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Abstract
This paper presents an algorithm combining dynamic programming (DP), benders decomposition

and metaheuristics for solving a dynamic facility layout problem. The problem is proposed as an
extended model of quadratic assignment problem (QAP) called the dynamic quadratic assignment
problem (DQAP). Solving for an optimal solution is extremely diff icult since DQAP is an NP-hard
problem. In approximated DP, the search is incomplete as in the original DP. For each period, a set of
best solutions provided by metaheuristics is determined as the initial solution set, and the number of
all possible solutions is the product of the initial solution set of all periods. In order to improve the
quality of solutions, Benders decomposition is then implemented with given init ial solution from the
approximated DP. The experimental results and the quality of the obtained solutions will be illustrated.

Keywords: dynamic quadratic assignment, approximated dynamic programming, benders
decomposition

I Introduction Minimize:
The dynamic quadratic assignment problem

(DQAP) is an extended problem of the original 
i i i i f ,r,,o,,r,,,rr,,-rI i i Io,,, x,,,xtr,*t (l)

q u a d r a t i c  a s s i g n m e n t  p r o b l e m  ( Q A P )  p r o p o s e d , t  i t k - t t - t , = t ,  I  | , - j
by Koopmans and Beckman (1975). DQAP is a
decision problem formulated to find the optimal +
location assignment among a set of racitit ies Subject to LXii,: l  Vi' t (2)

over discrete time periods. During the periods, i=l

many parameters in the problem such as
demands and distribution costs are l ikely to F X,r, :1 Vi, t (3)
change. The objective is to minimize the sum of /-/ '

flow costs and rearrangement costs over all
discrete time periods. The application of this
problem is necessary not only fbr the design of Xu, e {0'l} vi ' i '  t (4)

new facilities, but also for the redesign of
existing facil i t ies due to the introduction ofnew
products, the installation of new equipment or where
processes, or the realization of an increase or n represents the number of facilities or
decrease in throughput volume. DQAP is locations in each period l.
mathematically formulated as a modified QAP
as follows:

l 8

periods.
I represents the number of discrete time



C,,r,,rC,ir,,: J',r,* d,,,rcpresents the cost

of assigning facil i ty i to location.T and facil i ty I
to location / at period l,

f*, is the workflow cost from facility i

to facility ft in period r.
d,,,is the distance from location 7 to

location / at period t.
R,,,, represents the rearranging cost

when facility 1, located at location 7 at period l,
is moved to location / at period (l+ I ).

X,,, is 7, if facil i ty i is assigned to

location i at period L Otherwise, Xu, is 0.

2 Approximated Dynamic Programming
In the fundamental paper on the dynamic

facility layout problem, Rosenblatt (1986)
proposed a dynamic programming to develop an
optimal solution methodology and identify
bounding procedures. Using dynamic
programming terminology, a stage corresponds
to a specific layout and a state corresponds to a
period. This procedure can be used to reduce
the number of candidate static layouts to be
examined. The effectiveness of this procedure
depends on the relative magnitude of the shifting

costs.
The following recursive relationship was

established:

.  ( , *  ^  ) . ^
L r n t  = m t l n  

{ L ,  , . *  +  X ^ . 1 + L t n  . V l  ( ) )

where:

Z- is the minimum total cost for layout

m at up to period l, where layout m is being used
in period t.

Rr* is the rearangement cost from

layout k to layout z.

C,- is the material handling cost for

layout m at period l.

With Rosenblatt 's dynamic programming
model, each period in the planning discrete time
corresponds to a stage and each particular layout
arrangement conesponds to a state. Therefore,
there are n ! states in each of the Z stages. Th_e
total number of possible solutions is (n!)'.
Restricting the state space of the model, it was
determined that any layout arrangement for a
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given period does not need to be considered if
the difference between the total cost of the

arrangement, L,., and the cost of optimal static

solution for that period. L). is greater than the

difference between the values of the upper
bound and the lower bound of the model.
Therefore, only the best static solutions for each
period need to be considered. For a small
problem, the optimal solution can be obtained.
For a larger problem, using all n ! static layouts
will result in an intractable problem.

