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ABSTRACT

Circular data arise naturally in numerous scientific fields, including meteorology, biol-
ogy, geology, environmental sciences, and directional statistics. The development of flexible
circular distributions capable of modeling asymmetric angular observations remains an active
area of research. In this article, we introduce the Marshall-Olkin Extended Circular Uniform
(MOECU) distribution, a new one-parameter circular distribution on the interval [0, 27),
obtained by applying the Marshall-Olkin transformation to the circular uniform baseline dis-
tribution. The proposed model possesses a simple closed-form probability density function,
cumulative distribution function, and quantile function. We derive the characteristic function
and trigonometric moments, establish a reflection symmetry linking @ and 1/«, and obtain
the population characteristics, hazard rate, mode and median. The parameter is estimated
by maximum likelihood, whose asymptotic variance and confidence interval are derived
in closed form; finite-sample performance is investigated through simulation alongside a
method-of-moments estimator and eight classical goodness-of-fit-based estimators. The dis-
tribution is applied to the classical starhead topminnow orientation data and compared with
several competing circular models through standard goodness-of-fit measures. The results
demonstrate that MOECU is an effective and parsimonious alternative for modeling asym-
metric circular data with competitive performance in practical applications.

Keywords: Circular model; Circular data; Marshall-Olkin distribution; Population charac-
teristics; Starhead Topminnows
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1. Introduction

Directional or circular data fre-
quently arise in many scientific disciplines
where observations are measured as angles
on the unit circle, i.e., in the interval [0, 277),
where 1 ~ 3.14159 denotes the usual ratio
of a circle’s circumference to its diameter.
Examples include wind directions in me-
teorology, animal movement orientations
in biology, geological fracture directions,
ocean current directions, and time-of-day
phenomena. Unlike linear data, circular
observations possess a periodic structure
in which 6 = 0 and 6 = 2x represent the
same point on the circle. Consequently,
traditional statistical methods developed
for linear data are often inappropriate for
the analysis of directional observations,
motivating the development of specialized
circular probability distributions.

Over the past decades, a number of
circular distributions has been derived in
the literature. Among the most widely
used are the von Mises, wrapped Cauchy,
wrapped normal, and cardioid distributions.
Although these distributions have proven
useful in many practical situations, they
are symmetric (or symmetric up to a loca-
tion shift) and may therefore exhibit lim-
itations when modeling asymmetric direc-
tional data or datasets displaying distribu-
tional features that depart from the assump-
tions of classical circular models. This
has encouraged researchers to develop new
families of circular distributions with en-
hanced flexibility and improved fitting ca-
pabilities. More recently, a substantial
body of work has focused on wrapping and
projecting flexible linear distributions onto
the circle; examples include the wrapped
exponential distribution [3], the wrapped
Laplace distribution [4], wrapped logis-
tic [5], the wrapped weighted exponen-
tial [6], the sterecographic circular logis-
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tic distribution [7], wrapped Lindley dis-
tribution [8], the wrapped transmuted ex-
ponential [9], the wrapped Akash [10], the
wrapped two parameter Lindley distribu-
tion [11], the wrapped quasi-Lindley dis-
tribution [12], the wrapped modified Lind-
ley [13], the wrapped XLindley distribution
[14], the wrapped length biased exponential
distribution [15], the wrapped size biased
gamma Lindley distribution [16], and the
wrapped Epanechnikov distribution [17],
among others.

A complementary and less explored
technique for developing new circular dis-
tributions is to apply a general distribution-
generating mechanism directly to a circular
baseline distribution, rather than to a linear
distribution that is subsequently wrapped or
projected. One widely used mechanism of
this type is the Marshall-Olkin (MO) family
[1], originally proposed for linear random
variables. For a baseline cumulative distri-
bution function (cdf) F with survival func-
tion F = 1— F, the Marshall-Olkin general-
ized survival functionis G(y; @) = aF (y)x
[1-(1-a)F(]™", @ > 0, which in-
troduces a single additional tilt parameter «
while retaining the mathematical tractabil-
ity of the parent distribution, and reduces to
F itself when @ = 1. The Marshall-Olkin
technique has been employed extensively
to generalize linear distributions, but its ap-
plication to circular baselines has received
comparatively little attention.

Motivated by these considerations,
in this article we apply the Marshall-Olkin
transformation directly to the circular uni-
form distribution, whose cdf on [0, 27) is
F(6) 6 x (2m)~'. Because the tilt
parameter @ continuously reweights prob-
ability mass toward one endpoint of the
support while preserving the closed-form
tractability of the uniform baseline, the re-
sulting Marshall-Olkin Circular Uniform
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(MOECU) distribution is, by construction,
capable of representing markedly asym-
metric, boundary-concentrated angular data
— precisely the kind of departure from
symmetry that the classical circular mod-
els listed above cannot easily accommo-
date. Sections 2—4 quantify this flexibility
through the density shape, the hazard rate,
and the population characteristics, and Sec-
tion 7 shows that it translates into a fit that
is at least as good as, and in most respects
better than, several more heavily parameter-
ized competitors on real data. MOECU ad-
mits a simple analytical expression for its
probability density function (pdf), cumula-
tive distribution function (cdf), and quan-
tile function; its closed-form quantile func-
tion facilitates straightforward random vari-
ate generation and simulation studies. The
main contributions of this article are sum-
marized as follows:

(i) A new circular distribution with
simple analytical structure is introduced;

(ii) Several mathematical properties
of the distribution are derived, including its
distributional and shape characteristics, and
a reflection symmetry relating @ and 1/a;

(iii) Parameter estimation is devel-
oped using the method of maximum likeli-
hood, together with its asymptotic variance
and confidence interval, and a method-of-
moments alternative;

(iv) The finite-sample performance
of the estimators is investigated through
Monte Carlo simulation experiments across
a wide range of parameter values and sam-
ple sizes;

(v) The applicability of the proposed
model is demonstrated through application
to areal circular dataset on starhead topmin-
now orientations, with comparisons against
existing competing distributions.

