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Abstract

In the analysis of cracking localization, consideration of stability and bifurcation of equilibrium

states is necessary. Therefore, it is more suitable to have an energy expression written in terms of

discrete irreversible variables, which will allow the variations of the energy with respect to the

irreversible variables to be considered easily. This implies that, for this kind of analysis' the discrete

crack approach should be appropriate. Nevertheless, the discrete crack approach may not be the best

choice fbr problems with many cracks, which are unavoidable for the analysis of the cracking

localization. In this aspect, the smeared crack approach may be more appropriate' To avoid this

dilemma, a mixed finitl element formulation based on the smeared crack finite element approach is

p.opor"j in this study. In the formulation, both displacement and crack strain fields are discretized.

bonsequently, ttre staUitity of crack patterns with respect to the discrete irreversible variables, which

are the nodal local crack strain variables, can be easily investigated. This will allow the cracking

localization to be discussed even when the smeared crack approach is used in the analysis'

1. Introduction cracking localization either by allowing many

The failure of quasi-brittle materials such cracks to open or grow without consideration of

as concrete is known to start from the formation the localizationfl,2,3,4,5l or by assuming the

of cracks, and the propagation of the newly positions ofthe localized cracks [5, 6]' The first

formed cracks or the existii'g defects. After thai, approach, though simple' is not realistic and can

localization of these cracks- into one or a few lead to very inaccurate results' When compared

major cracks will occur. This will subsequently with having one or a few localized cracks,

lead to the final failure. The cricking having many cracks without the localization

localization prior to the failure plays a very allows different amounts of energy to dissipate

important roie in the fracture behauior of this from the domain' Thus, the obtained results will

kind of material. In orderto capturethe ultimate be different as well' Only in some cases where

capacity of such materials in structures, the stress gradients of the problems under

consideration ofthe cracking localization cannot consideration are very large and the stress

generatly be neglected. Hoieuer, consideration criteria for crack initiation are used, can the

of the cracking localization needs very localized solutions possibly be obtained from

expensive "o*puLtion because the localization this approach ll, 2, 4l' The second approach'

problems involve checking stability and which assumes the locations of the localized

Lifurcation of many different 
-equilibrium 

paths. cracks prior to the analysis, may also yield

Massive eigenvalue analysis must be performed reasonable results in some cases' These include

in every c-omputational step. Because of this, caseswhere the locations of the localized cracks

1rr"ny ,ir"ur"hers avoid the consideration of the can be easily predicted, such as bending
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problems of concrete beams with long notches

[6]. The others are cases where the required
solutions, such as the ultimate loads, are not
sensitive to the locations ofthe localized cracks

[5]. However, this second approach is nol
appropriate for general cases since the locations
of the localized cracks may not be easily
predicted or the required solutions may be
sensitive to the locations ofthe cracks.

In the analysis of the cracking
localization, which involves irreversible
processes, consideration of stabil ity and
bifurcation of equilibrium states with respect to
irreversible parameters is one of the tasks to be
done. Many researchers have considered the
stabil ity and bifurcation ofthe equil ibrium states
by investigating the definiteness of the stiffness
matrices (Hessian Matrices) 17,8,91. When the
matrix is positive-definite, the equil ibrium is
stable. The same theory can be applied to the
analysis of the cracking localization. However,
cracking is an irreversible process. To consider
stability and bifurcation of irreversible
processes, the stationary condition ofthe energy
of the system with respect to irreversible
parameters has to be investigated [10, I l, l2].
For this reason, the expression of the energy in
terms of the irreversible parameters is required.
For crack problems, the irreversible parameters
can be the discrete irreversible crack opening
displacements in the discrete crack approach or
the irreversible crack strains in the smeared
crack approach. ln the discrete crack approach,
the crack opening displacements are usually
discretized along crack paths and treated as the
degrees of freedom in the analysis. The energy
ofthe system can be expressed in terms ofthese
degrees of freedom. Computing the first and
second variations of the energy with respect to
these discrete crack opening displacements can
be done easily by employing ordinary calculus

[2]. In the smeared crack approach, the energy
is expressed in terms of ireversible crack
strains, which are functions of position and are
generally not discretized. To compute the first
and second variations ofthe energy with respect
to these crack strains, a complex mathematics
involving the calculus of variations must be
employed. This fact implies that the discrete
crack approach in the finite element method may
be more suitable for the cracking localization
analysis than the smeared crack approach.

