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ABSTRACT

A well-balanced working schedule for nurses also means a better patient service qual-
ity. Yet, the nurse scheduling problem—also known as a nurse rostering problem—is one of
challenging optimization problems, as we need to assign groups of nurses to work functions
under a wide variety set of practical constraints. To this end, a nurse may be able to perform
limited work functions. Furthermore, the number of assignments must not exceed that al-
lowed by the law—despite the fact that each work function must have at least a predefined
number of nurses to perform services. We aim to address this problem, with an overall goal to
maximize nurse’s quality of life, which is achieved by a multi-objective mixed-integer pro-
gramming modeling approach. Four different objectives, under different objective orders,
are herein considered and the resulting model is solved by means of the epsilon constraint
method. With this solution methodology, we are able to determine a group of well-balanced
solutions that helps enhance nurse’s satisfaction in a long run.

Keywords: Epsilon constraint method; Healthcare; Mixed-integer programming; Nurse ros-
tering; Scheduling; Timetabling problem

1. Introduction timetabling [3] or production scheduling

The nurse rostering problem is one problems [4, 5]. According to Amindoust
of combinatorial optimization problems [1] et al. [6], a bad nurse roster, with nega-
that has been widely investigated [2]— tive aspects—such as understaffing, heavy
similar to other problems, such as school workload, or insufficient days off—can ad-
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versely affect service quality—and so job
satisfaction [7, 8]. It may also worsen
nurse-patient relationships, or even patient
safety.

To address this issue, Miller et al. [2]
and Yasmine et al. [8] developed math-
ematical models to balance between staff
coverage and nurse preference. Brucker et
al. [9], on the other hand, presented a math-
ematical model for a similar problem, but
with different objective, that is, to minimize
penalties of a group of soft constraints to
avoid nurse’s consecutive working shifts.
Finally, Fiigener et al. [7] proposed a
framework to define nurse cross-training
policies to help reduce stress and workload
across different units. They also proposed
a mixed-integer programming model to ex-
amine the possibilities of such policies.

In terms of solution methodologies,
a number of algorithms have been devised
and applied to the problems. Di Martinelly
and Meskens [10], for instance, proposed a
heuristic approach that generated a weekly
nurse roster, in a team-based fashion, so
that affinities between team members were
maximized—while nurses’ idle time was
minimized. Zheng et al. [11] and Lai et
al. [12], on the other hand, solved the nurse
rostering problems by a randomized vari-
able neighborhood search and a specialized
graph construction algorithm, respectively.
Besides the abovementioned approaches, a
hybrid genetic algorithm was explored by
Amindoust et al. [6], while Turhan &
Bilgen [1] combined integer programming
with Particle Swarm Optimization. Finally,
Hu et al. [13] applied a branch-and-price
algorithm to solve the nurse rostering prob-
lem, given that a nurse could be assigned to
multiple units.

Although a number of nurse roster-
ing problems were largely explored in the
literature, each of these problems seems to
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be unique. This is due to the fact that nurse
rosters depend on both restrictions and ob-
jectives that vary greatly from one to an-
other unit, hospital, or country. Based on
this fact, we herein focus on a nurse roster
of a Thai hospital, with an overall goal to
maximize the nurse’s quality of life, mea-
sured by four different metrics.

The remainder of this paper is orga-
nized as follows. Section 2 describes the
problem. Section 3 presents the methodol-
ogy that assigns nurses to shifts and func-
tions. Section 4 presents the result and dis-
cussions. Finally, Section 5 concludes and
suggests future research extensions.

2. Problem Description

In this particular application, the ros-
ter of nurses is announced monthly. Yet, be-
fore the release of such a roster, each nurse
could submit a request for the desired leave
days in the roster. Some of these leave-
day requests may, unfortunately, be disap-
proved, as each work function must have
enough number of nurses to perform ser-
vices.

Note that there are two groups of
nurses to be assigned in this applica-
tion, namely registered and assistant nurses.
Each group of nurses can work up to a cer-
tain number of consecutive working days
based on the hospital regulations (i.e., five
days for a registered nurse and six days for
an assistant nurse).

Regarding nurse assignments, a
nurse can be assigned to one out of three
shifts in each working day—namely day,
swing, and night shifts—each of which
covers an eight-hour period. Nonetheless,
a nurse could not be assigned with two con-
secutive shifts, e.g., a night shift followed
by a day shift of the next day, to avoid
burnout.

