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Abstract
Optical signal processors with the support of good coherence properties of light can perform one-

or two-dimensional spatial functions using single l inear operators. such as optical Founer
transfbrmation. It is well known that a two-dimensional Fourier transformation can be obtained with
an aberration-fiee positive lens. The lens has been designed in this paper by using a compound lens
system in order to get rid of Seidel aberrations. The design of this lens system is governed by the
imaging conditions and has been done with optical design program. CODE V. The predesign of this
system is  a symmetr ieal  lens s)  s tem.

Keywords: Fourier transform lens design. optical Fourier transfbrmation.

1. Introduction
Optical processing can perfbrm a myriad of

processing operations. This is primarily due to
its complex amplitude processing capabil ity.
Optical Fourier transfbrm processing is
fiequently used in practice. The Fourier domain
(filter) processor and the joint transtbrm (spatial
domain filter) processor are two types of Fourier
transform processors. The concept of optical
fi l tering was introduced originally by Abbe
through his studies on image formation in the
microscope with coherent i l lumination. These
optical f i l ter processors make use of the Fourier
transfbrm property of lenses that are free from
Seidel aberrations and are located in a
telecentric ray system. There is a restriction of
small f ield angles of these lenses because the
chief rays are kept close enough to the optical
axis so that nonlinear terms of the field angle
may be neglected. The restriction of small f ield
angles is dropped completely if Abbe's sine
condition is fulf i l led for the chief rays. The
Abbe's sine condition also outl ines the resulting
Fourier transfbrm lens design. E,arly lens design
(or optical system as it is called by optical
designers) is a laborious work for the designers.
The lens designer starts with drawing l ight rays
(in itsclf a mathernatical abstraction) originating
liom an ob.lect. These pass through a glass
surface. and are bent or refiacted through to the
image plane. For example. in a 6 element design
we need to calculate (by a mechanical and

electrical calculator) 200 rays fbr every lens
surface. Three thousand rays. in all. fbr the
entire lens. That took a full three months of
work t5l. Today the introduction of the
computer and atfordable optical design sofiware
revolutionized the way lenses are designed and
evaluated. The process of designing lenses is
more direct. much faster. and infinitely easier
[61. However, designing a lens is fbremost a
creative act, based on experience and insight
into the real character of optical aberrations.

2. Theory of Optical Fourier Transforms
Fourier transfbrms have played an important

role in wave propagation in homogeneous media
and in the treatment of wave propagation
through lenses. The amplitude distribution in the
fiont and back fbcal plane of a lens forms. to a
good approximation. a Fourier pair of which the
point spread funcfion is the Fourier transfbrm of
the complex amplitude distribution in the exit
pupil. Considering a lens system in Fig. L
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Fig. I Fourier Transtbrm Lens.
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Under certain conditions the field in the back
focal olane of the lens can be shown as
proportional toc['), the Fourier transform of

g(r) , it ttre latter is illuminated by a plane wave.

The field after the object g(.') is

,u (t)= r(x)s(-{). To make the equation simple, a

suitable choice b(x)=l is made. By diffraction

theory in the Fresnel region, the field a, at the

first surf'ace of lens is:
^ ' /  

. i ,  , ,

u , (s )=  =  f  s ( " k  
' ' ' '  '  

, t *  ( l )
" l  j l ' r  ' -

The overal l  t ransmit tance is t  G)"t '
where p(9) is the pupil function associated with

the lens aperture and can be generalized to
include aberrations. Assume that the lens is
nonabsorbent lens of diameter D.
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where

t c / \  f  ' ,  8 . 2rectl7 Dl = 
io. ",n.r*,i.