N, is the number of the static assigning
layouts of period r. The main concept of this
methodology is providing the optimal solution
for the layouts included in its procedure. In the
case that r is very large, exploring all possible
solutions as 2t at each period needs the
capability of software and hardware to solve the
problem. If N, < nt , it then cannot guarantee the
optimal solution for the problem since all the
possible static layouts are not determined.
Concerning selecting the best N, layouts in each
period, the larger N, in the set ofthe best ranked
solutions should lead to better solutions. There
are some suggestions on the method of selecting
the N, layouts where N, < nl. One method is to
choose them randomly, but the quality of the
solutions is usually not good.

Finding the optimal solution for DQAP
relies on the solution to the QAP. It is well
known that static QAP is an NP-complete
problem, so heuristic procedures will be
necessary for providing good solutions in an
efficient executing time. In this paper, the
method of selecting the 1/, layouts is using the
best layouts provided by the metaheuristics.
Muenvanichakul (2000), genetic algorithm, tabu
search method and simulated annealing method
were applied to solve DQAP. Next,
approximated dynamic programming, which is
based on the concept of incomplete dynamic
programming, is applied as an optimal solution
procedure. The procedure eliminates all
repeating static layouts in each period. It
attempts to reduce exploring solution time and
avoid constructing repeating layouts. In
approximated dynamic programming, the N
static layouts (states) in each period can be
different each other. Thus, N, represents the
number of static layouts in period (stage) t. A
framework of approximated dynamic
programming is presented in Figure l.

l 9



However, an appropriate lower bound
proposed to cut offuseless solutions is restricted
in approximated dynamic programming because
N lavouts are not all oossible solutions. and thev
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are the best solutions found by metaheuristics. It
attempts keeping the largest .V. Logically, the
lareer ly' should lead to better solutions.
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Figure l: Approximated dynamic programming framework.

3 Benders Decomposition
The 0-l DQAP model has a quadratic

objective function and assignment constraints.
The nonlinearity can be removed from the
objective function by introducing two new

nonnegative variables, Y,,r,, and M,,,,,rr,. The

variables Y,,*,,take the value I when facility i, j

are respectively assigned to location k, I ar

period r. Similarly, variables Mi,r,t,represent

the facility I assigned to location 7 at period r,
and relocated to location / at period l+1. Thus,
two new constraints are added:

Y4r, > X,1, + X ktt 
-l ,V i, i, t

M ijr(t+r) 2 X,,, + X ir\rtr) 
-1 'V i, j , t

Because of the quadruple and quintuple
subscripts of the new variables, there are a very
large number of variables. The sets of

variables Y,,r,, and M,i,(,rrrmay take the value

(-l). They will be automatically eliminated due
to the integrality constraints.

For solving large scale mixed integer
programming problems, the Benders
decomposition technique is one of the possible
approaches. The algorithm was applied to solve

iteratively the linearization of its structure by
decomposing a mixed integer problem into two
problems as an integer master problem (called
MP2) and a linear sub-problem or dual problem.

Then, the corresponding dual problem

of l inearized DQAP is:

Maximize

iiiii,' + x k,, l)LI,,k,,.iii;,", + x,,,,,, -lt)v,,,,.,,

Subject to
0  <  ( J  i f t t ,  <  C i j k t , '  i  - l ' . . , n , j  :  1 , . . . '  n '  t  :  1 , " ' T

0 { V , , , r , r , 3  R , , , ,  , i - 1 , . . , n ,  j  -  1 , . . . , n  ,  t : 1 , . . . 7

x,,, e {o,l} ,V i, i, t

In this case, it easily deals with the dual
variables. The optimal solutions are obvious as
follows:

(I yr, = C,1*,, If (X ii, + X r,, 
-l) =l ,

:0 Otherwise. (8)

Va,1,,a = R,1, lf (X !j, * X,,(,,r) - l) : I ,
: 0 Otherwise. (9)

(6)

(7\
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For an obtained optimal IJi,o,,and V,i,,,-,,.

the master problem (MP2) can be solved for a
new solution. Iteratively, the process can be
continued by adding the cutting plane for a
candidate solution in order to improve local
bound Z. Thus, the new adding cut is:

', ii1.|Zt r,,, + x,,, - t) u i,,,, + fffil x,. x,, 4 r' ;,,.,,

Theoretically, the objective of MP2 is equivalent
to the objective of the problem. The MP2 model
is as follows:

Minimize: Z
Subject to:
'.ffff2a,,, + x,,, l)u,,,,. 