However, the discrete crack approach
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may not be the best choice for problems with
many cracks. In the cracking localization
analysis, there wil l be many cracks appearing in
the domain. Having many cracks in the domain
leads to many degrees of freedom. Furthermore,
as the number of cracks increases, the mesh
topology of the problem may have to be
changed significantly to cope with the new crack
patterns. In addition, the singularity problem of
the system stiffness equation may also arise.
These problems can be mostly avoided if the
smeared crack approach is employed. In the
smeared crack models, no increase in the
number of the degrees of freedom or change in
the mesh topology is required during the
propagation of cracks. Although the smeared
crack models may also face the singularity
problem of the system in case of softening
materials, the problem is less serious than that of
the discrete crack models.

To avoid the drawbacks in both
approaches, in this study, discrete irreversible
variables are introduced in the smeared crack
models. To this end, a mixed formulation of the
finite element method that includes the
discretization of the displacement and crack
strain fields is proposed. The energy of the
system is written in terms of the discretized
displacements and crack strains. Consequently,
the stability of crack patterns with respect to the
discretized irreversible crack strains can be
easily evaluated, and the cracking localization
can be discussed.

In this paper, the derivation of the proposed
mixed formulation is shown. After that, the
validity ofthe proposed technique is checked by
solving a benchmark uniaxial problem using
one- and two-dimensional elements. The
obtained results show promising capabil ity of
the method for the analysis of the cracking
localization.

2. Mixed Finite Element Formulation for
Analysis of Cracking Localization

The fundamental scheme of the smeared
crack models [1, 13, l4] is the decomposition of
the total strain increment Ae into the strain

increments of an intact solid oart As" and a

cracked part Ae " , i.e.,
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The strain increment vectors in the above
equation are written in the global coordinate
system. It wil l be helpful to consider the strain
increments also in a local coordinate system that
aligns with the crack. In two-dimensional cases,

the local crack strain increment A6" can be
written as

r  t l
6;,, =lLt"J Lii,i ) Q)

where Aejj and Ly'l are the normal and shear

crack strain increments, respectively. The
relationship between the global crack strain

increment vector Ae '" and the local crack strain

increment vector A€" is expressed as

Ae'' = T46"' (3)

where T is the transformation matrix between
the global and local coordinate systems defined
as

where d is the angle between the vector normal
to the crack surfaces and the global r -axis.

In the local coordinate system, we also

have the local traction increment Ai" across the
crack defined as

1 T
A'i,'" l (s)

where Ai," and Asi" are normal and shear crack

traction increments, respectively.
The constitutive models for the intact

solid part and for the cracked part must be
specified. For the intact solid part, we have

Ao = D"Aro (6)

where D" is the constitutive matrix for the
intact solid. For the cracked part, we have the
local traction-crack strain relationship, i.e.,

Thammasat Int. J. Sc. Tech., Vol.5, No.3, September-December 2000

where fi" is the crack constitutive matrix
incorporating mixed-mode properties of the
crack [].

In order to discuss the cracking
localization, we consider the total energy
increment for a cracked domain Z written as

A I I=A I IM  +A I ID
I .

;  l ls" '  Lodv - lau'atas/ ./ . )
-  [ tu 'xav

I
V

I  c o s ' 0  - s i n d c o s d - l

T = l  s i n ' d  s i n d c o s d -  
|  

f + l

l2sin9cos9 cos'0 -sin" 0 )

(8)

where AIIM and AII /r represent the
mechanical potential energy increment and the
dissipated energy increment, respectively [0,
11, 12]. Here, At and Af denote the surface
traction increment vector and the body force
increment vector, respectively.