After the lens, the field u,(;) is Si;e1 bV:

u'O= u,OpGl 
'n'

Then, the field at the back focal plane is:

e i a t  2  [ , , , -  - ,
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Substituting a,(E), we get:
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stationary phase tl l  is applied so that it
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becomes./ jZtplr+l ;  16l. The equation (7)
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becomes
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Rearranging eq. (6), the equation below can be obtained as:

(6)

.'rl: ': ', [,*i, "l;,] -u r ( E ) = ! . , - , l ' '  
- , f , f ,

]  , ! [ .  l , , r . l l ' f
Since f -pGVI  

' ' t  '  t ' ) )  )de  is  a  s lowly

varying function for value 2 in an optical
regime. To approximate this term, the method of

(8). (  r  \  , L , -
x ( x ) p r + . ; l t '  t l t

\  . / )

Let { be written in terms of the spatial frequency, ( = ftt , so

,A ' l ' 1 ^

, , ' , l r l - " - ,  f  , < {  r ) p 1  r r ) r t ? : ^ ' t l s
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The two dimensional form of equation (9), becomes:
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)utv,,)e lz"t,,-',ttdrdy, ( l0)

waves entering the lens from the right side
should form point images in the first fbcal plane
to the left of the lens.

Two coherent plane waves at an angle of 2d
wi th respect  to  each other  wi l l  form a set  o l
interf'erence fringes in the first focal plane. The
fiinge width r'r, is given by:

Let a coordinate system in phase space be
written ar (q, p), where 4 is the height of a light

ray above the optical axis of a lens system and
p is the angle that the light ray makes with the

optical axis. The lens system transforms the
coordinate system by rotating the axes 90' as in
Fig 2:

1 - + l--[*' -l_*'
Fig. 2 Fourier Transfbrmation of the lens system
transforms the coordinates bv rotating the axes
90 ' .

( q ,  p ) - ( -  p ,q ) ( l  l )

The Fourier transfbrmation in Fig. 2 happen
when an object sits at the position of the tiont
fbcal plane and the image sits at the position of
the back focal plane. Therefbre, if substituting
1= fin eq. (10), then the phase factor outside

the integral vanishes so that an exact Fourier
transfbrm relationship between the front and
back fbcal plane of the lens system can be
obtained:

t .
f i ( r ' . r r ' ) - r r . ( r ' . r r ' )  -  

, ' , ,  f  .  f ,  x { . r . t p  
t '  ' , / . t , l t '

Ir ' .t '

( t2)

3. Theory ofFourier Transform Lens
As mentioned above. the lens used to

perfbrm a Fourier transfbrm is an aberrationless
lens. Thus, a single lens cannot be used to
perform a Fourier transfbrm when the field
angles are not small or the chief rays are not
close enough to the optical axis. In practice it is
feasible to achieve an accurate Fourier transform
with a lens system of more than one component.
A perf'ect Fourier transfbrm lens should be
capable of transforming plane waves into perfect
diffraction l imited point images and point
objects into plane waves, i.e. plane waves in the
space to the left of the lens should fbrm
diffraction limited point images in the focal
plane to the right of the lens and likewise plane
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Any periodic structure of spacing r'r'in the
first focal plane which is illuminated with a
coherent plane wave wil l then form plus and
minus diffracted plane waves which propagate
at the angle d = sin ' (;/"J. f ne first order image

point focused in the second focal plane will be
spaced from the zero order by the amount:

7  =  f  . s i n 9  ( 1 4 )

where f is the fbcal length of the lens. When

a single thin lens perfbrms as a perfect Fourier
transfbrm lens. it will form the two images at the
heights given by J .tan0. This difference means

that the lens must have a slight amount of
distortion. Thus. a single lens with the aperture
in contact with it can not provide this distortion.
This is because a Fourier transform lens has an
effective aperture stop at the first fbcal plane of
the system, and the rays through the point