In addition to shift requirements,
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nurses are also assigned according to work
functions based on their skills, such as in-
charge nurse, scrub nurse, or anesthesia as-
sistant. Since nurse’s skills vary greatly, for
ease of scheduling, each nurse is thus as-
signed with a score ranging from “zero” to
“three” for each skill, where “zero” denotes
that the nurse could not perform that skill
while “three” denotes that the nurse could
perform that work function proficiently—
or the nurse prefers this work function the
most.

In addition to leave days, the number
of days off is found important in the liter-
ature. According to [14], nurses who had
worked two consecutive night shifts were
less alert and had less performance. One
day off was thus required before bringing
them back to a day shift.

We have herein developed a mixed-
integer programming model to improve the
nurse’s quality of life taking into account
these constraints. Four different objectives
have also been derived to represent different
aspects of nurse’s satisfaction—and their
services—as follows.

* The minimization of violations on
leave-day requests.

* The maximization of nurse’s work
function scores.

 The maximization of consecutive
days off.

* The minimization of working hour
differences among nurses to improve
assignment fairness.

Once set, the resulting multi-
objective model is subsequently solved
by the Epsilon Constraint Method. In this
method, the multi-objective model will
be decomposed into four single-objective
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models that have been later solved in pre-
defined orders. Under a specific objective
order, the solutions to the previously solved
models will also be placed as constraints
in subsequent models with some bounds
so that the solutions of subsequent models
are less dependent on the previously solved
ones [15]. With different objective orders,
a group of non-dominated solutions could
be generated and used by the schedulers
in developing rosters that optimize nurse’s
satisfaction [12].

The contribution of this study is
twofold: the first is to develop a mixed-
integer programming model that helps gen-
erate nurse roster based on the required con-
ditions and the latter is to explore the differ-
ences between solutions from different ob-
jective orders.

3. Methodology

A mixed-integer  programming
model is herein developed to help solve
the problem, whose detailed information is
provided as follows.
Indices

N =aset of nurses (1,2, ..., NN). F
= a set of work functions (1,2, ..., NF). D
=aset of days (1,2, ..., ND). Dy =aset of
days, including the last day from the previ-
ous month (0, 1, ..., ND). S = a set of shifts
(1,2,...,NS).
Parameters

H; = number of working hours of
work function f € F. M X D; = allow-
able maximum consecutive working days
for nurse i € N. CrD; = number of consec-
utive working days of nurse i € N from the
previous month. P; s = score of work func-
tion f € F ofnursei € N. A;4 = 1 if nurse
i € N is available on day d € D; 0 other-
wise. R, rq = number of nurses required for
function fF in shift se Sondayde D. NR
= the number of registered nurses. M = a
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big integer number.
Decision Variables

Xifsqa = 1 if nurse i € N is as-
signed to perform function fe Finshifts €
Sondayde Dd € D v;4 =1 if the schedule
violates the availability of nurse i € N on
day d € D; 0 otherwise. tO;4 = 1 if nurse
i € Nondayd € D has at least two consec-
utive days off; 0 otherwise. ¢W;4; = number
of consecutive working days of nurse i € N
onday d € D. cO;4 = number of consecu-
tive days off of nurse i € N onday d € D.
ctO;4= number of consecutive days off of
nurse i € N when there are at least two con-
secutive days off on day d € D. t; = total
number of working hours of nurse i € N.
mX R =maximum number of working hours
of registered nurse. m XA = maximum num-
ber of working hours of assistant nurse.
Objective Function

Minimize zg = Z Z Vid 3.1

ieN deD

Maximize z; = Z Z Z Z (Xifsa - Pif)

ieN feF (seSdeD

(3.2)
Maximize 75 = Z Z ctOiq (3.3)
ieN deD
Minimize z3 = Z (mx R
icl..NRN
- Z Z Z(xifsd‘Hf)

feF seSdeD

+ Z (mxA
iENRN+1..NN

=22 2. Wigsa Hy) (3.4)

feF seSdeD

Subject to

Z Z Xipsd SIVie N,deD, (3.5)
feF (seS

Z Z Xifsd < Ajg +vigVi e N,d € D,
feF (seS

(3.6)
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> Y Xipsa SM-PifVieN,feF,
(seSdeD

(3.7)
infsd = Rsdef eF,seS,deD,
ieN

(3.8)
Z Xifla =M - (1- Z Xif3,d-1)
feF feF
Vie N,de2..ND, 3.9)
mxR > Z Z Z(xifsd‘Hf)

feF seSdeD
Vi € 1..NR, (3.10)
mxA > Z Z Z(xifsd - Hy)
feF (seSdeD
Vi e NR +1..NN, 3.11)
cWio=CrD;¥i € N, (3.12)
CWl‘d <M. Z Z Xifsd
feF (seS
Vie N,de D, (3.13)
cWig+M(1- Z infsd) >cWig-1+1
feF seS
Vie N,d €D, (3.14)
cWig £cWi g1+ Z infsd
feF seS
Vie N, de D, (3.15)