Substituting Eqs. (6) and (7) into Eq. (8),
we obtain

' tfdv

(e)

In the expression for the total energy
increment in Eq. (9), the irreversible variable
that has to be considered in the stability analysis

is the local crack strain increment A6" . The
first variation of the total energy increment with
respect to this local crack strain increment
results in the equilibrium path. The second
variation will give the information on the
stability condition of the obtained equilibrium
path. Since the total energy increment is a
functional ofthe crack strain increment function,
the calculus of variations is required. To avoid
this difficulty, we employ the mixed formulation
in the finite element method by discretizing both

* fl 1o,-'o i,,or)
l -  t /  - i

T - f" D" Le" dV - lAu' AtdS
I

S

[ '  .  r ^  I*l1lt."' D" ̂;'" dv 
)'

T ,

l ;  Ja '
A| I= l  , .

l -  l au
l ;

&* =lti;'

At" = 0"'Ae"' Q)
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displacement and local crack strain increments.
For the i'h element in the finite element
analysis, we have

Au =  NAU
Ae"' = N"a-i"

where N and N" represent the shape function
matrices for the displacement and local crack
strain increments. respectively. In addition, A U

and Att"' represent the nodal displacement and
nodal local crack strain increment vectors,
respectively.

Note that the local crack strain increments
are not continuous across elements and the nodal
local crack strain increments of the same node
for different elements can be different. The
cont{nuity of the local crack strain increments
between elements is not required and must not
be enforced. One example is a problem with one
cracked element surrounded by uncracked
elements. In the cracked element including its
boundary, non-zero crack strain increments (see
Fig. l) can be expected. However, in the
surrounding uncracked elements, the crack
strain increments are expected to be zero
because there is no crack in those elements. On
the contrary, the total displacement increments
must be continuous across the elements.

By substituting Eq. (l) into Eq. (9), the
total energy increment for the i'' element is
rewritten as

I  "  1 ^

+ ̂  146"' D" Le*dV
) r

- !n' xav - Jau'ltas.

( 1 1 )

From Eq. (l0a), we write the total strain
increment in terms of the nodal displacement
increment, i.e.,

a e = B A ' U .  ( 1 2 )

Substituting Eq. (l0b) into Eq. (3) yields
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(10a )

(10b)

o" = 
:J(a" 

- a"")' o"(n, - rc"Pv
a(an) = a(a u' )Jn'o 

" BdvLrJ

Fig. I A problem with one cracked element
surrounded by uncracked elements

Substituting Eqs. (12) and (13) into Eq.
(l l), we get

1

An =;  lA,U,B,D, 'BL,UdV

-I  [ lu 'g 'o"TN"Ni"dv, ) J

l '  ^  r- I  [A 'n* 'N" "T 'D"BNUdV
/ r

l ,  ^  r
*  I  h ' t " "  N- 'T iD"TN' 'A 'E-dZ

I  r  ^  r  r ^
+-  lAE"  N"  D"N"a "E*dZ

- Ja u'x'araz - Jn-u'N'atas.
(  1 4 )

Applying the stationary condition to Eq.
(14) and assuming that both D" and D" are
symmetric, we get

V

- a(r u' )Jn'' D' rN* dvN i*
v

|  -  . \ -
- al\' E"' | | N*' t ' p"Mlza" u

\  / J
V

I  "  r \ n  1  -

+ 5 [A E" '  l lN" '  T '
\  / J

r
I  ^  r \ '  r ^

+ dlaE"'  |  |N* '  D"N*dzn"E"
\  / J

l/

-a(a u')Jx'araz
r

-a(a u')JN'atas
s

- n

J I

3
elements

Ae"' = TN"Att"'. ( 1 3 ) ( l s )
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Since  t (A 'U ' )  and  6 (NE" ' )  a re

arbitrary, we obtain the element stiffness

equation for the i ' '  element, i 'e.,

( i 6 )

where

k, ,  = 
[Bl  D"Bdv

u,, = -Ju D"rN"dv

tr,  = -Jx-t TtD"Bdv

I  f  t ^  -  \

t  , .  = lN' ' '  (D" + T'  D'T [ ' ] "  dv

lr = jN' Lrdv +JN' atas.

(  1 7 )

After assembling all element stiffness

equations and applying prescribed

displacements and forces, we arrange the system

stiffness equation in the following form, i.e',

where AU and At" represent, respectively, the

nodal displacement increment and nodal local

crack strain increment vectors for the system

stiffness equation.
The static condensation is then used to

remove the nodal displacement increment from

the obtained system stiffness equation'

Cotrsequently, the equation can be written in the

following form, i.e.,

K "AE . '=ARt '

where K" and AR" are defined as

(  1e)

all of the eigenvalues are positive, it means that
the solution is stable with respect to the current
crack pattern. Otherwise, the solution is unstable
and b i furcat ion occurs [10,  l l ,  15] .  This  wi l l
f inally result in the localization of the cracks.
Note that the proposed scheme is not used to

obtain the displacement solution. The scheme ts
used only for stabil ity consideration. The
displacement solution wil l be obtained from the

original smeared crack model where the only
basic unknowns are the nodal displacements.