,r - -1 = I = 0 represent the chief rays. With help

of Abbe's sine condition. the formation of a
perfect image of a point object can be made so
that the rays penetrate through the system at the
coordinate - r - . r= l=0.  To per form Four ier

transtorms by optical means. the simplest way is
to place a diffracting aperture in front of the lens
so that the point of observation is moved fiom
infinity into the back focal plane of the lens. The
diffiacting aperture at the front fbcal plane can
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also be replaced by a number of coherent light
sources at infinity, where the phase and
amplitude of the l ight oscil lations as well as the
lateral locations of the light sources are chosen
such that each light source corresponds to a
particular difTracted plane parallel wave. To
have an equivalent ray path, all rays from the
light sources at infinity must penetrate the front
focal plane, and the resolution in the image
plane is solely determined by the aperture limits
in the front focal plane. If the numerical aperture
for this imaging process is to be changed, it can
be accomplished only by changing the aperture
in the front focal plane. Therefore, the effective
aperture stop of the system is located in the front
focal plane, and the rays through the point
-r = .r = : = 0 represent the chief rays [2].

With this interpretation of the diffiaction
process in the front focal plane, the imaging
conditions for a Fourier transform lens is such
that:

1. Images in the front focal plane must be
aplanatic, i.e. free from spherical
aberration and coma.

2. Images in the back focal plane must be
aplanatic, i.e. free from spherical
aberration and coma; and anastigmatic,
i.e. having a flat field free from
astigmatism and it is necessary to
reduce the Petzval sum drastically.

Due to the Stop-Shift Theorem [3], Petzval
curvature is independent of entrance pupil
coordinates as well as object distance; a flat
field in the back focal plane will automatically
provide a flat field in the front focal plane.

4. Symmetrical Fourier Transform Lens
Design
A lens system in this paper is a symmetrical

optical Fourier transform system with
symmetrical location of entrance pupil at the
front focal plane and image plane at the back
focal plane relative to the lens system. One of
the advantages of a symmetrical system is that
the correction for only the first fbur Seidel
aberrations is necessary. By the way of
symmetry through the correction of spherical
aberration and coma in the plane at the back
fbcal plane, distortion from the fiflh Seidel
aberration, receives its proper value (other than
zero) on account of the sine condition for the
axial image point in the plane at the front focal
plane. In another words, it is virtually
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impossible to null ify distortion while the sine
condition is fulfilled because there is a
symmetrical relationship between distortion and
aplanatism. Therefore, to achieve a simultaneous
correction for the first four Seidel aberrations.
distortion may not be specified. The lens system,
such as photographic objectives, which have all
five Seidel aberrations minimized (especially the
fieedom from distortion) are restricted only to
paraxial Fourier transform applications.

The symmetric optical Fourier transfbrm
system has been designed by using lens
elements with refiacting surfaces that are
spherical and rotationally symmetric. The design
consists of one pair of identical triplets that are
arranged symmetrically on a common optical
axis. The reduction of the overall length from
the front focal plane to the back focal plane of
the lens system has been accomplished by
placing all lens elements relatively close to the
input and output planes, thereby providing a
large overlap of the principal planes.
Furthermore, one of important criteria of Fourier
transform lens design is to fix the stop plane at
the front focal point of the lens system (see Fig.
4, Lens Data Manager Table) according to eq.
(10). At this point the Fourier transform lens can
replace a single lens exactly.

Since the first four Seidel aberrations need
to be corrected, six lens elements are the
minimum number required in this Fourier
transform unit. The six thin lens elements
provide five degrees of freedom. These are two
axial separations between the lens elements and
three bendings of the lens elements of one
triplet. Thus, the number of variables is larger
than the number of aberrations. Four lens
elements, two doublets, provide only three
degrees of freedom, thereby making a stable
correction impossible.
Fig. 3 shows the diagram of the Fourier
transform lens system displayed by the VIEW
function in CODE V [4].The effective focal
length (EFL) is 147.86 mm. The field of view
(FOV) isl0'. The image height of the lens
system can be solved according to the infinite-
object-distance relationship:

Imageheight  =. f  's in(semi -  FOV) ( t5)
-  25.8 mm.
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The f--number of the lens system is fixed
aperture and f 11.5. The entrance pupil is

circular with diameter 100 mm.
The lens system in fig. 3 is found by using

the optimization function in CODE V. The
purpose of optimization is to generate the best
possible optical system that can be achieved
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within a given set of physical and other
constraints. The term "best " is measured by an
emor function which combines image error data
into a single number that is made as small as
possible, i.e. the perfect lens system has a zero
error function.

