
= F(u(ui,ui), o(u;), ¢(u;))
= F(u(Tu;, Tu;), o(Tu;), p(Tu;))

< 9( max {F(M(Mi, ui), o(u;), o(u;)),
F(N(ui, up), p(u;), o(Tu;)),

5 F s Tup), o), ¢(Tui))})

_ e(max {F<M<u,~, ), (). o).
F(N(ui,ui), o(ui), p(u;)),

3Pl ).l ) .

where

M (u;, u;)
= max{u(ui, u;), p(ui, Tui), pui, Tu;),
puiy Tug) (1 + p(ui, Tui))
1+ u(Tu;, Tu;) ’
pui, Tui) (1 + p(ui, Tu;))
L+ p(ui,ui)

}=0,
and

N(ui,u;)
= max{u(u;, Tu;),
pui, Tui) (1 + p(ui, Tu;))
L+ p(ui, ui)

}=0.

It follows from the above inequal-
ity that F(0, ¢(u;), ¢(u;)) = 0, which by
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a property of F' implies that ¢(u;) = O.
Therefore, u; € Fr N Z,. Hence, we as-
sume that u,.1 # u,, foralln € N U {0}.
Then F(u(un, un+1), ¢(un), ¢(un+1)) > 0,
foralln € NU {0}. As a(up—1,u,) =1
(n > 1), applying Eq. (2.11)) with u = u,,_,
and v = u,, and arguing similarly as in the
proof of Theorem R.1|, we prove that {u,}
is a Cauchy sequence in H and T has a ¢-
fixed point in H.

We now prove that the uniqueness of
¢-fixed point of T under the assumption that
a(z+,ws) = 1, whenever z,,w. € Fr. If
possible, let zg, wo € Fr N Z,. ThenTzg =
20, Two = wo, ¢(z0) = 0 = @(wp) and
a(z0,wo) = 1. Applying Eq. (2.11)) with
u = zg and v = wy, arguing similarly as in
the proof of Theorem R.1|, we prove that T
has a unique ¢-fixed point in H. O

Example 2.4. Let (H,u) be a complete
metric space, where H = [0,1] and
u(u,v) = |u—v|, for all u,v € H. Let
FeFand 0 : [0,00) — [0,0) be defined
respectively by F(a,b,c) = a+ b + c and
0(r) = %t. LetT : H — H be defined by

4 f0<uc<s,
Tu=931 1
5 lj{? <u< 1.
Consider ¢ H — [0,00), where

¢(u) = g, forall u € H. Again, we define
a function @ : H X H — [0, o) by

() 1.7 if0<u,v<
a(u,v) =
0 otherwise.

Clearly, the mapping ¢ : H — [0, ) is
lower semi-continuous, 7' is a-admissible
and H has a-regular property. Again
a(u,v) > 1 when0 < u,v < % When
0 <u,v <3 theng(u) =% o(Tu) = &,
¢(v) = ¢ and o(Tv) = 55. As aresult, we
have

F(u(Tu,Tv), (Tu), p(Tv))
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w v, u v
=15 - Hl+ oo+ o

20 20
M(u,v) > |u—v|and N(u,v) > 0.

Now,

9( max {F(M(u, v), o(u), o(v)), F(N(u,v),

A0 T, Sl T 0, T |

= %(max {F(M(u, v), g, g), F(N(u,v),

Y
520

v, u v
5]

4
1 u v
= —| max {M(u,v) + = + -,
3 5 5

) L (utu,

1
N(u,v)+§+L

1 u v % %
> - |max§lu—-v|+-+-,0+ -+ —,

3 5 5 5 20

1 % u v

§(|”_Z|+5+20)})

1 u v 1 u
>—(lu-vl+-+2)>2=(u-v|+=-+
> 3(|u i 3 5) > 4(|u v 5

= F(u(Tu,Tv), p(Tu), p(Tv)).

Thus the inequality Eq. (2.11)) holds, when-
ever a(u,v) > 1, forall u,v € H. Here, all
the conditions of Theorem P.3 are satisfied,
and it is seen that 0 is the only ¢-fixed point
of T.