IIII,r, 
+ x,,\,.i,)r,;1,,,,

v j ,  t

v i ,  t

\ -  r ,  -1
L " i i r

\- r.  -r
/  . / L i i '  

-  \

X,, ,  e \0,1|  Yi , i ,  t

ln this paper. there are lwo aspects of
benders decomposition. One is the original
concept of the Benders decomposition
technique. Since DQAP is a hard problem,
dealing with the linearized DQAP is still hard.
The relaxation model of Benders decomposition
is applied. The relaxation idea is to relax the
master problem into I - linear assignment
problems while the arrangement cost is ignored.
A new cut is a combination of all Z solutions of
linear assignment problems.

4 Computational Experience
4.1 Results of Applying Approximated

dynamic programming
The algorithm was coded in Visual Basic 6

and run on the PC Pentium lY 2.4 GHz.5l2 MB
RAM. Consider a first plant layout with twenty
facilities over five planning time periods, the
facilities are assumed to be equal size. The set of
initial layouts are provided by the metaheuristics
genetic algorithm, tabu search and simulated
annealing. In genetic algorithm, the process of
selecting a solution to be an initial solution for
the next generation used a Roulette wheel for
setting an opportunity of the population, while
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the mutation parameter was set to zero. For large
problems, the process of generating new
solutions in tabu search method will take too
much time for evaluations. It is therefore
controlled by creating a random number of a
specific time period to create the new solutions.
Nevertheless, both methods are not able to
obtain a better solution than those obtained by
the simulated annealing (Luangpaiboon, 1995).
Thus, combining three heuristic algorithms
including simulated annealing, aims to obtain a
better solution and to increase the power of the
quality of solutions.

A set of a hundred and six initial solutions,
which the best cost is 4,193,928 units was firstly
determined to eliminate the repeating layouts in
each period. The first experiment for the
problem of n : 20,I: 5 was set by controll ing
the state space. The actual number of states was
determined by various trials. The number of
states of each trial was randomly selected from
all initial solutions. The best solution was then
found in the 7'h trial, which had a maximum
number of states and six good solutions can be
also found as 4,180,226, 4,189,147, 4,192,084,
4,1 92,5 | 4, 4,1 92,589, and 4,1 92,67 5 units Thus,
it shows that if the best initial solutions were
included in an experiment, it can improve the
quality of solutions as in Table l. In addition,
the result ofthe test problem for n -20, I:3, and
n:20, T:5, the good solutions (but not optimal)
are found in Table 2. The layouts of best
solutions of (n :20, Z:3) and (n:20, Z:5) are
shown in Tables 3 and 4, respectively.

4.2 Results of Applying Benders
Decomposition
All experiments in this part are investigated

as problem size n=20, Z=3. An initial solution
for testing in this part is initiated by the
approximated dynamic programming. After
adding a group of cuts (not all possible cuts),
there is consequently no better solution as
compared to the initial solution. On the other
hand, for some cases which started the algorithm
with different initial worse solutions, there are a
set of better solutions found. More solutions are
in progress with the expectation that this scheme
will provide a further opportunity to generate
more effective static layouts leading to a better
solution overall for the DQAP.
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a t s o ximated mm tor n:20,
n T Trial Search

space
Number of states

(excluding repeating layout)
Executing time.

(sec)
By approximated

dynamic
orosrammlns

20 5 00.000 (  l 0x 0x10x0x 0 216 4.354.420
2 00,000 (  l 0x 0x10x 0x 0 209 4,419,156
J 00,000 (  10x 0x l0x 0x 0 208 4,321,477
4 00,000 (  l 0 x 0xl  0x 0x 0 209 4,370,316
5 00,000 l 0x 0x10x 0x 0 210 4,384,428
o 258,120 (8x l0x2 l x1  l x l 4 ) 539 4.340.098
7 7 59.37 5 1 5 x 1 5 x l 5 x l 5 x l 5 1 . 5 5 1 4 .177 .595

5 Conclusions
As investigated in a few experiments, it

was found that better solutions to the dynamic
quadratic assignment problems can be detected.
The number of states required in the applied
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approximated dynamic programming is
provided by the combining with Benders
decomposition. The quality of the solutions
depends on the quality of the initial solutions.