5 4 ,  1 4

Four ie r  Trans form Lens S c e l e :  0 . 4 3

Fig. 3 Fourier transform lens system diagram.

77



Thammasat Int.  J. Sc. Tech., Vol. 10, No. 3, July-September 2005

Fig. 4 Lens Data Manager show variables of the
indicating that it is a variable and 'P' pickup.
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The enor function of the lens system in Fig.
3 is 155.42016084. The init ial value of the error
function of the lens system before optimization
is 0. 1303629 x I 0" . The LDM (Lens Data
Manager) spreadsheet is shown in Fig. 4. First

order data is obtained after scaling the lens
system so that the scaled lens system has the
correct first order focal length and f'-number.
The list of the first order data is shown in Fie. 5.
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Fig.5 The First Order Data Sheets Show paraxial image height of rays.
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5. Analysis of the Lens System
There are many types of analysis in CODE

V. The results of these analyses wil l also guide
the setup for optimization.

Diagnostic Analysis
- Ray Aberation Curve (RIM)
A ray aberration curve is a useful way of

looking at ray trace data to see patterns that may
cause problems. Transverse ray aberrations are
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measured on the image surface as the distance
from a particular ray to the chief ray for the
same field point (for a perfect lens. this should
be zero for every ray traced from the same field
point). Fig. 6 shows Ray Aberration Curve plots
in different f ields of view. In Fig.6, the cubic
curves show mainly spherical aberration. The
automatic scale value in Fie. 7 is
0.05 mm.,  50 pm.

Ray aberration curves ( | )
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(b) Ray aberration curves (2)

Fig. 6 Ray Aberration Curves at Aperture Stop with the vertical coordinate; measured in lens units on
the image surface and the horizontal coordinate; the normalized aperture stop or pupil, the end point =
1007c of the normalized stop.
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Fig. 7 Automatic scale value of one of the ray aberration curves

Third Order Abenations
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Fig. 8 Third Order Aberrations Table.

Note: The abbreviations of the third order
aberrations stand for:

Transverse'.
AX Axial colour LAT Lateral colour
SA 3'd order spherical aberration
TCO 3'd order tangential coma
SAS 3'order sagittal astigmatic blur
TAS 3''r order tangential astigmatic blur
PTB 3'd order Petzval blur
DST 3'd order distortion
Cuttature:

PT Z P etzv al surface curvature.

Geometrical Analysis
- Spot Diagram
A spot diagram gives a quick and easy

analysis of the image quality. The various field
positions are plotted vertically, while multiple
focal positions (if defined by command in
CODE V) are plotted horizontally. Fig. 9 shows
a spot diagram with one focal position and Fig.
l0 shows a spot diagram with seven focal
positions.
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Fig. l0 Through-Focus Spot Diagram Shows spot diagrams at different seven focal points
DG stands for desree.

Dtrocus t !6  -1 .50{  - r .000 - { .900 0 .000

Four ie r  Trans forh  Lens

0 . s 0 0  1 . 0 0 0  1 . 5 0 0

height differs from this prediction, the image has
distortion. Fig. I 1 shows the resulting distortion
curve.

- Field Aberrations (Astigmatism and
Distortion Analysis)

The image height is related to field angle by
relationship 7- f .sin?. If the real image
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Fig. 1l Field Curves and Distortion of a Fourier transform compound lens
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(b) Field Aberration-Astigmatism and Distortion Analysis Shows the distortion
displaced fiom the chief ray.