The remainder of the article is or-
ganized as follows. Section 2 introduces

78

the proposed distribution and establishes
its validity as a circular distribution. Sec-
tion 3 derives its statistical properties. Sec-
tion 4 presents its population characteris-
tics and the reflection symmetry. Section 5
discusses parameter estimation. Section 6
presents the results of the simulation study.
Section 7 illustrates the practical applicabil-
ity of the distribution using real data. Fi-
nally, Section 8 concludes the article with a
summary of the main findings and possible
directions for future research.

2. MO-Circular Uniform Distribu-
tion
2.1 Synthesis of the proposed distribu-
tion

Let ®g denote a circular uniform ran-
dom variable on [0, 27), with cumulative
distribution function and probability den-
sity function respectively,

FO) =0 [O)=5. @D
n 2r

for0 < 6 < 2n.

Applying the Marshall-Olkin trans-
formation to F' gives the cumulative distri-
bution function

G(6:a) = aF(0) af

I-(1-a)F(0) 27-(1-a)0’
2.2)
for0 <0 <2rand a > 0.

Theorem 2.1. For every @ > 0, G(6; @)
in Eq. (2.2) is a valid circular cumulative
distribution function on [0, 27).

Proof. (1) Boundary conditions. G(0;a) =
0, and

2 2
lim G(6;a) = e _ My
6—27- 2n—(1-a)2n 27«

(ii) Positivity. For 8 € [0,2n) and
a >0,

2 - (1-a)8 > 27— (1 — )21 =2na > 0
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when 0 < @ < 1, and the denominator is
increasing in 8 when @ > 1. Thus G(6; @)
is well defined and finite on the support.

(iii)) Monotonicity. Differentiating
Eq. (2.2),

d
g(6;a) = —-G(0;)
_a2n-(1-a)8) +a(l-a)f

(27 - (1-a)0)’
2na

(27 — (1 - )6)”

>0,

forall® € [0,27) and @ > 0, so G is strictly
increasing. Since g(8;a) > 0 on the sup-
port and /OQH g(0;a)df =1, g is a genuine
probability density function and G is a valid
circular cumulative function. O

Remark 2.2 (Identifiability). Differ-
entiating (2) with respect to « gives
0G(6; )/ 02r - 0)/(2r - (1 -
a)9)2 > 0 for every § € (0,2n), so
a v G(;a) is strictly increasing (in
the pointwise order) and hence injective:
distinct values of a produce distinct dis-
tributions. This identifiability property is
used in Section 5.1.

2.2 Probability density function

From the proof above, the density
function of the Marshall-Olkin Extended
Circular Uniform (MOECU) distribution is

for0 <6 <2, a>0.

Remark 2.3. Eq. (2.3) has the general
Marshall-Olkin density form

af(6)
[1-(1-a)F@®)]"

g(0;a) =
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confirming that MOECU is precisely the
MO-generalized circular uniform.

2.3 Shape behavior
From Eq. (2.3), g(8; @) is monotone
in @ for every fixed «. Differentiating,

dra(l — a)
(2r-(1- 0)0)3,

g'(6;a) =

whose sign, for 8 € [0, 2r), is the sign
of (1 — @) (the denominator is positive
throughout the support by part (ii) of The-
orem 1). Hence g(60; @) is strictly increas-
ing on [0,27) when 0 < @ < 1, constant
when @ = 1 (uniform), and strictly decreas-
ing when a@ > 1; there is no interior sta-
tionary point for @ # 1. Consequently the
density is unimodal in the boundary sense,
with its mode located at 6 — 27~ fora < 1
(mass concentrated near the reference direc-
tion from the “other side”) and at 6 = 0 for
a > 1 (mass concentrated at the reference
direction itself). This is confirmed directly
by numerical maximization of Eq. (2.3) and
is consistent with the median formula Eq.
(3.2) below, since O pegian(@) — 27w as @ —
0" and Opegian(@) — 0 as @ — oo. This
boundary-concentrated, monotone density
behavior is well suited to angular data that
cluster near a fixed reference direction with
a long, decaying tail around the circle, as il-
lustrated in Fig. 1.

3. Statistical Properties
3.1 Quantile function
Solving G(6;a) = u for 6 in Eq.
(2.2) gives the closed-form quantile func-
tion
2ru
a+(1-a)u

O(u,a) = , 3.1

for 0 < u < 1, which permits direct ran-
dom variate generation via ® = Q(U; @)
for U ~ Uniform(0, 1), with no need for re-
jection sampling or numerical inversion.
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Fig. 1. MOECU density for several values of the parameter «; the density increases in 6 for @ < 1

and decreases in 6 for @ > 1.

3.2 Median
The circular median is obtained from
Eq. 3.1)atu = 0.5,

2

Omedian (a') =T -

1+a (3-2)

As @ — 0%, Omedian — 27, as @ — oo,
Omedian — 0, and Opegian (1) = 7, as ex-
pected for the uniform baseline, and consis-
tent with the shape behavior established in
Section 2.3.

3.3 Hazard rate
The circular hazard rate is
g(0; @)
1-G(9;a)
2na
(27 - (1-a)8)(2n-0)
3.3)

0(0;a) =

Fora =1, 4d(6;1) = 5 !
ing hazard rate of the un{fr‘orm baseline. For
general @, write b = 1-@and D(6) = (27—
bo)(2r — 6), so that §(6; @) = 2xa/D(6)
and ¢ is increasing exactly where D is de-
creasing. Since D’(0) = —2n(1+b)+2b0is
affine in 6, D’(0) = =27 (1 + b), D’ (2n) =
2n(b — 1) = —2na < 0 always. When

7 the increas-
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0O<a<2(e.,b>-1),D'(0) <0aswell,
and since D’ is affine with both endpoint
values < 0, D’(6) < 0 throughout [0, 27);
hence 6 (0; @) is monotone increasing on the
whole support, with 6(0; @) — oo as § —
27~ (as it must, since G(0; @) — 1 there).
When @ > 2 (ie.,, b < -1), D’(0) > 0
while D’(27) < 0, so D’ changes sign ex-
actly once, at

n(l+b) n(2-a)

o = =
b l-«a

€ (0,m) c (0,2n),

so that § decreases on [0, 6*) and increases
on (6%, 2r): for sufficiently large a the haz-
ard rate is bathtub-shaped rather than mono-
tone, although it still diverges as 6 — 27~
This refines and corrects the earlier work-
ing assumption that the hazard rate simply
mirrors the monotonicity of the density; the
two coincide only for 0 < @ < 2.

