
Thammasat lnt.  J. Sc. Tech., Vol.7, No.3, September-December 2002

Effects of Static and Dvnamic
Load Models on Power Svstem Load

Representation
Pichai Aree

Depanment of Electr ical Engineering, Faculty of Engineering,
Thammasat University, Phathumtani, l2l2l,  Thai land.

Abstract
In this paper, the multi-machine power system rnodel in [,2] is extended to include a dynamrc

load model. The effects of using static and dynamic load models to represent the electrical load of the
power system with a constant power type, i .e.,  an aggregate induction motor is ful ly investigated

through small-signal analysis. The eigenvalue and part icipation factor techniques are used. The results

obtained from 9-bus test power system reveal widely dif ferent ways of power system dynamic

performances with the stat ic and dynamic load models being used.
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l .  Introduction
Over a number of years, close attention has

always been given to modeling of generators
and their associated controls in the study of
power system stabil ity [2-4]. Under situation of
load growth, power systems tend to be operated
near their maximum capacity l imits. The need
for modeling research has become apparent, as
traditional power systern models are not
adequate to describe all events that occur under
heavy load conditions [5]. As recent survey, an
increase in system loading is often reflected as a
decrease in the level of systern damping. To
obtain a very good estimation of remaining
damping under heavy load condition, it is
imporlant to have a reliable load model to be
included into the power system so that system
planners and operators have confidence in
results obtained from analysis tool. So load
rnodeling is of the issues addressed in this paper.

Tradi t ional ly .  in  srnal l -s ignal  s tabi l i ty
analysis power system loads have been simply
represented by constant impedances [3,4,6]. In
highly stressed area of power system, recent
studies in [7,8] have shown that using the
constant impedance representation in small-
signal analysis tends to overestimate system
darnping by aboLrt 25 o/o as compared r.vith a
more accurate load representatiotr. 

-f 
o obtain

more accLlrate darnping assesstnent the static
voltage-dependent load rnodel in [2,9] has been

incorporated into the dynamic model of multi-
machine power systern. The assessments of
system damping with different types of the static
voltage-dependent load models were conducted.
The results showed the voltage-dependent load
model has a great influence on damping of
power system over the constant impedance load
representation, when high loadabil ity of the
constant power or MVA type of power system
load was considered. Since the majority of large
industrial loads in power systems are constant
power type, i.e., induction motors, their dynamic
responses play a key role in the transient
behavior  of  the ent i re system !0,111.  The
application of the static voltage-dependent load
model to represent them may be inadequate due
to neglecting their dynamic natures [7]. So, the
dynamic load model may need to be
incorporated into the multi-machine power
system with fundamental tread-off between the
accuracy and complexi ty .

Since the industrial plants are composed of
a large number of induction motors, it is not
realistic to model every induction motor that is
in the system. So the aggregate models with
minimum order are needed to represent a group
of  indrrct ion molors Along the years.  var ious
methods lrave been proposed for handing with
aggregation of induction motor models U2-141.
Among them, the methodology based on the
steady state arrd the t ransient  s tar t ing-up



approaches in [13], was selected in this paper for
finding the equivalent of circuit and inertia of
aggregate induction motors, respectively.

The paper is organized as follows. In
sectior.r 2, the srnall-signal model of a rnulti-
machine power system with the static voltage-
dependent and dynamic load models is
addressed. The structure model of n-bus m-
rnaclrine power systern presented in [,2] is
extended to include the dynamic representation
of aggregate induction motor load. Because
tradi t ional  var iables of  induct ion motor  in  the
orlhogonal system (direct- and quadrature-axes)
lack physical  s igni f icance in the power system
study, a new rneaningful polar coordinate
system is used to represent the motor's
variables, i.e., bus voltage magnitude and angle.
In sect ion i .  9-bus test  power s1 stenr  is
preserrted. ln section 4. the eff 'ects of the static
and dynarnic  load r rodels on srnal l -s ignal
dynamic perfonnances are fully investigated.