Fig. 12 The Table (a) replaces the astigmatism
and distortion Table (b) with a l inearity table to
show actual image height and / x I image
height fbr 20 equally spaced points across the
field'.7o diff'erence of these is also listed.

ln Fig. 12, the Table (a) replaces
astigmatism and distortion table with a linearity
table to show actual image and f .0 image

height fbr 20 equally spaced points across the
field'. c/c difference of these is also listed. The

distortion table shows the distortion (percent)
which is about 1.54clc. These calculations are
based on tracing real rays that are slightly
displaced fiom the chief ray. This distortion is
calculated fiom Fig. I 3 and Fig. 14. In
Fig. 13. the image height is calculated fiom

.f  . t 'an9 =26.01 l774and,  in  F ig.  14,  the image

height is calculated tiom I .sin d = 25.66982 .
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Fig. 13 Paraxial Ray Tracing Table.
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- Through-Focus Spot Diagrams
A through-fbcus spot diagram is shown in

Fig. 10 with seven focal positions starts at
- 1.5 mm. in steps of 0.5 mm.

Diffraction Analysis
Diffraction analysis calculations tnke into
account the wave nature of light, so that even a
perf'ectly corrected system will have a finite
image spot size and frequency response.

- Point Spread Function
The Point Spread Function option gives

detailed image structure infbrmation including
all diffraction effects. Fig. l5 shows the spread
function diagram which is 3-D projection plots
and colour displays. The Strehl ratio is 0.0188
and the total energy through the pupil, contained
within the central maximum. is about 99% . The
point spread function in Fig. l5 is plotted with
some amount of spherical aberration and coma.
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Fig. 15 Point Spread Function of a field angle of 0 degree.

- Modulated Transfer Function
MTF essentially analyzes the spatial

frequency response of an optical system. The
maximum frequency is the axial diffraction
limit, and the increment in frequency is t/6Ctof

the axial diffraction limit. Modulation is relative
contrast, with 1.0 representing ideal contrast
(perfect black and white, no degradation to
intermediate grays). For large features (low

spatial fiequency). even a poor lens will have a
good contrast, while for higher frequencies (fine
details), aberrations and diffraction blend the
dark and light areas. Fig. l6 shows the
modulation transfer function at different field
angles of Fourier transform lens. Fig. 17 shows
the modulation transf'er function fbr the lens
with soherical aberration.
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Fig. 16 Modulation Transfer Function.
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Fig. 17 Modulation Transfer Function with a spherical abemation.
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To show that the compound lens obtained in
this paper is well-designed, the lens system is
compared with the bi-convex single lens. The
bi-convex is modeled and simulated using

CODE V. The results of
comparison table are as the
) ) \ .

Fig. 18 Lens Data Manager of a single lens.

,,wxrx, 6*ffru6*,?gs
rrL r55,ts9?
&tt t{&*'rzs*
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Fig. 19 List of First Order Data of a single lens.

simulations with a
following (Figs. l8-

9 l
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Fig. 20 Third Order Aberrations of a single lens.
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Fig.2l Spot Diagram of a single lens

Aberatron coeflicrents A s rng le  lens A compound lens ,DlTECIlON

SA (sphencal aberationj -9  1  55560 -0  19175? 9 1  9 %

TCO {tangential coma) -4 157804 - 0  0 6 1 6 6 7 9 9 3 %

TAS (tangentral astigmatic blLr) 1 0B?084 -0 023 1 54 9 9 5 %

SAS {sagrttal ashgmatrc blur) -0 4J2? 1 1 -0 082325 9 5  5 %

PTB Geteval blur) -0 1f5524 - 0  1 1 1 9 1 0 1 9 1 %

DST (dntortion) -0  149232 -0  410904 6 6 4 %

PTZ f etzval suface curvaturr) -0 004342 -0 0009?4 1 1  5 %

Fig.22 Shows the degree to which the design change of the Fourier transform
lens has conected for the aberrations.
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5. Conclusion
In this paper, the Fourier transfbrm lens has

been designed using a compound lens system
which is comprised of six elements of lenses.
The Fourier transform lens is well-designed
because most of the aberrations are corrected as
shown in Fig. 8 (Third Order Aberrations
Table.i
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