Wiq<MxD;VieN,deD, (3.16)
Oy =1- Z infsl VieN, (3.17)

fEeF seS

cOig < M(1- Z infsd)
fEeF seS

Vie N,d e D, (3.18)
cOijg+ M - Z Zx,'fsd >c0;4-1+1

fEeF seS
Vie N,d € 2..ND, (3.19)
cO0ia < cO0jg-1+ (1 - Z infsd)

fEF seS

Vie N,d € 2..ND, (3.20)
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Z Z(xifs,d—l +Xifsa) < M(1-10;q)

fEF seS
Vie N,d € 2.ND, (3.21)
ctOig <M -10;g Vi€ N,d € D, (3.22)

ctOijq £c0iq Vi€ N,d € D, (3.23)
feF,seS.deD, (3.24)

cW;iq,c0;ia,ctOig, time;,m X R,m X A >
VieN,feF,seS,deD. (3.25)

Eq. (3.1) is the first objective aim-
ing to minimize the number of times that
nurse’s leave-day requests have been vio-
lated. Eq. (3.2), on the other hand, aims
to maximize nurse’s work function scores.
The third objective, Eq. (3.3), is set so
that total number of consecutive days off
is maximized, while the fourth objective,
namely Eq. (3.4), tries to minimize the de-
viations on working times among all nurses.
Note that, as registered nurses and assis-
tant nurses have different limits of working
days, their working hours are, thence, com-
pared among their own groups in Eq. (3.4).

Regarding the constraints, Con-
straints (3.5) and (3.6) make sure that each
nurse is assigned to work only in one shift
of a day; and, if a nurse is assigned on a
day that (s)he plans to leave, the variable
vig Will be set to one. Constraint (3.7)
states that nurses can be assigned only to
work functions that they are capable of, and
Constraint (3.8) mandates that the number
of nurses assigned to any work function
must meet its respective minimum nurse
requirement in each shift. Constraint (3.9)
prevents nurses from being assigned with
two consecutive shifts, i.e., the night shift
of a day followed by the day shift of the
following day. Constraints (3.10)-(3.11)
force variables m X R and m X A to be
at least the maximum working time of
registered nurses and assistant nurses,

0,
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respectively.

To account for the workload dur-
ing the previous month, Constraint (3.12)
forces variables cW;, at the beginning of
the month to be the number of consecu-
tive working days at the end of the previ-
ous month, i.e., CrD;. Constraints (3.13)
- (3.15), on the other hand, force ¢W;4 to
be zero when a nurse does not work on
that day and such a variable increases by
one when a nurse works on that day. Con-
straint (3.16) prevents nurses to work con-
secutively longer than allowable maximum
working day.

Constraints (3.17)-(3.20) work in a
similar way to Constraints (3.13)-(3.16)—
but focus more on consecutive days off.
To be precise, these constraints force vari-
able cO;4 on each day to be zero if a nurse
works, or to be one if a nurse does not work.
This variable will be increased by one if a
nurse has another consecutive day off. Con-
straints (3.21)-(3.23) force variables ctO;4
to increase as a nurse has another consec-
utive day off but the value changes from
zero to positive numbers only when a nurse
has two consecutive days off. Finally, Con-
straints (3.24)-(3.25) define the boundary of
all decision variables.

With the Epsilon Constraint Method,
objective functions are sequentially solved.
We need a set of additional constraints for
each objective order. Constraints (3.26)-
(3.29), for example, form a set of con-
straints for objective order (1-2-3-4)—i.e.,
the first objective has the highest priority
while the fourth objective is the least prior-
itized one. In this regard, Constraint (3.26)
will force the number of times leave-day-
request violations to be lower than a certain
limit. Constraints (3.27)-(3.29) work in a
similar way, but with some bounds. In case
that we use different objective sequences,
Constraints (3.26) to (3.29) must be accord-
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ingly redefined. Constraints (3.27) to (3.29)
force additional objective value to be within
epsilon allowable limit. For example, the
epsilon (€) is 10% and the objective 1 is
to maximize priority, so constraints (3.27)
is summation of priority is greater than or
equal (1 — €) or 0.9 multiplied by limit for
objective 1. This means the total priority
can be as low as 90% of the total prior-
ity from previous calculation so the model
may find solution with better current objec-
tive function. On the other hand, constraints
(3.29) allow the minimization objective to
be as high as (1 + €) or 110% of the values
from previous calculations.