Note Take u = Oandv = 1. Then Tu = 0,
Tv =4, ¢(u) = o(Tu) = 0, ¢(v) = £ and
o(Tv) = 1—10. Now

F(u(Tu,Tv), p(Tu), p(Tv))

1 1 3
- F(/"(O’ 5)’ 0’ 1_0) - g’

A% u A%
pp g WP+ s+ %)})

=)
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M(u,v)
= max{u(u, v), u(u, Tu), u(v, Tu),
wu(u, Tu)(1 + pu(v,Tv))
1+ u(Tu,Tv)
p, Tu)(1 + p(u,Tv))
1+ pu(u,v) )
= max{u(0, 1), x(0,0), u(1,0),

©(0,0)(1 + u(1, 3))

B

1+4(0,3)
u(1,0)(1 + u(0, 3))
=1
1+ u(0,1)
and
N(u,v)

v, Tv)(A + p(u, Tu))

= T
max{u(v,Tv), T+ i(av) }
1 p(1,5)A+p0,0) 1
= 1, - = —.
max{u(L, 9) == 2
Therefore,

0( max {F(M(u, v), o(u), o(v)), F(N(u,v),

e(v), o(Tv)), %F(ﬂ(u, Tv), ¢(u), sD(TV))})

1 11 1 1
=-|max{l+0+—-, -+ -+ —,
3 52 5 10
11 1 2 3
5<§+0+m>})-5<3-

Thus the inequality Eq. (2.11)) is not satis-
fied foru = 0 and v = 1. In Example @, it
is seen that the inequality Eq. (2.11]) is not
satisfied throughout the whole space. So,
the use of @-admissibility in Theorem 23
established that the contraction condition is
not required to be satisfied throughout the
whole space.

Remark 2.5. If the third and fifth com-
ponents from M(u,v) are extracted and
placed within N(u,v), then both the Theo-
rems 21-223 are remain valid.
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3. Well-Posedness Property

In this section, we discuss the well-
posedness property of ¢-fixed point of the
following problem.

Problem (H): Let (H, i) be a metric
space. LetT : H —» Hand ¢ : H —
[0, ) be two mappings. We consider the
problem of finding a ¢-fixed point of 7, that
is, the problem of finding u € H such that
Tu =uand ¢(u) = 0.

Definition 3.1. Problem (H) is called well-
posed if the following conditions hold:

* T has a unique ¢-fixed point zg in H;

o u(un,zg) — 0asn — oo, when-
ever {u,} is a sequence in H such
that {u(un,z0)} and {u(Tun,zo)}
are bounded and u(u,,Tu,) — 0,
o(uy) > 0asn — oo,

In the next theorem, we take
the following condition to ensure the
well-posedness of Problem (H) via a-
admissible mapping.

(A1) : If zg is any solution of Prob-
lem (H) and {u,, } is any sequence in H with
u(uy, Tu,) — 0and p(u,) — 0asn — oo,
then a(u,,z9) = 1, forall n € N.

Theorem 3.2. In addition to the hypothesis
of Theorem I, suppose that F(a,0,0) =
a, for all a € [0,c0) and the assump-
tion (A1) hold. Then Problem (H) is well-
posed.

Proof. By Theorem E1I, T has a unique ¢-
fixed point zg in H. Then Tzg = zg and
©(z9) = 0. Let {u,} be a sequence in H
such that u(u,,Tu,) — 0 and ¢(u,) —
0 as n — oco. By the assumption (A1),
we have a(uy,,z9) = 1, for all n. Using

Eq. (2.1)), we have

u(un, 20)
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< pun, Tup) + p(Tup, z0)
< p(un, Tuy) + F(u(Tun, Tzo),

QO(TMH)’ ()D(TZO))
< pun, Tup) + a(un, 20) F (1 (Tun, Tzo),
@(Tun), ¢(Tz0))

< u(uy, Tu,) + 9( max {F(M(un, 20),

()O(Mn)’ ()D(ZO))> F(N(un’ ZO)? ‘p(ZO)v ‘P(TZO))’

S Flun, T20), (i), so(TzO))}),
3.1

where

M (up, z0)
= max{p(un, 20), 4 (tn, Tuun), u(z0, Tun),
p(ttn, Tun) (1 + p(z0,T20))
1+ /*l(Tuna TZO) ’
p(z0, Tun) (1 + pt(un, T20))

}
= max{u(un, 20), £ (Un, Tun), u(Tun, 20),
ﬂ(”m Tun)

1 + M(Tui’h ZO) |
:u(Tun, ZO)(l + ﬂ(”n, ZO))