3. Results
In order to i l lustrate the advantage of the

proposed method in the analysis of the cracking
localization, a simple one-dimensional uniaxial
problem shown in Fig. 2 is considered. The bar

has one fixed support at one end. At the other

end, the controlled displacement z is applied

(see Fig. 2a). The length of the bar is 2L and the

area is A. The material is assumed to be elastic

with Young's modulus equal to E (see Fig. 2c).

The bar is discretized into two elements, each of

which has the length of I (see Fig. 2a). Each

element can accommodate one crack. The

characteristic length ofeach crack is equal to the

length of the element. The conventional l inear

shape function is used for the displacement and

local crack strain interpolations.
Assume no crack at the beginning After

that, the controlled displacement rz is increased

until the stress in the bar reaches the tensile

strength f,. By the strength criterion, both

elements are cracked (see Fig. 2b), and they are

changed from the elastic elements into the

smeared crack elements' Thereafter, the cracks

follow the constitutive law for cracks (see Fig'

2d). For opening cracks, a l inear relationship

between the transmitted tensile stress and the

crack opening displacement (COD) with the
A . ^

slooe I equal to .lt l  is assumed. Since,' 
ACOD

for ordinary cracks, softening behavior is always

observed (l l <0), this relationship is called the

tension-softening relationship. It can be seen

from the tension-softening relationship (H<0)

that when a crack opens wider, the tensile stress

transmitted across the crack decreases' This

tension-softening relationship' which is used for

all opening cracks, is also called the loading

path.

[k , ,  r r , - l f  a 'u  I  f l ' ]
I  t <  ^  i = 1  |

Lk,,  k, , . ] lA 'E' 'J  l .  o l

[x  * ' , l l  o :  ]=  jo*  |  1ru
l K , ,  K , , l l A E "  J  [ A R , l

K"  =Kzz -K2 rK i r tK r2

AR"  =AR,  -K2 rK i i aRr (20)

To investigate the stability of crack

patterns, we compute the eigenvalues of K" ' If
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I > x

cross-sectional area : A

a) Before cracking

c) Constitutive law for intact solid

Generally, during loading, there may be
some cracks that stop opening. These cracks are
the unloading cracks. When a crack stops
opening, its COD stops increasing. In this study,
cracking is assumed to be an irreversible
process, which means that CODs will not
decrease. Therefore, each of these cracks will
follow a vertical unloading path with a constant
COD equal to the current COD that the crack
has just before the unloading occurs (see Fig'
2d). For cracks with different CODs when the
unloading occurs, different vertical unloading
paths will be used.

Consider an incremental step after the

initiation of the cracks. Note that both elements
are now the smeared crack elements.
Assembling all element stiffness equations given
by Eq. (16), we write the system stiffness
equation as
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l+ )t
L

f  > x

cross-sectional area - A

b) After cracking

L o

ACOD

Ioading path

unloading path

d) Constitutive law for cracks
(tension-softenning curve)

Fig. 2 Uniaxial problem using one-dimensional bar elements
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unloading crack

o

unroading-1 '.

one unloading crack

Using the static condensation to remove

LU ,, we get

Fig. 3 Solution with

where fr = L1- = HL' = HL. Here, t
Le"

represents the characteristic length of the crack

and is equal to /. In addition, AU, and AR,

represent the nodal displacement increment and

the nodal force increment of the node i,

respectively. Moreover, N E',' represents the

nodal local crack strain increment of the node 7

and, at the same time, of the element l.