2.  Power System Model ing
2.1 Multi-machine power system model

A multi-machine power system may be
modeled in the form,

* = "f (x,y, p)

o -- sO,y, p)
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In (3), the generators are modeled with
f ield winding and one damper winding in 4-axis.
The generators are equipped with the IEEE type-
I excitat ion system. The l ists of 7-state variables
lor l ' '  generator and i ls excitat ion system are
given in (8). More details in matrix structure in
(3) are documented in [2].  I t  should be noted
that the subscript Lg and Lt stand for electrical

load in connection with the PV and Pp buses,
atrd superscript srat and dyna stand for static

and dynarnic loads, respectively.

2.2 Stat ic Voltage-Dependent Load model
Tl ie stat ic voltage-dependent load model is

tradit ional ly represented in an exponential form.
For i'' load bus, injected electrical power is
given in rnatrix forrn by

sfli -l pt'ii -ot',i')'

where, rt'tft = pf ,,(v, ,ro)"'

o'L:i' - 02., (r', r r',0 )"'

( 1 )

(2)

where, x is the state variable, y is an algebraic
variable, p is the parameter vector.

Following along the technique presented
in [ ,2 ] ,  the comprehensive smal l -s ignal  s tabi l i ty
modef of m-machine n-bus power system in
linearized form about the operating points in (1)
and (2) are rewritten in matrix form as,

l * , 1 _ l o  B l [ M , l  I o  ]
L o l -1.  o) lu l -Lor i ' ' ' l -

t  i"" l  r l" lo," 
(r '

[nsf l ' " , ]  lo l  5

where,  AX,  =INY],LXi , . . . ,M^l r  (4)

v =ltv, vofr (5)

LS'LtuI =[asi';' asji']r (6)

LS/r'o =l s1r;' sfy'l|t (7)
. - L l

AX; =[A6i Lao; LE)1 LE;i LEf LVRi LRFilr (8)

P!,, and V,0 are, respectively, active power

and rrominal voltage of the l ' '  load bus. r, and
n,, are static voltage exponents of active and
reactive powers. f ip = fiq : 0 yields constant
power case, ftp: frq: 1 the constant current case
and n, : nq : 2, the constant impedance case.
Linearizing (9) around the operating point, the
block diagonal matrix 11 of static load model is
obtained as,

(e)

(  l 0 )

( l l )

(12)
( 1 3 )

( 1 4 )

nSs/at = 11 6v

where, H = Diag(Hi)

I apf'?' r n, 6pftit rav,1
H ' = l  ' l

' 
I aof'1' raF�, aoftlt /av, I

[3 ,10 ] ,  a re ,
dEh I
7=- r , ' u ' r ,  (Eb -6s -x ' ) rD )

a I  I . o '  
-

2.3 Dynamic Load Model
The aggregate induction motor is

considered as nonlinear dynamic load. The
differential and algebraic equations governing
3'o-order model, well suited for stabil ity studies

(  l  s)
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d? - , ' , , rn 
*@r+q,-x ' ) ts)  

(16)

#=+?:(r- , ) ' -  
Ebto-E'DI D) (17)

Vo = E'o-X'lo, + Rrl o

Vn=E[+X ' l  p+R, lq

E'q and E'pare, respectively, the direct (D)

and quadrature (Q) voltages behind the transient
reactance X' . , 'rro is the rotor open-circuit t ime

constant of motor. Because the dynamic
equations of induction motor represented by the
traditional orthogonal coordinate system (D and
p-axis) is not suitable to make clear the
relationship between voltage and/or frequency
and dynamic of power supplied to the rnachine,
they are newly derived in the polar coordinate

variables E , 0', V and 0 bY using the

fo l lowing re lat ionships

n'- lt'] * n'j (20)

o' = tan-r (r ', r eir) Ql)

where E' and 0'represents transient e.m.f. and
angle behind the transient reactance X' . V and

0 are voltage and angle of l ' t  motor load bus.