1+ pu(un, zo) . 2
and
N (un, 20)
= max{u(zo,T20),
#(z0,T2o) (L4 plutn Tun)) y 5 3

L+ p(un, zo)
Taking the limit supremum in Eqgs. (B.2)-
(B.3), we get

lim sup M (u,,, zp) = max{r,0,s,0, s}

n—oo
= max{r, s} and

lim sup N (u,,, z9) = 0,

n—oo

where r = lim sup u(uy,z9) < o and s =

n—oo

lim sup u(Tuy, zg) < oo. Taking the limit

n—oo
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supremum in Eq. (B.1]), we have
r<s< 9( max {F(max{r, s},0,0),

F(0,0,0), %F(r, 0, O)})
= O(max{r, s}),

which leads to a contradiction by a prop-
erty of 8 unless r = s = 0. Therefore
r =0, 1i.e., limsup u(u,, z0) = 0 and hence

n—oo

lim p(un,zo) = 0. This completes the
n—oo
proof. O

Theorem 3.3. In addition to the hypothesis
of Theorem 223, suppose that F(a,0,0) =
a, for all a € [0,c00) and the assump-
tion (A1) hold. Then Problem (H) is well-
posed.

Proof. The proof is similar as that of Theo-
rem B2 o

4. Application

In this section, we present an appli-
cation of one of our main theorems to a
problem of functional equations. It is well
known that functional equations appear in
different domains of mathematics like [21—
23]. For a detail study on functional equa-
tions we refer to books [21], 24]. Further,
more contemporary research on this topic is
noted in [[17,25,26].

Let B(S) denotes be the set of all real
valued bounded functions defined on a Ba-
nach space S, that is, x € B(S) if and only
ifx : § — R is a bounded function. We
consider the following functional equation

x(k) = Sug{f(K, ) +g(k, p, x(m(k, @)},

HE
“.1)

wheren : SXD — S, f: SXD — R
and g : SXD XR — R, S and D are

Banach spaces under some suitable condi-
tions on f and g. Such types of equations
find their application in mathematical op-
timization, computer programming and in
dynamic programming, which gives tools
for solving boundary value problems aris-
ing in engineering and physical sciences.
Itis well known that B(S) endowed with the
metric

d(x, y) =sup | x(k) = y(x) |,

KES

forall x, y € B(S), (4.2)

is a complete metric space. Also assume
that this metric space endowed with a partial
ordered relation ‘<’. Let in B(S), the rela-
tion x < y holds if x(¢) < y(¢), forallt € S.
Let us define a mapping @ : B(S)xB(S) —
[0, o) as follows:

a(x,y>={1 yr<y,

0 otherwise.

Now we designate the following assump-
tions by Fy, Fs and Fs3 :

Fi: f:SxD —R and

g : X D xR — R are bounded functions.

Fy : for ri, ro € R, with r{ <rg and
k€S, ueD imply
0<g(k, p, r2) — gk, p, r1)
<& [ro—r1], where £ € [0, 1).
F3 : there exists a xg € B(S) such that
forall ue D

xo(k) < f(k, p) +g(k, p, xo(m(k, w))),

where « € S.

Theorem 4.1. Let (X, d) = (B(S), d). As-
sume that f and g satisfy all the assump-
tions F1, Fo and F3. Then the functional
Eq. (M. has a unique solution.
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Proof. Define amapping F' : B(S) — B(S) and
b
g F(y) (k) = f(«, p1) +g(k, p1, y(n(&, p1)).

F(w)(k) = Sug{f(K, )

e From the first and fourth inequalities, we

+ 8k, 1, @Ok, )}, gt
where k € S, w € B(S). F(x)(x) — F(y)(k)
43) < (k. 1. x(p(k. 1))
By assumption F7, the mapping F : X — X - gk, pa, y(m(k, pa)) + €

given by Eq. (4.3) is well defined.
Let {x,} be a increasing sequence -
in B(S) with limit x € B(S) and  IH€s,weget

and also from the second and third inequal-

a(xy, xp41) = 1, then by definition of «, F(y) (k) = F(x)(x)

we have x,, < x,41, for all n. As x,, — «x,

we have x,, < x, for all n. The definition < g(k, pa, y(1(, p2))

of @ implies that a(x,,x) > 1, for all n. -8k, p2, x(n(k, u2)) + €.