D via <z, (3.26)
ieN deD
Z Z Z Z (Xifsa - Pig) 2 0.9 z1,
ieN feF seSdeD

(3.27)
Z Z ct0;d > 0.9 - 75, (3.28)
iEN deD

D mxR=DT N (xigea Hy))

ie{l1..NRN} feF seSdeD
+ (mxA-

ic{NRN+1..NN}

Z Z Z (Xifsa-Hy)) <1.1-z3.

feF seSdeD
(3.29)

4. Results and Discussions

To assess the proposed model, a
group of 10 instances are generated accord-
ing to the information of a hospital in Thai-
land. Each instance has 25 nurses, 30 days,
3 shifts, and 6 required functions. Table 1
illustrates an example of input for the un-
derling nurse rostering problem. Regard-
ing work functions, each function has the
required numbers of nurses which may dif-
fer across different shifts of weekdays and
weekends. Every work function requires an
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8-hour period, except for Function 3 which
requires a 10-hour period, as shown in Ta-
ble 1. Also seen from Table 1, each nurse
is assigned with a score ranging from “0”
to “3” in each function— where “0” means
unable to perform and “3” means willing to
perform.

The proposed model is solved by
CPLEX studio 22.11 with Apple M1 Pro
processor and a memory of 16 GB, with a
computational time limit of two hours. Note
that as there are four different objectives to
be solved, but the first objective (i.e., leave-
day-request violation) is the most important
one, all objective orders will start with this
first objective, denoted by OBJ0O. And, once
solved, the value of this objective will be,
later, placed as an additional constraint for
subsequent problems.

Table 2 shows a part of solution from
the Epsilon Constraint Method, in which the
information in each cell indicates the as-
signed shift (e.g., D, S and N for day, swing
and night shifts, respectively) and the as-
signed work function (e.g., F1 to F6) for
each nurse in each day. The cell colors, on
the other hand, show whether the assign-
ments violate the leave-day requests. In this
regard, the blue color shows the nurse’s as-
signed days off, while the black one shows
the assignments that violate the requested
leave days. According to Table 2, Nurse 1,
on Day 2, is assigned to perform Function
1 during a day shift. Although Nurse 12 re-
quests a leave day on Day 4, such a request
is unfortunately disapproved, as Nurse 12 is
assigned to perform Function 4 during the
swing shift.

The average computational time for
each objective order is shown in Table 3.
For ease of comprehension, “Round0” de-
notes the computation time for solving the
problem with the first objective (i.e., leave-
day-request violation), while “Round1” to
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Table 1. An example of parameters in the underlying nurse rostering problem.

Max Current Function Priority
Nurse Day WorkingDay F1 F2 F3 F4 F5 Fé6
1 5 2 1 3 1 0o 0 o0
2 5 2 2 3 2 0 0 O
3 5 0 0o 2 1 o 0 o0
4 6 2 0 0 0 1 2 1
5 6 0 o o0 0 3 1 1
6 6 2 o 0 o0 2 3 1
Number of Week day Day 1 1 1 2 1 1
Required Nurses Swing 1 1 0 1 1 0
for Functions Night 1 1 0 1 0 0
Week end Day 1 2 1 3 1 1
Swing 1 1 0o 2 1 1
Night 1 1 0o 2 0 1
Working Hour 8 8 10 8 8 8

Table 2. An example of solution from the Ep-
silon Constraint Method.

“Round3” are those of other objectives
in the sequences. For the objective or-
der OBJ213, leave-day-request violation
(OBJO0) is first solved in Round0, then to-
tal number of consecutive days off (OBJ2)
is optimized in Round1, followed by nurse’s
work function scores (OBJ1) and deviations
on working times among all nurses (OBJ3)
in Round2 and Round3, respectively.

It can be observed, from Table 3, that
the average time required in later rounds
tends to be higher, as more constraints have
been placed. Furthermore, total number of
consecutive days off (OBJ2) tends to re-
quire more time than others as it involves
a larger set of constraints with greater num-
ber of integer variables.

Average objective values for each ob-
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Table 3. Average computational time.

Computational Time (s)

Round Round Round Round

Order 0 1 2 3 Total
OB7 6502 7201
e 0.54 7.54 5 bt 13711.70
OBJ 727 7200 7936
132 0.54 7.54 88 96 9
OB ., 5924 5854 6500 18279
213 : 20 12 24 10
OBI o, 524 7202 7201 20328
231 - 20 49 12 36
OBJ 7207 7201 14416
312 0.54 745 13 38 50
OBJ 7201 7201 14410
321 0.54 745 12 04 14
Ave 054 1979 5782 7084 14847

.73

jective order and their deviations from the
best order are shown in Table 4. Accord-
ing to Table 4, the objective values of the
least prioritized objectives tend to be worse;
and, OBJ3 is typically worse off if it has
been solved after OBJ2. This is due to
the fact that these two objectives are con-
flicting. Based on this finding, it could be
inferred that the order of objectives plays
a significant role in creating good rosters.
And, since the objective order could impact
on the satisfaction of nurses, decision mak-
ers may need to consider the objective or-
ders that give overall lower differences such
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as OBJ132 or OBJ312.