3.4 Characteristic function and mo-
ments

The p™ trigonometric moment of
a circular random variable © is ¢, =
E(e'P®) = fOQR ePl¢(0; ) db = ap+ifp,
p = 1,2,3,..., where o), = E(cosp®)
and 8, = E(sin p®). Putting a = 6/(2n),
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b = 1—-a, and integrating (3) by parts gives

1

epla) =1~ 27rip01/ _—
’ (3.4
Integral Eq. (3.4) does not admit a closed
form for p > 1 in general, so it is evaluated
directly by numerical quadrature; an ex-
ception is E (©?)-type integrals without the
oscillatory kernel, which do admit closed

forms and are used in Section 5.1 below.

4. Population Characteristics

Using the first two trigonometric mo-
ments a1, 81 and a9, B2 from Section 3.4,
the circular population characteristics [18]
are:

Mean direction: u = atan2(B1, a1),

4.1)
Resultant length: p; = a% +52, (42)
Circular variance: V =1 — pq, 4.3)

p2sin(ug - 2p)

(1-p1)32
(4.4)

Circular skewness: v =

B

Circular kurtosis: « =

p2 cos(pz — 2u) — pi

(1-p1)?
4.5)

where po 1/0/%+,8§ and uo

atan2(B9,@2). Here atan2(y, z) denotes
the two-argument arctangent, i.e., the argu-
ment (in (-, x]) of the complex number
z + iy; unlike the ordinary arctan(y/z), it
uses the signs of both y and z to place the
angle in the correct quadrant, which is es-
sential here because a1, 81 (and a2, 82) can
each be of either sign.

Proposition 4.1 (Reflection symmetry).
For every a > 0and 0 € [0, 2r),

g(6;1/a) = g(2n - 6; ).

81

’

Consequently p1(1/a) = p1(a), V(1/a) =
V(a), k(1/a) k(a@), while u(1/a) =
—u(a) and v(l/a) = —v(a).

Proof. Direct substitution in Eq.
gives

(2.3)

2na
(2ra + (1 - a)9)2’
21/« _
(27 - (1-1/a)0)’  (2ma + (1 —)6)*

g(2n - 6;a) =

2na

g(0;1/a) =

which are identical. Thus the density of
21 — © under parameter « equals the den-
sity of ® under parameter 1/a; the stated
identities for p1,V, k (even functionals of
the reflection) and for u, v (odd functionals)
follow immediately from the standard rela-
tions E[cos p(2n — ©)] = E[cos p®] and
E[sin p(2nr — ©)] = —E[sin p@®]. O

Table 1 reports the population char-
acteristics, calculated by numerical integra-
tion of Eq. (3.4) as described in Section
3.4, on a reciprocal-symmetric grid of «
that makes Proposition 2 directly check-
able: each pair (@, 1/a) yields identical p1,
V, k and mirror-image u, v.

The mean resultant length p; in-
creases symmetrically as @ moves away
from 1 on the reciprocal scale (Table 1;
Proposition 2), while the circular variance
V =1 - p; is maximized exactly at @ = 1.
The sign of the mean direction and skew-
ness reverses between @ < 1 and a > 1,
reflecting the reflection about 6 7T es-
tablished in Proposition 2 (and consistent
with the mode locations discussed in Sec-
tion 2.3).

5. Parameter Estimation
5.1 Maximum likelihood estimation and
its asymptotics

Let 61,65, ...,0, be a random sam-
ple from the MOECU(«) distribution.
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Table 1. Population characteristics of the MOECU distribution, on a reciprocal-symmetric grid of «

illustrating the reflection symmetry of Proposition 2.

1% u (rad) o1 V=1-p1 % K
0.10 -0.6126 0.6461 0.3539 0.8598 2.1210
0.20 -0.8546 0.4817 0.5183 0.4836 0.7349
0.25 -0.9430 0.4216 0.5784 0.3864 0.4858
0.50 -1.2443 0.2182 0.7818 0.1494 0.0832
1.00 - 0.0000 1.0000 0.0000 0.0000
2.00 1.2443 0.2182 0.7818 -0.1494 0.0832
4.00 0.9430 0.4216 0.5784 -0.3864 0.4858
5.00 0.8546 0.4817 0.5183 -0.4836 0.7349
10.00 0.6126 0.6461 0.3539 -0.8598 2.1210

From Eq. (2.3), the log-likelihood function
is

{(a) = nlog(2na)

- 2Zn:log (27— (1-a)0;).
- (5.1)

Differentiating with respect to « gives the
score equation

n
% " _ Z e =0,
o « P 2 — (1 - )6;

(5.2)
which is transcendental in « and is solved
numerically by Newton-Raphson or Brent’s
method.

Three standard regularity conditions
underlie the consistency and asymptotic
normality of the resulting estimator a: (a)
identifiability, established in the Remark
following Theorem 1; (b) smoothness, since
log g(6; @) is infinitely differentiable in «
on the open parameter space (0, o) for ev-
ery 6 in the support, with derivatives domi-
nated on compact subsets of (0, c0); and (¢)
existence and finiteness of the Fisher infor-
mation, verified directly below. Differenti-
ating Eq. (5.2) again,

9% S o
RS .
da a i=1 (27T — (1 — a/)O,)

82

Taking expectations under Eq. (2.3) and
using a = 6/(2n), b = 1 — a as
before, a direct (closed-form) integration
@2
T 2
(271'—(1—(1)@)
per-observation Fisher information is

gives E so that the

_ 1
~ 3a?’