Differentiating (20) and (2 1), we have,

(  1 8 )

( l e )

E'2 cl} = EidE'p + E'DdEb

E dE' = E'DdE'D + E'qdEl2

(22)

(:23)

Re-arranging (22) and (23) by making use of
(15)-(19), then (24)-(26) in the polar form are
obtained. The injected active and reactive
powers for the i'' motor load bus expressed in
the polar form can be seen by (21)-(29)-

d E :  (  t  ( x \ t - x : ) x ' \  ' -  v ' r
__ .  _  ,  l q r l . ^ ! - J l 4 . (X j cos (O ,  -e ; ) -Rs ,s in10 ,  -0 i ) ) {

dr I t.r, r'ro,Z3, ) ,'ro,Z3,

d o "  ( x s , - x i ) R s ,  ( x s ,  - x i ) ( x /  s i n t 0 r - 0 ;  ) "  R s , c o s ( o , - 0 ; ) ) (
- = - W " J - - - .  - -  1

dt 
- -t" 

T'.oiZ|i ,',no,Zi, Ei

dr ,  I  | , - n ,
* =- rr , , l - ) . ; ' ru ' ,

12 + ( ns,cos(O; - 0i) + X; sin(O i -0')) EiVi
- 2
" J l

where, Zt, =

For small perturbation, the differential

and algebraic equations of induction motor load

in (24-29) may be written in matrix from by,

(24)

(21)

(28)

(29)

2.4 Power System Model with Static and
Dynamic Load Models

To study the influence of electrical load

on small-signal dynamic performance, the static
load model can be incorporated into m-machine
n-bus power system by substituting (12) into (3)'
we have

t u - ' l  l , t  B  1 l ^ x  1 t  n  I  t e  I
r  6 l : r  r  8 l * l  - .  

l * l " s l t u ^
I  o  I  [ c  o + u ) l ^ v ) l ^ s ? " )  L o l  6

(34\

(25)

(26)

o = \ r, n; cos(o i - 0') - \ v, Ei sin(o 1 - e'; - 
ft,v,2 

+ r,

o = \ r, i t i sin{e i - 0) + ! v iEi cos(01 - e', I - 
*!i,rl 

* 9,

L X t = F | L X t + F 2 L V + E : L U g

0=GINY(+G2A,v*Ls f l � "o

where ,  AXs = INY1,LY i , . . . ,LX,1r

^x i= ILE1 Ao i  As ; ] r

(30)

( 3 1 )

(32)

/ 1 1 \



( 3 5 )
l a  B  o  o l l a Y c l  [ E s  o l
l ,  t l H  /  o l l  ̂ v  l l o  o l f a u r 1= lo  G2  /  u r l ]  s f v , l -  o  o  l l r u ,  I
L0 F2 0 Fl , lL &yr . l  [  0 Et)

M ^

0

0
A Y .
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4. Stat ic Versus Dynamic Load Models
In this sectiorr,  the effects ofthe stat ic and

dynamic load models. used to represent a

constant power type of electr ical power system
load. i .e.,  aggregate indr-rct ion motor. were

investigated. To rnake clear the fundamental
effects of the stat ic and dynamic load models on
srnal l-signal dynamic performances. al l  Pp load

buses of the WSCC 9-bus system except bus-5
were assumed with the constant impedance
representation. The components lrr and n,, of the

stat ic voltage-dependent load rnodel were set to

zero in corresponding to t lre constant power type

of electr ical load. The stable and unstable
regions of the WSCC power system as
increasing active power demand at bus-5 were

investigated by observing the eigenvalues of the
l inearized power system model in (36).