Therefore B(S) has a- regular property.

Let x, y € B(S) with a(x,y) > 1.
Then x(s) < y(s), hence by the assump- F)(k) = F(y) ()
tion Fo, we have g(x, u, x(n(k, w))) <
g(k, u, y(n(k, u))). Therefore,

So, using (F>), we have

< [x(m(x, u1)) = y(m(x, u1))l +e,

F(x)(x) and
= Sug{f(K, w) + gk, p, x(n(k, @)} F(y)(k) = F(x)(k)
HE
< sup{f(k, ) + gk 1, (K, 1))} = e ) =2t )l + €
peb As,ke S, uyy €D, useD,n:SxD — S
= F(y)(«), forall x €S, (4.4) be a mapping, so n(k, u1) = k1 € S and

n(k, us) = ko € S, for some «1,k2 € S.

hich implies Fx < Fy. From definition
W p x Y Therefore, we have

of @ we have a(Fx, Fy) > 1 and hence F

is a-admissible.

Letx, y € B(S) and a(x, y) > 1 Fx)o = FG) )
holds. By definition of @, we have x < y, <& [x(k1) —y(k)] + €
i.e., x(s) < y(s). From definition of F, for < & sup | x(k) — y(k) | +e
x, y € B(S) and an arbitrary € > 0, there KES
exist u1, po € D such that =¢ d(x, y) + €.

F)(1) < fk ) +8(k, g, x(mle, p))+€  and

and F(3)(¥) = F(x) ()

F(y)(k) < f(k, p2)+g(k, p2, y(n(k, p2))+e. <E|y(kg) —x(ko)| + €
Again, <& Slél; | y(k) —x(k) | +e
F(x) (k) = f(k, p2) +g(k, pa, x(n(, p2)) =£&d(x, y) +e

55
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It follows that

|F(x) () = F(y)(K)| = £ d(x, y) + €.

Since € > 0 is arbitrary, taking the supre-
mum in both sides in the above forall k € S,
we obtain

d(Fx, Fy) = sup{| F(x)(k) = F(y)(x) [}

KES

<&d(x, y).

Let us take the mapping I' : [0, )3 —
[0, o) as I'(a, b, ¢) = a + b, for
all (a, b, ¢) € [0, )3, then clearly

I' e F. Letg B(S) — [0, o)
be defined as @(x) = 0, for all
x € B(S)and 8 : [0, o0) — [0, o)
be defined as 8(r) = & ¢, for all

t € [0, ) and & € [0, 1). Then clearly
t

e 07 (1) = X £t = =z < o0,
Therefore, we have [d(Fx, Fy) +
e(Fx)] < ¢ [dx, y) + e(x)] =

O(F(d(x, y), ¢(x), ().

From definition of I, we have for
x, y € B(S) witha(x, y) =1,

U'(d(Fx, Fy), ¢(Fx), ¢(Fy))
< 6 max{T(M(x. y). ¢(x). 9(5).

L(N(x, y), ¢(v), ¢(Ty)),
ST, T), o), ¢(T3)).

Hence Eq. (.11)) of Theorem P23 is satis-
fied.

By F3 there exists x9 € X
such that xq(k) < flk, pn) +
g(k, u, xo(n(k, u))), where k € S, which
implies that xo(k) < sup,ep f(k, p) +
gk, u, xo(n(k, w))), forall « € 8.
This implies that there exists xg € X such
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that a(xg, Fxg) > 1. Therefore, all the
assumptions of Theorem I3 are satisfied.
Therefore, Theorem applies to F,
which guarantees the existence of a ¢-fixed
point w in X. That is, w is a solution of the
functional Eq. (B.1)) in B(S).

5. Conclusion

In this work, the main findings are
established in the domain of ¢-fixed point
theory by employing a-admissibility condi-
tions. The elegance of the w-admissibility
condition is that the contraction condition
is not necessarily required to be satisfied
throughout the whole space. Using these
conditions, further new results are supposed
to be established in the recently emerging
domain of ¢-fixed point theory. One of
our main theorems is applied to finding the
solution of a functional equation. Similar
such applications are possible with the de-
velopment of this line of research. We are
hopeful that many classical results in met-
ric fixed point theory may be generalized as
more general spaces, like b-metric spaces,
partial metric spaces, G-metric spaces, S-
metric spaces, by employing the method in-
troduced herein in the future.
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