Theble 1T

ab le  Z :  I  he  e o l  (n -20 .  / :3 )  and (n  -20  T=
Init ial Solution Time Best total cost

N T Search
space

Number of states
(excluding

repeating layout)

Executing
tlme.
(sec)

Addln
Table time.

(sec)

From initial
solutions

After applied
approximated

dynamic
programminq

20 J 39 ,1  68 (32x36x34) 43 228 )  5 q 1  7 7 { 2,515,963
20 5 7 5 q  1 7 5 1 5 x l 5 x l 5 x l 5 x l 5 ) l 5 5 l 580 4,t93,928 4.177.59s

able 3: o t  n  : 2 0 .  T :
Lavout  of  n -  20.  T:5 Total cost

Best lnitial Layout I  0,7, I  9,8, I  3,  I  4,1 t ,2,5,6,1,1 2,3,1 5,17,20,9,1 6,4, |  8
J ,20,10,t  |  ,5,3,15,4,16,6, I  8,9, 13, I  ,g ,17 ,2,19,14,t2
1 6,6,9,1 8, 8,  5,  1 9,4, 1 3, 1 4.t  5,20.2.7 .  1 7 .3 .1 0. 1 2.1 1 .1

2,593,115

Best Layout 3 ,1  4 ,1  1 ,8 ,  1  5 ,  1  0 ,4 ,  7 ,  1  6 ,1  7 ,1  2 ,1  3 ,1 ,1  8 ,1  9 ,5 ,2 ,9 ,20 ,6
6,4,12,17,2,1 4,9,  I  0 ,  I  I ,  I  5 ,  I  9 ,  I  6 ,  1 8,3,5,7,1,12,8,20
1 6,6,9,  1 8,8,5,  1 9,4,1 3, t  4 ,1 5,20,2,7,n,3, t0,  1 2,  1 l ,  l

2,57s,963

able 4 ts  of ' r  -  20.  T:5
L a v o u t  o f  n : 2 0 .  T : 3 Total cost

Best Initial Layout 2,5,17,1 8,1 5,4,t2,19,1 6,9,7,8,6,20,1,13, 1 1,3, I  4,  I  0
I  5,  I  9,  1 3, 1 1,7,1 0,9,4,1 4,1 8,2,8, I  7,3,20,6,1 6,1,1 2,5
1 6,6, 1 3, 1 5,8,5,4,7,9,t7, t0,18,3, 1 9, I  t ,1,12,2,20,1 4
|  4 ,7 ,8 ,9 ,3 , t  0 ,1  6 ,5 ,  I  3 ,4 ,  1  9 ,  I  2 ,1 ,1  l , t  7 ,6 , t  8 ,1  5 ,20 ,2
6 ,1  4 ,5 ,1  5 , t  9 ,3 ,1  0 ,1 ,9 ,1  2 ,20 , t  1 , t  6 ,1  7 ,1  3 ,4 ,7 ,8 ,1  8 ,2

4,193,929

Best Layout 2,s,17,1 8,1 5,4,1 2,1 9,r  6,9,1,8,6,20,1,13,1 1,3, 1 4, I  0
I  5 ,  1  9 ,  1  3 ,  |  1 ,7 ,1  0 ,9 ,4 ,1  4 ,1  g ,2 ,g , l  1 ,3 ,20 ,6 ,1  6 ,1 ,1  2 ,5
1 6,6, 1 3, 1 5,8,5,4,7,9,17,1 0,18,3, I  9,  I  1, t ,12,2,20,1 4
|  4 ,1 ,1  5 , t  6 ,2 ,1  0 ,3 ,5 ,1  3 ,4 ,1  9 ,1  2 ,1 ,1  1 ,n ,6 ,  I  8 ,9 ,20 ,9
6,1 4,5,1 5, 1 9,3, 1 0, 1,9,1 2,20,1 1,t  6,11,13,4,1, 8,  I  8,2

4 .177.595
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The proposed algorithms, however, are still
far from being completed. The study should
consider the quality of solutions and improve the
efficiency of algorithms. Providing the new cut-
methods for Benders decomposition may be
investigated.
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Table 1 l :
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Table 12:

Table 13:

Table 14:
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Table l5 :
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