Fig. 2. Movement of crit ical eigenvalues as
increasing in the electrical load demand at bus-5
I'or the case of static load model

Fig. 3. Movement of cr i t ical eigenvalues as

increasing in the electr ical load demand at bus-5

for the case of dynamic load model

f * ' l = [ ;  u l [ * - ] . [ r -  o  ] f o '  , l , ro ,
L * l l .  D J l r t  l I o  E ,  l l  r u ]

After el iminating al l  load bus by keeping

the buses in which are connected by the

aggregate induction motor loads, the power

system rnodel including both stat ic and dynamic

load models may be writ ten in matrix form in
(35) .  Nex t  e l im ina t ing  a l l  vo l tage and porver

algebraic variables. t l -re compreherrsive power

system rnodel including gerlerators. their

control lers, stat ic and dynanric load models are

obtained bv.

3. Svstem under Studv

Fig. 1 9-bus test power system

The studies were conducted on 9-bus test
power systerl as sl.town in Fig. 1. The overall
forrn of model was that of the WSCC system in

[6] except that a group of 2250-HP aggregate
induction motors was coll ltected to bus-5 via the
step-down tratrsformer. Three synclrronous
generators were equipped with the IEEE Type-l
excitation system. The generator and network
parameters are available in [6], also 2250)lp
induction motor parameters are given in [, l5-16].
For the case where the dynamic load model was
considered,  the equivalent  c i rcu i t  and
parameters of aggregate induction motor load
were calculated by using the technique
presented in [13] .



As a function of increasing electr ical

demand consumed by the bus-5 motor load, the

movements of a complex pair of the cri t ical

eigenvalues crossing over into the r ight half

plane were plotted as shown in Fig.2 and 3. By

making comparison, i t  is clearly seen that the

cri t ical eigenvalues ofthe system between using

the stat ic and dynamic load models cross theTrr.r

axis in dif ferent locations. These cri t ical

e igenva lues  are  a lso  g iven in  Tab le  l ,  wh ich

were marked with the asterisk signs. I t  can be

seen that large discrepancies in the magnitude of

Table I shou's al l  eigenvalrres of the systern

and the i r  darnp ing  ra t ios ,  when the  bus-5 's

active (P) and reactive (q powers were

increased unti l  the systern reaclred the cri t ical

po in t .  Th is  po in t  i s  so-ca l led  Hopf  b i fu rca t ion

po in t  (see  in  [17 ] ) ,  where  a  pa i r  o f  the  c r i t i ca l

eigenvalues l ies on the irnaginary axis irr  t l re

cornp lex  p la r - re .  Or t  inc rease in  the  bus-5 's

e lee  t r i ca l  load  dcr r ta r rd .  t l te  pouer  sys te tn  r ' r  i t l t

both stat ic atrd dynarnic load rnodels
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the crit ical eigenvalues are clearly observed with
the different models of load representation. On
continued increase in the electrical load demand,
the complex pair of the unstable crit ical
eigenvalues in Fig. 2 and 3 splits into real ones.
One moves into the left-haft plane direction
along the real axis. Another real eigenvalue
moves into the right-half plane and returns to the
left-half plane on the further increasing loads.
So the system becomes stable again before it
wil l experience the voltage instabil ity at
maximum loading point  [7 ] .