3a?’
(5.3)

) 1 [0%¢ 1 2 1
o --Le[ 2 L2

n | da? a?

which is positive and finite for every o >
0, confirming condition (c). Under (a)-(c),
standard maximum likelihood theory gives

Vi@ -a) 5 N(o, 3(1/2) . (54

so that \7a\r(d/) ~ 342 /n, and an asymptotic
100(1 — y)% confidence interval for « is

Z1-y2 @V 3/n,

where z1_,/2 is the corresponding stan-
dard normal quantile. This is the interval
whose empirical coverage probability and
expected length are reported in Table 2 of
Section 6. As a check, Eq. (5.4) predicts
an asymptotic variance of 3(1.75)2/500 =
0.01838 at @ = 1.75, n = 500, matching
the simulated MSE of 0.01881 in Table 2 to
within Monte Carlo error.

a +

(5.5)
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5.2 Alternative estimation methods

For comparison, we also consider
classical alternative estimation methods
widely applied to fully specified paramet-
ric families, based on the order statistics
01y < 02) < -+ < Oy and the plotting
positions p; =i/(n+ 1):

* Ordinary/weighted least squares
(OLS/WLS). OLS minimizes

4

n
[G(0); @) —pi]Q;
=1

WLS minimizes the same sum with
weights w; = (n+ 1)%(n +2)/[i(n —
i + 1)], which downweight the more
variable extreme order statistics.

* Cramér-von Mises (CvM). Mini-
mizes

1 L 2 — 112
— G0 @) - .
12n+;[ (Oy; @) - =

* Anderson-Darling (AD) and its tail
variants. AD minimizes

&
—-n - . Z(?i - 1)[1()gG(9<i,;(1/) + log (1 - G(H(,‘+1,i);{y))J;
i=1

the right-tail variant (RTAD) mini-
mizes

. e
5—226(%:@—;;(&—1)log(1—G<9<,.+1_U:,a>).

and the left-tail variant (LTAD) min-
imizes

3 z 1
—?" +2 ; Glowia) - ;(21 ~1)log G(6; );
these reweight the ordinary AD
statistic to be more sensitive to dis-

crepancies in the right or left tail, re-
spectively.
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* Maximum product of spacings
(MPS). Maximizes

n+l
— Zl log [G (0 @) = G815 @)
with G (6(¢); @) = 0 and

G(0(n+1); @) = 1; this is a smoothed,
always-finite surrogate for the likeli-
hood that coincides with the MLE in
many regular models.

* Percentile matching (PC). Mini-
mizes

n

Z [604) - O(pi; @)]2,

i=1

matching the empirical and theoreti-
cal quantile functions directly [19].

Each objective function above is minimized
(or maximized, for MPS) numerically in «
over (0, ).

5.3 Method-of-moments estimation

Because MOECU has no ordinary
integer moments in closed form, a natu-
ral moment-based alternative uses the first
trigonometric moment instead. Let C =
% Y cosb;, S = % 2, siné;, and let
p = VC?2+8%and i = atan2(S,C) be
the sample resultant length and mean direc-
tion. By Proposition 2, p; (@) is strictly de-
creasing in « on (0, 1] (Table 1) and sat-
isfies p1(a@) = p1(1/a@), so matching p to
p1(a) alone has (generically) two solutions,
r € (0,1) and 1/r. The sign of u(a) (nega-
tive for @ < 1, positive for @ > 1; Proposi-
tion 2) resolves this ambiguity: the method-
of-moments estimator is

A r, a <o,
apMm =
1/r,

o (5.6)
=0,
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Table 2. Simulation results for the maximum likelihood estimator of «, together with the coverage
probability (CP) and expected length (EL) of the associated 95% asymptotic confidence interval,

based on 1000 replications.

a n Mean & Bias MSE MRE CP EL
0.15 30 0.15833 0.00833 0.00261 0.26224 0.935 0.19544
50 0.15353 0.00353 0.00145 0.20059 0.931 0.14713
100 0.15276 0.00276 0.00076 0.14216 0.940 0.10370
250 0.15017 0.00017 0.00024 0.08213 0.955 0.06451
500 0.15082 0.00082 0.00015 0.06461 0.944 0.04581
0.25 30 0.26103 0.01103 0.00723 0.25812 0.936 0.32318
50 0.25663 0.00663 0.00405 0.19677 0.950 0.24662
100 0.25384 0.00384 0.00206 0.14391 0.944 0.17219
250 0.25217 0.00217 0.00077 0.08788 0.953 0.10825
500 0.25072 0.00072 0.00038 0.06133 0.944 0.07612
1.00 30 1.07512 0.07512 0.14200 0.27811 0.923 1.32992
50 1.03306 0.03306 0.07029 0.20487 0.938 0.99153
100 1.00802 0.00802 0.03557 0.14635 0.938 0.68410
250 1.00432 0.00432 0.01192 0.08649 0.954 0.43101
500 1.00159 0.00159 0.00637 0.06351 0.942 0.30410
1.75 30 1.84051 0.09051 0.36763 0.25998 0.937 2.27752
50 1.79146 0.04146 0.19941 0.19709 0.944 1.71788
100 1.78973 0.03973 0.08559 0.13199 0.960 1.21505
250 1.76051 0.01051 0.03639 0.08634 0.953 0.75580
500 1.75660 0.00660 0.01881 0.06265 0.948 0.53338
4.00 30 425423 0.25423 2.03141 0.26200 0.931 5.25005
50 4.13896 0.13896 1.03162 0.19778 0.950 3.97024
100 4.07978 0.07978 0.53541 0.14257 0.948 2.76758
250 4.00561 0.00561 0.19523 0.08755 0.947 1.71939
500 4.00719 0.00719 0.09740 0.06193 0.943 1.21677

where r € (0,1] solves p1(r) = p, and
p1(+) is evaluated by the numerical quadra-
ture of Eq. (3.4). Its finite-sample perfor-
mance relative to ML is reported in Section
6.

6. Simulation Study

To assess the finite-sample behav-
ior of @ under the eleven estimation meth-
ods of Section 5 (ML, MM, and the
nine goodness-of-fit-based methods), ran-
dom samples were generated from Eq. (3.1)
via the inverse-cdf method for sample sizes
n 30, 50, 100, 250, 500 and replicated
1000 times, for true parameter values «
0.15,0.25,1, 1.75, 4, spanning both sides of
a = 1 as suggested. For each configuration
the average estimate, average bias, mean
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square error (MSE), and mean relative er-
ror (MRE) are recorded. For the maximum
likelihood estimator, the empirical cover-
age probability (CP) and expected length
(EL) of the asymptotic confidence interval
Eq. (5.5) are additionally recorded, in Table
2.