Since LU,, LU, and AR, are

prescribed, the equation can be reduced into

z E  _ 9
t 1

r l r - r t V_ "  \ "  '  "  r

[ (ss*e i i )  G*qH\  3E 3E 
. l [o t ; ' l

i l l ' G . q H \  G s . s n )  3 E  3 E  l i o t ;  I
. ' - -----_l  *  t  - \  /  - \  11 " /
241 3E 3E (s r *sa l  (c  -4H,  l l ^ ' r , '  I

L  r t  3E \c*au)  (s r *sA)J la ' i i  l

fea;l
A lE^nl= 1 ) e u l

l6^tl

e ! Iz 2 l
o  o  l f o Y , l

l l o 9 ; ' I
o  o  l 1o { i  I

k qLis_ld! lli,:::l
.  3  6  l ( - - ' r
\ E + H ) L \ E + n ) L l

6 3 )

"bfrLbftL

(23)

The eigenvalues of the obtained stiffness

,qfrr A@ + fr)L A@ + fr)L
m a r n x a r e  

2 ,  6  
,  

6
/  - \

,  A I E + H J L  ^ , 1ano * .  a t t  e igenvalues wi l l  be
2

positive only when fi > O . This means that the

crack pattem having two cracks opening at the

same time is unstable unless hardening behavior

occurs at the cracks (fr ,0 ). In reality, cracks

will exhibit softening behavior. As a result' the

two cracks cannot continue to open at the same
time.

If we assume that the crack in the

element 2 undergoes the elastic unloading, this

crack will follow the vertical unloading path

2 6 3
F

2
F

2

Iazl
t r l
t 0 l

= n'l fal
l r l
l ^ r l
l 2 l

smeared cracks

a) Opening crack using the loading path b) Unloading crack using the unloading path

(22)

t +



shown in Fig. 3b. The crack in the element l,
which sti l l  continues to open, wil l follow the
loading path shown in Fig. 3a. Note, in Fig. 3b,
that the unloading path for the crack in the
element 2 has the COD equal to zero. This is
because, at the current state, the cracks in both
elements are just init iated and the CODs are sti l l
exactly equal to zero. Remember that an
incremental step after the initiation of the cracks
is being considered and the stable solution path
for this incremental step is being searched. With
the crack in the element 2 unloading, the system
stiffness equation will contain only one crack
element .  i .e . .

(24)
Employing the same process of applying

the prescribed boundary conditions and using
the static condensation. we obtain

! ,
two cracks: stable
one crack: stable

two cracks: unstable
one crack: stable

i ,  ' r , , ,  1 t f

E
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The eigenvalues of the stiffness matrix

A(E +  f r \L  .  tb  *z f rV
are  

- - ' -  - - ' -  
and 

' - \ -  - "  r  .  Bo th  w i l l  be
6 4

posit ive at the same t ime only when E ,-+
z

Assuming that the crack in the element I
undergoes the elastic unloading wil l yield the
same result.

In summary, immediately after the two
elements are cracked due to the strength
criterion employed, the equil ibrium path with
two opening cracks is unstable and bifurcation
occurs unless the two cracks exhibit hardening
behavior, i.e., when H > 0 . In reality, cracks
will exhibit softening behavior. Therefore, the
two cracks cannot continue to open at the same
time. If one of the cracks undergoes the elastic
unloading, the stable equilibrium path can be

observed as long as F1 > -3 tn the case of
2L

F
H. -1 ,  even  the  equ i l i b r i um pa th  w i t h  one

2 L '
opening crack is not stable. Fig. 4 schematically
shows the responses, obtained from the original
smeared crack finite element model, for
different cases ofconsideration. For this uniaxial
problem, the responses obtained from the finite
element model are exact since the l inear shape
function used in each element can exactly
represent the exact displacement solutions,
which are piecewise-linear functions of the axial
coordinate. Note that the exact solutions mean

- z  1 @

3. .f,

F
H  < _ 1

2L

----;coD
w . , r < - - ?