With stat ic load model With dvnamic load model

[,oad nower dernand at br-rs 5
h s - 3 . 2 4  P . u .  Q r . s  = 1  2 3  P u

Load oower demand at bus 5
4 : - 2 9 1  P u  Q t . s = l . l l  P u

Eisenva lues Damoins Eisenva lues Damoine

0 .  0 0 0 0
0 .  r 9 ? 3
0 . 4 4 I 3  -  r 1 . 5 9 7 ? 1

0 . 4 4 1 3  +  0 . 5 9 ? 7 i
0 . 4 0 r J 8  -  0 . ? ? 5 6 i
t _ r . 4D t ' r a  +  0 .??551
r_ ' r .  0000  -  z .  z , 5 I? i  *
0 . 0 0 0 0  +  z .  z s ] ? i  *
3 .  5 0 5 ?
3 .  5 9 6 4
5 .  3 9 6 5
0 . 5 6 3 4  -  L r 8 8 3 i
0 . 5 6 3 4  +  € i .  I 8 A 3 i
5 .  r a 0 : r  -  9 .  5 r : r 3 1
5 .  16 r : r : J  +  9 .  5 I33 i
5 . 3 4 ? 4  -  9 . 8 ? 6 : r l
5 . : 1 4 7 4  +  9 .  8 ? 6 3 1
5 . 4 8 4 5  -  9 . 8 9 0 6 1
5 . 4 8 4 5  +  9 . 8 9 0 ' 3 1
l .  3 ? z r l  - I Z .  : r 6 6 2 1
I .  : j ?? r : r  + I3 .  i r 66Z i

L  00e+000
I.  0tre+0l lD
5 ,  9 4 e - 0 0 1
5  .  94e -00  1
4 . 5 9 P - D 0 I
4 .  S9e_ t - t I I

- I .  ? 3 e - 0 [ 5
- I .  ?3e - l tD .5

I  .  D 0E+r-10u
l  .  0uE+01' lD
L .  r : r0e+000
h .  i J b E - l - r U 4

€J . EEe-t-tt7z
4 .  l&E - l l - l I
4 .  ? E e - 1 0 1
4 .  i 6 e - u t l I
4 .  ? E E - 0 t r I
4 .  A .5e -0L r I
4 ,  A5e -D l : 11
I .  L ] 5e -DL t I
1 .05e - [ l r ] l -

-  0 .  r lD0 t J
- 0 .  1 8 6 4
-0.  4r-r?5 -  r l ,  57118 j .
- 0 . 4 0 7 5  +  0 . s ? r J B l
- r J .  3 8 5 3  -  r l .  ? b I 5 i
- 0 .  : r 8 5 : 3  +  0 .  ? 6 1 5 i

11 .  00 r10  -  - I .  zB?51  *
U .  t t 0 l . 10  +  I .  z i l ?5 i  *

- ' J . 459?
-4 .  l : 1TB
-6 .  L l [ ?8
- t : t . 4 E Z 3  -  B . . l 5 b 6 i
- 0 . 4 i J 3 3  +  8 . 3 . 5 6 6 1
- 5 .  2 9 5 1  -  t r .  E ! 4 8 i
- 5 .  Z f r 5 l  +  g . ; i z 4 | i r
-5.  :1: r4Z -  : - r .  f lE i lJ I i
- 5 .  3 : i qz  +  : 1  .  E iB011
- - c .  45 f tE  -  9 .  8 ! r 1 r l 1
- 5 . 4 5 r J E  +  f . i i 9 i 8 1
- 1 .  Z ! ! l -  - I Z .  9 E 3 I 1
- 1 . 1 9 9 I  + 1 2 . 9 6 3 r 1
- 4 .  f l t E !  - 1 9 .  5 3 E ? i
- 4 . E Z E 1  + I ! 1 . 5 : J 6 ? i

I .  0 0 e + 0 0 0
1 .  00e+000
5 .  B I e - 0 D I
5 .  8 1 e - 0 0 1
4 . 5 1 e - 0 U I
4 . 5 1 e - 0 L r I

- l .  9 7 8 - 0 0 5
-3 .  ' l ?E -L ' ] 05

l_. 00e+r_r0r:l
l . �  u u e + u 0 0
l .  00e+000
I .  r lBe+1100
.5 .  76 ' : - [ r ] 2
. 5 .  7 6 e - 0 D Z
4 .  ? 4 e - [ D I
4 .  ?4e - [ 0 I
4 .  ? 5 e - 0 [ I
4 .  l 5E -0 r l I
4 .  E 3 e - u [ ]
4 .81e -0L " l l
' J  . 96P - -D \JZ
L  l r 6E -002
2 .  4 r l e -00 I
Z .  4 0 8 - 0 ! I