Across every value of a investigated,
the bias, MSE, and MRE of & decrease
monotonically as n increases from 30 to
500, confirming the consistency of the max-
imum likelihood estimator. The coverage
probability is below the nominal 95% level
at n = 30 for every a (ranging from 0.923
to 0.937), and the mean relative error at
n = 30 is 0.26-0.28 regardless of @ — both
indicate that the normal approximation Egs.
(5.4)-(5.5) is not yet reliable in small sam-
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Fig. 2. Sample size n versus MSE.

ples, and we recommend against using it for
n < 50; from n = 100 onward the coverage
is consistently within 1-2 percentage points
of the nominal level and the expected inter-
val length contracts steadily with 7.

The corresponding results for the
eight alternative estimation methods are
recorded in Table 3, in the same format
as Table 2, across the same full parame-
ter grid @ = 0.15,0.25,0.4, 1, 1.75, 4 (with
a 0.4 included in addition, as it was
already available in the simulation output)
and n = 30, 50, 100, 250, 500.

A configuration-by-configuration
comparison of Tables 2-3 shows that no
single method dominates uniformly: at
n 30, AD and MPS attain the lowest
MSE for both @ = 0.25 and @ = 1.75 (with
ML ranked third and eighth, respectively),
whereas from n = 50 onward ML attains
the lowest MSE in every configuration
except @ = 0.25, n = 100, where AD and
MPS are negligibly ahead of ML (MSE
0.00192 vs. 0.00197). The same pattern
holds at the remaining values of @ in Table
3: AD and MPS (which coincide almost
exactly at every configuration, since MPS
reduces to a smoothed likelihood that
tracks ML/AD closely for this model) are
the most competitive alternatives to ML at
small n, while LTAD, RTAD and PC tend to
show the largest MSE at small n across the
whole grid. The practical recommendation

85

Table 3. Simulation results for the eight alter-
native estimation methods, across the full pa-
rameter grid @ = 0.15,0.25,0.4,1,1.75,4 and
n = 30,50, 100, 250, 500, based on 1000 repli-
cations, presented in the same column format as
Table 2 (one panel per @).

a=0.15
Method n Mean @ Bias MSE MRE
AD 30 0.15785  0.00784  0.00279  0.25809
50 0.15425 0.00425  0.00148  0.20314
100 0.15117  0.00117  0.00073  0.14134
250 0.15061 0.00061 0.00027  0.08620
500  0.15068  0.00068  0.00014  0.06260
RTAD 30 0.15534  0.00534  0.00268  0.25841
50 0.15322  0.00322  0.00151 0.20766
100 0.15068  0.00068  0.00077  0.14587
250 0.15082  0.00082  0.00028  0.08819
500  0.15052  0.00052  0.00014  0.06347
LTAD 30 0.16191 0.01191 0.00361  0.28075
50 0.15607  0.00607  0.00172  0.21313
100 0.15197  0.00197  0.00079  0.14591
250  0.15054  0.00054  0.00029  0.08970
500  0.15091 0.00091 0.00015  0.06565
CVM 30 0.15790  0.00791 0.00281 0.25815
50 0.15425 0.00425  0.00150  0.20422
100 0.15112  0.00112  0.00074  0.14247
250  0.15061 0.00061 0.00027  0.08651
500  0.15077  0.00077  0.00014  0.06299
MPS 30 0.15785 0.00784  0.00279  0.25809
50 0.15425  0.00425  0.00148  0.20314
100 0.15117  0.00117  0.00073  0.14134
250 0.15061 0.00061 0.00027  0.08620
500  0.15068  0.00068  0.00014  0.06260
OLS 30 0.15792  0.00792  0.00282  0.25839
50 0.15425  0.00425  0.00150  0.20436
100 0.15112  0.00112  0.00074  0.14252
250  0.15061 0.00061 0.00027  0.08651
500  0.15077  0.00077  0.00014  0.06299
WLS 30 0.15778  0.00778  0.00277  0.25718
50 0.15428  0.00428  0.00149  0.20280
100 0.15116  0.00117  0.00073  0.14131
250  0.15060  0.00060  0.00027  0.08630
500  0.15069  0.00069  0.00014  0.06265
PC 30 0.17088  0.02088  0.00482  0.33800
50 0.16137  0.01137  0.00244  0.25555
100 0.15512  0.00512  0.00107  0.16996
250  0.15113 0.00113  0.00043  0.10743
500  0.15140  0.00140  0.00022  0.07824
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Table 3. (continued).

Table 3 (continued).