Table 4. Average objective values and differ-
ence from the best-found values.

Average Difference
Objective Value from Best (%)
oBIl OB}z OB} OB/ OBI2OBI3
X (Max (Max (Min
Seq (Max (Max (Min .
. Satis Day Work
uence Satis Day Work faction) off) Diff)
faction) Off) Diff) (%) (%) (%)
OBJ 1,112
123 70 995 524 2 2 589
OBJ 1,102 78
132 60 612 20 3 40 3
OBJ 1,135 1,013
213 50 70 1,186 0 0 1461
OBJ 1,081 729 142
231 30 70 20 3 3 87
OBJ 1,086 626
312 80 10 7 4 38 0
OBJ 1,083 620
321 40 20 ¢ 5 9 0
Ave 1,100 766 347
rage 38 1207 3 3
1,135 1,013
Best 50 70 76 0 0 0
Worst l’ggl 612 1,186 5 40 1461

To further visualize these four differ-
ent aspects from Roundl to Round3, we
have normalized the objective values found
in each computational round—so that they
range between “0” and “100”, where “0”
and “100” are the worst and the best found
objective values—and, later, placed such a
solution in a radar charts, as shown in Fig.1.

Violation (Min)

OBJ3: Work
Diff (Min)

OBJ3: Work

Dif M) &: > Satisfaction

OBJ2: Day off OBJ2: Day off

(Max) (Max)
----- OBJI — - -OBJI2 oBI23 -----0B]2 — --0BJ2I oB1213

Fig. 1. Objective values from the first to last
steps of sequences OBJ123 and OBJ213.

From Fig. 1, the solution to objec-
tive order OBJ123 is shown on the left and
that of objective order OBJ213 is shown
on the right. It can be seen from Fig. 1
that, from the first to the last computational
round (e.g., the black, red and yellow lines),
the value of OBJO remains the same, but
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other objective values change to a more bal-
anced shape.

Another aspect to consider is how
availability of nurses affects the solution
(i.e., roster). We investigate this by divid-
ing the instance into three groups, accord-
ing to different levels of nurse availability
(i.e., 80%, 85% and 90%). In this regard,
if a nurse is available for 24 days out of 30
days, such an instance will be recognized
as an 80-percent availability group. Under
objective orders OBJ123 and OBJ321, the
normalized objective values, under differ-
ent nurse availability, are shown in Fig.2.
From Fig. 2, it is obvious that higher avail-
ability leads to better OBJO values.

P
OBJX:Work & S N OBJ3: Work N
DT g St DMt (Min) <._ P

Fig. 2. Availability of nurses and the objective
values.

5. Conclusion

The nurse rostering problem has been
studied for decades, but with different re-
strictions and objectives depending on the
focus of researchers. In this research, we
focus on nurse’s quality of life, in which
a mixed-integer programming model is de-
veloped and solved by means of the Epsilon
Constraint Method.

According to four different satis-
faction aspects—namely the violation on
nurse’s leave-day requests, the satisfaction
of nurses on the assigned functions, the
number of consecutive days off, and the de-
viations of working hours among nurses—
the Epsilon Constraint Method could gen-
erate solutions with trade-offs among these
different aspects. We find that the aver-
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age times required in later rounds tend to
be higher and maximizing the total number
of consecutive days off (OBJ2) tends to re-
quire more time, compared to other objec-
tives. We also find that higher availability
generally leads to rosters with better total
number of leave-day-request violation val-
ues (OBJO).

Hospital managers or schedulers
might treat OBJ1 to OBJ3 on the same
level of importance. In that case, we would
suggest solving the problem in sequences
of OBJ312 or OBJ321 as they can give
well-balanced solutions with quite low
difference of objective values from the best
values.

As a concluding remark, there are
some limitations worth mentioning. Firstly,
the problem is long known to be an NP-hard
one, bigger problems may not be practically
solved in a reasonable time period. Hence,
an efficient heuristic is therefore in need so
that we can determine a good pool of non-
dominated solutions. Also, rescheduling is
likely in a real-life application. As such, the
devised heuristic should be able to support
re-rostering with the least impact on the cur-
rent roster.
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