Tab le  l .  A l l  e igenva lues  and the i r  damping  ra t ios  o f  9 -bus  power  sys tem wi th

the stat ic (nn: n,,-0) and dynamic load rrodels

exper ienced the  s rna l l -s igna l  ins tab i l i t y  th rough

the subcrit ical Hopf bifurcation. However. Table

1 clearly indicates that the system became

unstable with dif ferent amounts of act ive power

consurned b1 '  the  e lec t r i ca l  load  (3 .24  and 2 .91

per r-rnit  fbr the cases of stat ic and dynamic load

models. respectively). By rnaking comparisotl ,

the 0.33 per-unit dif ference of act ive power

indicates that using the stat ic load rnodel could

y ie ld  op t im is t i c  resu l ts  in  the  pred ic t ions  o f  the



remaining margin of loadabil ity and damping of
the system before experiencing the subcrit ical
Hopf bifLrrcation. It can be concluded that the
dynamic load model has such a great influence
on the small-signal dynamic performance and on
accurate prediction of system damping.

The crit ical unstable eigenvalues between
using static and dynamic load representations
were furlher investigated by looking at the
associated power system states, responsible for
the crit ical unstable mode. A sensitivity analysis
using participation factors in [ 8] was
employed. The participation factors were
normalized so their largest magnitudes were
equal to one. They were plotted in Fig. 4 and 5
for the case of the static and dynamic load
representations, respectively. On increasing
electrical load demand at bus-5, Fig. 4 obviously
shows that the crit ical unstable eigenvalues of
system with the static load model are rnainly due
to the state variable LE'o and AR,.. pairs of

generator  Gl ,  G2 and G3.  This impl ies the
dynamic interactions occur among the
synchronous generators through the crit ical
mode, causing the small-signal instabil ity. As
shown in Table l, this mode is characterized by
the oscil lation mode with frequency of 2.2517
radls. For the case of the dynamic load model,
Fig. 5 indicates that the crit ical unstable
eigenvalues are strongly related to the generator
(Gl)  and motor  (Ml)  f lux l inkage pai r  (AEi1

and AEi ) and also LE'rr and AR,., pair of

generator G1. The rotor transients of generator
and induction motor load play the dominant
effect in exchanging their electromagnetic
energies and mainly contribute to the unstable
inter-area mode with the frequency of 1.2815
radls. It can be said that the static and dynamic
load models interact with the generators in
widely different manners via the crit ical
oscil latory mode.

5. Conclusion
In this paper, the n-machine r-bus power

system has been extended to include the
dynamic model of aggregate induction motor
load in the polar coordinate. The effects of the
dynarnic and static load models, representing the
constant power type of electrical load, i.e.,
induction motor, have been fully investigated
via small-signal analysis Based on the results

obtained, the dynarnic load model has shown a
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tremendous effect on the small-signal dynamic
performance. Using the dynamic load model is
more realistic than using the static load model.
Because the static load model would not be
capable of capturing the true unstable dynamic
behavior. using them may lead to misjudgement.
Therefore, for the small-signal stabil ity analysis,
dynamic load models may need to be
incorporated into the power system for
representing the constant power type of
electrical load such as induction motor. The
dynamic load model could aid to capture a true
dyrramic behavior as well as a very good
prediction of the remaining margins of
loadabil ity and damping before the system
reaches the small-signal instabil ity.

^6rf I
^'r lI
LErr

LE 1r
LVnt
ARr.r
ADz
ao2

LEaz
LEI,I
AE 1z
LVnz

LEat
LEL.,

aR7. j

ARr.

Abr
A<ot

AE,.

LE1

o  o r  0 2  0 3  0 4  0 5  0 6  0 7  0 8  0 9  1

Fig. 4 Participation factors of crit ical
eisenvalues for the case of static load model

LE",I

L E r t

L 'Rp2

LErz

ARr':

LE:l

As1

o  0 1  0 2  0 3  o !  0 . 5  0 6  0 7  0 8  0 9  I

Fig. 5 Participation factors of crit ical
eigenvalues for the case of dynamic load model
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