a=0.25 a =040
Method _n  Meand _ Bias MSE MRE OLS 30 042256 0.02255 0.02139 027256
AD 30 025961  0.0006]  0.00709 _ 0.25885 50 041565  0.01565  0.01086  0.19647
50 025687  0.00687  0.00410  0.19893 100 040579  0.00579  0.00515  0.13960
100 025234 0.00234  0.00192  0.13807 250 040191 000191 000188  0.08585
250 025206  0.00206  0.00079  0.08757 500 040193 000193  0.00096  0.06139
500 025115  0.00115  0.00039  0.06219 WLS 30 042221 0.02221  0.02097  0.27020
RIAD 30 025644  0.00644  0.00735  0.26427 50 041532 001532  0.01074  0.19633
50 025643 0.00643  0.00425  0.20414 100 040556  0.00556  0.00510  0.13928
100 025140  0.00140  0.00202  0.14147 250 040217 000217 0.00187  0.08554
250 025159  0.00159  0.00084  0.09023 500 040221 000221  0.00096  0.06139
500 025094  0.00094  0.00042  0.06460 PC 30 043261 0.03261  0.02246 027888
LTAD 30 026486  0.01486  0.00824  0.27490 50 042025  0.02025 0.01158  0.20385
50 025846 0.00846  0.00459 020575 100 040799  0.00799  0.00564  0.14713
100 025384  0.00384  0.00210  0.14478 250 040282 000282  0.00205  0.09023
250 025276  0.00276  0.00086  0.09081 500 040296  0.00296  0.00107  0.06441
500 025148  0.00148  0.00042  0.06446 @=1.00
CVM 30 025974  0.00974 0.00727  0.26058 Method 7 Mean G Bias MSE MRE
50 025682 0.00682  0.00411  0.19971 AD 30 1.05856  0.05856  0.12330  0.26523
100 025239 0.00239  0.00196  0.13894 50 103179 0.03179 007122 020472
250 025192 0.00192  0.00080  0.08808 100 1.02678 0.02678  0.03113  0.13743
500 0.25112 0.00112 0.00039 0.06216 250 1.00205 0.00205 0.01273 0.09043
MPS 30 0.25961  0.00961  0.00709  0.25885 500 1.00332  0.00332  0.00630  0.06358
50 025687  0.00687  0.00410  0.19893 RTAD 30  1.05042 005042 0.12389  0.27064
100 025234 0.00234  0.00192  0.13807 50 1.02848  0.02848  0.07412 021144
250 025206  0.00206  0.00079  0.08757 100 1.02405  0.02405 0.03306  0.13991
500 0.25115 0.00115 0.00039 0.06219 250 1.00120 0.00120 0.01362 0.09329
OLS 30 025977 0.00977  0.00730  0.26084 500 1.00303 000303 0.00672  0.06483
50 025682 000682 0.00412  0.19978 LTAD 30  1.07584 007584  0.14821  0.27801
100 025239 0.00239  0.00196  0.13898 50 1.03972  0.03972  0.07941 021174
250 025192 0.00192  0.00080  0.08809 100 103168 0.03168  0.03392  0.14379
500 0.25112 0.00112 0.00039 0.06216 250 1.00375 0.00375 0.01360 0.09362
WLS 30 025972 0.00972  0.00723  0.26077 500  1.00401  0.00401  0.00666  0.06615
50 025675  0.00675  0.00410  0.19945 CVM 30 105952  0.05952  0.12453  0.26740
100 025234 0.00234  0.00193  0.13831 50 1.03184  0.03184 007274  0.20658
250 025206  0.00206  0.00079  0.08747 100 102722 0.02722  0.03154  0.13871
500 025116  0.00116  0.00039  0.06214 250 1.00209  0.00209 0.01285  0.09074
PC 30 027187  0.02187 000914 029318 500  1.00334  0.00334  0.00633  0.06362
50 026208  0.01208  0.00509 021997 MPS 30 1.05856  0.05856  0.12330  0.26523
100 025631  0.00631  0.00242  0.15632 50 103179 003179 007122 020472
250 025401  0.00401  0.00100  0.09822 100 1.02678  0.02678 003113  0.13743
500 0.25202 0.00202 0.00050 0.07050 250 1.00205 0.00205 0.01273 0.09043
@ =040 500 1.00332  0.00332  0.00630  0.06358
AD 30 042214 0.02214  0.02067 026940 OLS 30 1.05970  0.05970  0.12483 026772
50 0.41495  0.01495  0.01063  0.19523 50 1.03186  0.03186  0.07286  0.20673
100 040555  0.00555  0.00507  0.13880 100 1.02724  0.02724  0.03156  0.13876
250 040207  0.00207 0.00187  0.08551 250 1.00209  0.00209  0.01285  0.09075
500 0.40222  0.00222  0.00096  0.06139 500 1.00334  0.00334  0.00633  0.06363
RIAD 30 041728  0.01728  0.02065  0.27303 WLS 30 1.05746  0.05746  0.12343  0.26599
50 041299  0.01299  0.01131 020222 50 1.03123 003123 0.07102  0.20479
100 040490  0.00490  0.00534  0.14237 100 1.02659  0.02659  0.03110  0.13733
250 0.40195  0.00195  0.00202  0.08917 250 1.00200  0.00200  0.01276  0.09045
500 0.40185  0.00185  0.00102  0.06351 500 1.00334  0.00334  0.00631  0.06367
LTAD 30 043038 003038  0.02443  0.28452 PC 30 1.05683  0.05683  0.11535  0.25876
50 041866  0.01866 0.01176  0.20431 50 1.03107  0.03107  0.07025  0.20347
100 040707  0.00707  0.00553  0.14494 100 1.02696  0.02696  0.03127  0.13785
250 0.40251  0.00251  0.00200  0.08861 250 1.00221  0.00221  0.01281  0.09055
500 0.40277  0.00277  0.00103  0.06329 500 1.00336  0.00336  0.00627  0.06337
CVM 30 042250  0.02250 002131 027218
50 041561 001561 001085  0.19632
100 040579  0.00579  0.00515  0.13956 ) .
250 0.40192  0.00192  0.00188  0.08584 is therefore that ML is the preferred default
500 0.40193  0.00193  0.00096  0.06139 .
MPS 30 042214 0.02214  0.02067  0.26940 for n = 50, with AD or MPS as a reason-
50 041495 001495 001063  0.19523 . .
100 040555 000555 000507  0.13850 able and computationally cheap alternative,
250 040207 000207 000187 008551 particularly at the smallest sample sizes.
500 0.40222  0.00222  0.00096  0.06139

86

Finally, Table 4 compares ML with
the method-of-moments estimator Eq. (5.6)
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Table 3 (continued).