E  E n  E  E  l
L - 7 "  t  t  I

- t 2 E  L  - E -  I  l r , r r  t  r  ^ \
L  L  L  2  2  l l ^ Y '  I  I A R ' l

h  t  l l ^ u ,  I  l a n .  I
o  = -  0  o  l l  A U . f - l n p ' f

,  
' ,  t  (e , i \ ,  lo - ; l  l lo 'u l l  l1 '  t

U  \  '  \  7  l l ^ r  r ' l  l u  I
2  2  3  6  l r . " " r r
L - !  o l ' -EvE:4|
2 2 6 3 1

, t t l 6 r  + t f i  1 ( 6 + 4 4 ) l f ^ 6 ;  l , t  I  r t , )
i l t r  *  + i l  t  ts t  * tE t ) lo t ,  J  

= 
4\E^nl

(2s)

) r f
a l w

E

two cracks: unstable
one crack: unstable E

Fig. 4 Responses of the uniaxial problem using one-dimensional bar erements
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the solutions that are obtained exactly from the
equilibrium although they may not be stable.
From Fig. 4, it can be seen that, when there is

one opening crack and u .-*, the obtained
L1,

responses are the responses with snapback
behavior. Under the displacement control, the
snapback responses are always unstable.

Next, consider a uniaxial problem shown
in Fig. 5. Same as the previous probl'em, the bar
has a fixed support at one end and the
displacement is controlled at the other end'
However. this time, the two-dimensional
elements wil l be used. The dimensions of the bar
are as shown in the figure. The material is
assumed to be elastic with Young's Modulus
and Poisson's ratio equal to 25,000 and 0'

respectively. The bar is discretized into two

four-noded quadrilateral elements as also shown
in the same figure. Each element can

accommodate one crack. Since the alignment of

each crack will be vertical and the elements are
perfect rectangles, the characteristic length of
each crack is equal to the horizontal dimension
of the element. The conventional bilinear shape
function is used for the displacement and local

crack strain interpolations.

controlled displacement z
5 6 i

T
i200

I

200 200
K-  +< - ' l

thickness: 100

a) Before cracking

controlled displacement tl

3
smeared cracks

b) After cracking

Fig. 5 Uniaxial problem using two-
dimensional elements
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The controlled disPlacement z- is

increased until the tensile stress in the bar

reaches the tensile strength I , which initiates

the cracks in both elements. After that, opening
cracks are assumed to follow the constitutive
law for cracks defined by Eq. (7). For this

problem, the crack constitutive matrix D" is
expressed as

n'l
: l  Q 6 )
G)

where 11 and G represent the mode I and
mode II crack modulus, respectively.

Since the problem is purely uniaxial and
there will be only mode I cracking, the

parameter G is inelevant and a small value
(0.00001) is used just to prevent spurious mode
II instabil ity. For mode I cracking, various l inear
tension-softening relationships shown in Fig. 6
are investigated. First, the tension-softening
cuwe A, which has the critical crack opening
displacement equal to 0.05, is used. Note that
the critical crack opening displacement is the
crack opening displacement at which the stress-
free crack occurs. For this tension-softerring

fr- =Ifr
L 0

- L.o
curve, H = -^,,

i l = (_ �3 ) roo
\  0.05 /

Again, consider an incremental step after
the initiation of the cracks. After assembling all
element stiffness equations and applying all
prescribed boundary conditions, the static
condensation is used to remove all nodal
displacement degrees of freedom and the

stiffness K" in Eq. (19) is obtained. Since two

is equal to

unloading path

Tloadinlpath

COD

Fig. 6 Tension-softening curves for
problem using two-dimensional elements

4

tr fv
l - l

0.02 0.032 0.05
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opening cracks are being assumed, there will be
totally 16 local crack strain increment degrees of
freedom, eight from each of the two elements.

Therefore,

eigenvalue analysis is performed on K" and the
eisenvalues are obtained as
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It can be seen that the solutions with only
one opening crack are stable because all the
eigenvalues are positive. It is interesting to
check whether the solutions with one opening
crack will be always stable even for different
tension-softening curves. From the previous
problem, it is found that steep tension-softening
curves can lead to unstable one-opening-crack
solutions. To investigate this matter, the tension-
softening curves B and C in Fig. 6 are tried. In

these B and C cases, H is equal to
|  ) \  (  ?  \
|  - '  1200  and  |  -  -  

1200 .  respec t i ve l v .
I  o.o2 / [  0.032 /
From the eigenvalue analyses, the eigenvalues

of the stiffness matrices K'" for the case -B are
obtained as

Opening crack in the
first element

Opening crack in the
second element

1.6667 xl}e

5 . 5 5 5 6  x  1 0 8
- 7.5000 x l0e

1.3889 x  1O' �

r 0.000
3.8603 x l0e

3 .9216x1O ' �
-1.4991x10e

5.5556 x  I  08

1.666'1. x10e

-  7 .5000 x  l0e

1 . 3 8 8 9  x  l 0 e

r 0.000
3.2680 x  I  0 '