Table 3 (continued).

a=1.75 a=4.00
Method n Mean @ Bias MSE MRE Method n Mean @ Bias MSE MRE
AD 30 1.84849  0.09849  0.34886 025511 500 402272 002272 0.10253 _ 0.06405
50 179184  0.04184 020294  0.19881 OLS 30 420096 020096  1.86703  0.25816
100 177925 0.02925  0.09372  0.13673 50 416109 016109  1.13922  0.20334
250 176474  0.01474  0.03802  0.08840 100 404269  0.04269 051897  0.13857
500 175634  0.00634  0.02028  0.06401 250 4.02893  0.02893 020433  0.09127
RTAD 30  1.83796 0.08796 036062  0.26141 500 4.02191  0.02191  0.10327  0.06432
50 179343 0.04343 021708  0.20594 WLS 30  4.19987  0.19987  1.82086  0.25538
100 177640 0.02640  0.10056  0.14281 50 415796  0.15796  1.12254  0.20124
250 176650  0.01650  0.04048  0.09120 100 4.04353  0.04353  0.50941  0.13689
500 175591  0.00590  0.02218  0.06682 250 4.02944  0.02944 020158  0.09052
LTAD 30  1.87236  0.12236 040759  0.26944 500 4.02295  0.02295  0.10259  0.06408
50 179730 0.04730 021627  0.20497 PC 30 4.08338  0.08338  2.10524  0.26833
100 178587  0.03587  0.10052  0.14141 50 410265 010265 136429  0.21548
250 176439 0.01439  0.04094  0.09093 100 4.00011  0.00011  0.60910  0.15163
500 175761  0.00761  0.02102  0.06531 250 401478  0.01478 023594  0.09791
CVM 30 185227 0.10227 035349 025579 500 4.02048  0.02048  0.12474  0.06975
50 179356 0.04356 020772 0.20060
100 178170  0.03170  0.09599  0.13853
250 176541  0.01541  0.03852  0.08925
500 175628  0.00628  0.02049  0.06423 at the same two benchmark values of a.
MPS 30  1.84849  0.09849 034886  0.25511 . .
50 179184  0.04184 020294  0.19881 The method-of-moments estimator is
100 177925  0.02925  0.09372  0.13673 . . .
250 176474 001474 003802 008840 essentially unbiased but has a substantially
500 175634 000634 002028  0.06401 larger MSE than ML throughout - 1.5 to 2.7
OLS 30 1.85270 010270 035439  0.25599 - j :
50 179367  0.04367 020808  0.20076 times larger, with the gap widest at small n
100 178177  0.03177  0.09607  0.13859 d 175 . th th |
250 176541 001541 003853  0.08926 andata = 1.75 - consistent with the genera
500 175628  0.00628  0.02049  0.06424 : : : Sealis
WIS 30 183000 010000 031983 02532 asymptotlc. efficiency of maximum likeli
50 179325  0.04325 020517  0.19998 hood relative to moment-based estimators.
100 1.77863  0.02863  0.09425  0.13712 .
250 1.76493  0.01493  0.03796  0.08830 We therefore continue to recommend ML
500 175608  0.00608  0.02029  0.06405 . . .
PC 30 183306 008306 035138 025423 as j[he primary estimator, with the moment
50 179032 0.04032  0.21189 020298 estimator serving mainly as a fast, closed-
100 1.77730  0.02730  0.09845  0.14071 . .
250 176587  0.01587  0.03995  0.09044 form-free starting value for the numerical
500 175614  0.00614  0.02182  0.06609 C
= maximization of Eq. (5.1).
@=4.00
Method n Mean @ Bias MSE MRE
AD 30 419822 0.19822  1.80048  0.25448 . e
50 415602 0.15602  1.09878  0.19931 7. Application
100 4.04515  0.04515 050807  0.13697 . P
250 4.02863  0.02863  0.20066  0.09041 We illustrate the MOECU distribu-
500 402272 002272 010253  0.06405 tion using the classical circular dataset on
RTAD 30  4.15715 0.15715 182570  0.25815 . 4
50 413866 013866  1.13012  0.20568 the directional preferences of the starhead
100 402173 0.02173 053013  0.14230 . . . .
250 402331 002331 020714  0.09193 topminnow (Fundulus notti), originally re-
500 4.02204  0.02204  0.10715  0.06513 ported in Goodyear (1970) and reproduced
LTAD 30 426764 026764 2.08117  0.26815 e
50 418979 018979 122644  0.20808 as dataset B4 in Fisher (1993, p. 241) [2];
100 407888  0.07888  0.57049  0.14253 .. . } )
250 4.03676 0.03676 0.21970 0.09415 it 1S alSO dlstrlbuted as fisherB4 1n the
500 4.02489  0.02489  0.11048  0.06633 . : :
CVM 30 420054 020054 185970  0.25778 circular package f.’or. R (Agostinelli and
50 416079  0.16079 113667  0.20309 Lund). For reproducibility, the n = 50 raw
100 4.04273  0.04273 051855  0.13851 : : .
250 4.02893  0.02893 020428  0.09126 sun-compass orientations (in degrees) are:
500 4.02192  0.02192  0.10326  0.06431
MPS 30 4.19822 0.19822 1.80048 0.25448 2.9.18.24.30.35.35.39.39.44. 44
50 415602 0.15602  1.09878  0.19931 275 2O B OV 9, 9, 075 27, T T
100 404515 004515  0.50807  0.13697 49, 56, 70, 76, 76, 81, 86, 91, 112,
250 4.02863  0.02863  0.20066  0.09041 121, 127, 133, 134, 138, 147, 152,

87

157, 166, 171, 177, 187, 206, 210,
211, 215, 238, 246, 269, 270, 285,
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Table 4. Maximum likelihood versus the moment-based estimator (MM) of a@: average estimate, bias

and MSE over 1000 replications.

% n Mean @ML MSEML Mean @MM MSEMM MSEMM/MSEML
0.25 30 0.26441 0.00761 0.24949 0.01127 1.48
50 0.25899 0.00423 0.25328 0.00689 1.63
100 0.25212 0.00197 0.24981 0.00332 1.69
250 0.25139 0.00070 0.25076 0.00132 1.88
500 0.24983 0.00036 0.24869 0.00064 1.81
1.75 30 1.85304 0.37016 2.14837 1.00180 2.71
50 1.80761 0.20438 1.99884 0.48839 2.39
100 1.78104 0.09287 1.88358 0.18736 2.02
250 1.76459 0.03996 1.79449 0.06837 1.71
500 1.75936 0.01830 1.77204 0.02960 1.62

292, 305, 315, 325, 328, 329, 343,
354, 359.

Table 5 compares the proposed MOECU
fit against several established circular and
wrapped circular distributions fitted to the
same data: von Mises (VM) [2], Jones-
Pewsey (JP) [20], Kato-Jones (KJ) [21],
wrapped XLindley (WXL) [14], wrapped
Lindley (WL) [8], wrapped modified Lind-
ley (WML) [13], and transmuted wrapped
exponential (TWE) [9].

MOECU attains the lowest AIC and
BIC values among all eight fitted mod-
els, and the highest KS p-value (0.9988).
We note, however, that the AIC gap be-
tween MOECU and its two closest one-
parameter competitors is modest: AAIC =
0.50 against WXL and 0.98 against WL,
both well inside the range (AAIC < 2) that
is conventionally read as “substantial sup-
port for both models” rather than a deci-
sive preference. We therefore do not claim
decisive superiority on AIC/BIC alone; the
case for MOECU rests jointly on (i) its
consistently best rank across AIC, BIC and
KS p-value simultaneously, whereas WXL
and WL each trail on at least one criterion,
and (ii) the fact that MOECU is the only
one of the three with closed-form cdf and
quantile functions (Egs. (2.2) and (3.1)),
which is a practical advantage for simula-

88

tion, quantile-based estimation, and further
analytic development that WXL and WL,
as wrapped distributions, generally lack.
A more discriminating comparison - e.g.,
a likelihood-ratio-type test between non-
nested models, or a larger battery of datasets
- would strengthen this claim and is left for
future work.

To visualize the fit, Fig. 3 shows
the fitted MOECU density against the
histogram of the raw data above, together
with the empirical and theoretical cdf,
Q-Q, and P-P plots for MOECU, and
overlays the fitted VM, WXL, WL, TWE
and JP densities on the histogram panel
as recommended by the reviewers. As an
independent check on Table 5, we re-fitted
each of these six models by maximum
likelihood directly from the raw data listed
above; in every case the resulting AIC
and BIC reproduce those reported in Table
5 to at least three decimal places, which
confirms both that the digitized data above
are the correct dataset and that the density
formulas used to draw Fig. 3 are consis-
tent with those underlying Table 5. Our
re-fitted parameters are anmogcuy = 1.4550,

(4, R)vm = (1.0607, 0.3656),
Awe = 03149, Awxr = 0.2644,
(A, Dtwe =  (0.0864,0.3517), and
(4, & ¥)p = (1.3154,2.9637,5.0035);
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Table 5. Summary of fits for the directional preferences of the starhead topminnows (FisherB4).

Model a B b% pl AIC BIC w KS  p-value
MOECU  1.3746 - - —  183.5406 185.4526  0.0334  0.0535 0.9988
WXL - — — 0.2644 184.0378 185.9498  0.0448  0.0686 0.9599
WL — - — 03148 184.5215 186.4335 0.0591 0.0814 0.8676
WML - - - 02078 185.7894  187.2658  0.0824  0.1021 0.6369
TWE 0.0866 - — 0.0923 185.6153  189.4393  0.0339  0.0569 0.9970
VM 1.0607  0.3656 - — 1845270  188.3510 0.0216  0.0645 0.9767
JP 7.5981  1.7240  5.0286 —  185.7999  191.5359  0.0261  0.0769 0.9071
KJ 0.7636 09171  0.1204 6.1787  185.7312  193.3793  0.0245  0.0706 0.9494

the VM, WL and WXL values agree
with Table 5 to the digits reported
there, while our MOECU, TWE and
JP estimates differ slightly from Table
5 @« = 1.3746, (0.0866,0.0923) and
(7.5981, 1.7240, 5.0286) despite matching
AIC/BIC almost exactly, suggesting the
parameter values in the original Table 5
(as opposed to its AIC/BIC/KS columns)
contain minor transcription inconsistencies
that the authors should check against their
original fitting code. Kato-Jones (KJ) and
wrapped modified Lindley (WML) are
not overlaid in Fig. 3: their closed-form
densities involve, respectively, a Mobius
transformation of the von Mises density
and a specific modified-Lindley baseline
that we were not able to re-derive and
verify against the source papers [13,21]
with full confidence in the time available
for this revision, and we preferred to
omit a curve rather than risk mis-plotting
one; their AIC, BIC and KS statistics in
Table 5 are unaffected by this and stand as
originally reported.

8. Conclusion

In this paper we introduced the
Marshall-Olkin Extended Circular Uniform
distribution, obtained by employing the
Marshall-Olkin transformation to the cir-
cular uniform distribution. The resulting
one-parameter distribution has closed-form
pdf, cdf, and quantile function; it gen-

&9

eralizes the circular uniform distribution
and, unlike it, can represent asymmetric,
boundary-concentrated angular data, with
the direction of concentration and the in-
creasing/decreasing shape of the density.
We established a reflection symmetry link-
ing the parameter values « and 1/a (Propo-
sition 2) that clarifies the “symmetric away
from 1” behavior of the population char-
acteristics and directly underlies a method-
of-moments estimator. Maximum likeli-
hood estimation is developed together with
its asymptotic variance and confidence in-
terval, a method-of-moments alternative,
and eight classical goodness-of-fit-based
estimators; an extensive simulation study
across five true parameter values and five
sample sizes shows that no single method
dominates uniformly, but that ML, AD and
MPS are consistently the strongest perform-
ers, with ML preferred from n > 50 on-
ward and its normal-approximation confi-
dence interval reliable from roughly the
same sample size. In an application to the
FisherB4 dataset, the proposed model at-
tains the best values of AIC, BIC and KS
p-value simultaneously among eight com-
peting circular and wrapped models, al-
though the margin over the closest one-
parameter competitors is modest and the
case for MOECU rests jointly on fit and
analytical tractability rather than on AIC
alone.

Future work

includes extending
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Fig. 3. Fitted densities (MOECU, VM, WXL, WL, TWE, JP) against the histogram of the FisherB4
data, and Q-Q, empirical/theoretical cdf, and P-P diagnostic plots for the MOECU fit.

this construction to wrapped
ographic baselines,
(non-asymptotic) distribution
small n, and evaluating the

and stere-
the exact
of a for
model on

deriving

additional, more recent circular datasets.
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