3 .8603 x  l0e

- 1 . 4 9 9 1 x 1 0 '

In addition, the eigenvalues for the case C are
obtained as

Opening crack in the
first element

Opening crack in the
second element

1 .3  889 x  10e

I  .3  889 x  10e
- 2 . 1 4 5 8 x 1 0 - 6

10.000

4.1667 xl}e

4.1667 xl}e

6,9444 xl08

3.9216x10e

1 . 3 8 8 9  x  l 0 e

L3889 x  l0e

- 1 . 9 6 6 7 x 1 0 - 6

4.1667 x10e

10.000

4.1667 xl}e

6.9444 xl08

3.2680 x  l0e

From the result, it can be seen that the
tension-softening curve B yields unstable
solutions even when there is only one opening
crack. As for the tension-softening curve C, one
of the obtained eigenvalues in each of the two
solutions is very small compared to the rest of

5.6667 x  l0e

5.6667 xl}'

5.6667 x10e

I .8889 x 1O'�

1 . 8 8 8 9 x 1 0 ' �

1 .3889 x  10 ' �

1 . 3 8 8 9 x 1 0 '

10 .000

10.000

I  .7000 x  10ro

- 8.0000 x l0e

4.0569 x  l0e

4.1667 xl} '

4.5257 xl}e

3 . 1  3 2 6  x  1 0 e
- 1 . 6 3 6 8 x 1 0 '

Since not all eigenvalues are positive, the
current crack pattern is not stable. Therefore,
one of the cracks must undergo the elastic
unloading. The element that undergoes the
elastic unloading is incrementally considered as
an elastic element without crack. In this
problem, there are again two alternatives since
either of the two elements can be selected as the
unloading element. Both alternatives are
investigated and the eigenvalues of the modified

stiffness matrices for both cases are
obtained as

Opening crack in the
first element

Opening crack in the
second element

4.5000 x

1.8889 x

5.6667 x

4.5997 x

| . 7614x
1 .3889  x

3.9216x
10.00(

0e

0e

0e
0e
0e
0e

0e

1 . 8 8 8 9 x 1 0 e

4.5000 x l0e

5.6667 xl}e

1  .7614 x l }e

1 . 3 8 8 9  x  l 0 e

3.2680 x  l0e

4.5997 xl}e

10.000

) t



(B) one crack:unstable
(C) one crack:unstable

(l) one crack:stable
(l ) two cracks: unstable

0.02 0.032 0.05 0 .  1 0

Fig. 7 Responses of the uniaxial problem for
various tension-soften ing curves

the eigenvalues and must actually be considered
as a zero. Therefore, the tension-softening curve
C actually defines a boundary between stable
and unstable one-opening-crack solutions. For
those cases with tension-softening curves
steeper than the curve C (e.g. the curve B), the
solutions with one opening crack are not stable
and they are in fact the snap-back responses. For
those cases with tension-softening curves flatter
than the curve C (e.g. the curve A), the solutions
with one opening crack are stable. Note that the
same tensile strength is assumed for all cases.

Fig. 7 shows the responses, obtained from
the smeared crack finite element model, for all
cases l, B and C. For the case A, the response
without the localization is also plotted. Similar
to the previous example, these results are also
exact because the shape function used is capable
of representing the exact solutions of this
problem. From the results, it is clear that the
Iocalization judgment is necessary if the
accurate solution is to be obtained.

4. Conclusion
The smeared crack approach can be used

in the analysis of the cracking localization by
employing the mixed formulation in the finite
element method. In the formulation, the
displacements and crack strains are both
discretized. The discretization of the crack
strains, which are the ineversible variables,
allows the consideration of stabil ity and
bifurcation of equilibrium states with respect to
the irreversible variables to be done easily.
Therefore, the cracking localization can be
subsequently discussed. The technique is tried
with an axial bar problem employing both one-
dimensional two-noded and two-dimensional
four-noded elements. The obtained results show
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promising capabil ity of the method for the
analysis of the cracking localization.
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