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Abstract

Atwo-parameter weighted inverse Lindley (TWIL) distribution, of which the inverse Lindley (TL) distribu-
tion is a particular case, has been introduced. It's properties such as survival function, hazard function, moments
and other associated measures are obtained. Moreover, parameter estimations of the new distribution by the
maximum likelthood estimation (MLE) and the bias-corrected maximum likelihood estimation (CMLE) are
also provided. Simulation results and applications to two data sets show that the new distribution outperforms
other extensions of the Lindley distribution.

Keywords: Inverse Lindley distribution, Hazard function, Parameter estimation, Maximum Likelihood Estima-
tors, Goodness of fit.

1. Introduction

The Lindley distribution, a mixture of an exponential distribution with a gamma distribution, was first
proposed by Lindley (1958) to illustrate relations between fiducial distribution and posterior distribution.
The distribution is based on a mixture of Exponential(f) and Gamma(2,#) with the mixing probability
L when 6 is a positive real number. It’s probability density function, for z > 0, is given by
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Later in 2008, Ghitany et al. studied it’s properties and applied it to model waiting times and lifetime
data. They showed that the Lindley distribution fitted their data better than the exponential distribution.

The distribution was found to be useful in a wide variety of fields such as lifetime modeling in medical
sciences, engineering and biology. Therefore, the Lindley distribution has been extensively studied both
in applications and distribution generalizations. Several new distributions extending the distribution have
been proposed by either generalizing the mixed distributions or proposing adjustments to the mixing
weight, for example, Ghitany et al.(2011) proposed a two-parameter weighted Lindley distribution which
1s an extension of the Lindley distribution with the probability density function, for « > 0, is given by

fla;0) = —(1+2)e™™. (1)
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f(z;0,0) = 2* 711+ 2)e 0,a>0. )
Shanker et al. (2013) introduced a two-parameter Lindley distribution by modifying the mixing weight

of the Lindley distribution for modeling waiting and survival times data and showed that the two-parameter
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distribution outperforms the original distribution. Elbatal et al. (2013) proposed a new class of Lindley
distributions called new generalized Lindley distribution by mixing two gamma distributions. Nedjar
and Zeghdoudi (2016) proposed the Gamma Lindley distribution, a mixture of gamma (2,6) and one-
parameter Lindley distributions. Shibu and Irshad (2016) obtained a new generalized Lindley distribu-
tion, which offers a more flexible distribution for modeling lifetime data. Ramos (2016) studied a new
lifetime distribution, generalized weighted Lindley distribution which is a mixture of generalized gamma
distributions.

Moreover, several inverse transformations of the family of Lindley distributions have been widely
studied in statistics and other fields. For example, Sharma et al. (2015) used a mixture of inverse

0 } 2
ir1 to produce the inverse Lind-

ley (IL) distribution with the probability density function, for z > 0, is given by
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Exponential(¢) and inverse Gamma(2, ¢) with the mixing probability

Recently,several generalizations of the inverse Lindley (IL) distributions have been studied. For ex-
ample, Sharma et al. (2015) proposed a generalized inverse Lindley (GIL) distribution by considering a
generalized inverse distribution transformation. Alkarni (2015) introduced a more flexible distribution
with three parameters, extended inverse Lindley (EIL) distribution.

This paper offers a new generalization of the inverse Lindley (IL) distribution having two parame-
ters called the nwo-parameter weighted inverse Lindley (TWIL) distribution. The distribution is a certain
mixture of inverse Gamma(c, 6) and inverse Gamma(c + 1, 6) distributions with the mixing probability
when o and 6 are parameters having positive real values. Various properties of the proposed dis-

0
Ota . . . . .
tribution including the survival and hazard functions. moments, skewness, kurtosis, stochastic orderings

and parameter estimations are provided. Moreover, the proposed distribution are compared to different
variations of the Lindley distributions using two real data sets. The results show that the new distribution
fits data better than other studied distributions.

This paper is organized as follows. In section 2, the two-parameter weighted inverse Lindley distri-
bution is introduced and its properties are provided. Section 3 discusses parameter estimations by (1)
Maximum likelihood estimation and (2) Bias-Corrected Maximum likelihood estimation. Sections 4 and
5 show simulation results and applications, respectively. Conclusion and discussion are provided in Sec-
tion 6.

2. A two-parameter weighted inverse Lindley distribution and its properties

In this section, we present the definitions and some important properties of the two-parameter weighted
inverse Lindley (TWIL) distribution.

Definition 1. A contimous random variable X is said to follow the two-parameter weighted inverse
Lindley (TWIL) distribution if its probability density function, for x > 0, can be expressed as a two-
component mixture

(@) =por() + (1 - p)ga(x), )

where

p=——»Ffor0,c > 0and fori = 1,2, gi(x) is the probability density function of the inverse
T
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+i-1
Gamma(o + 1 — 1,0) distribution defined as g:(z) = ————a e 7%/%,

(@+i-1,0) finedas 6(2) =
Definition 2. From Definition 1, we can say that a random variable X follows the two-parameter
weighted inverse Lindley (TWIL) distribution if its probability density function (pdf), for x > 0, is

gt 142
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f(z;0,0) =
From definitions 1 and 2, if o = 1, the distribution reduces to the inverse Lindley distribution with
pdf (3).
The corresponding cumulative distribution function (cdf) of the TWIL distribution, for 2 > 0, is given
by
[(a+1,60/x) + 0T (a,0/)
(0 + o)[(e) ’
where I'(a,0/7) = fe?: u® e "“du is the upper incomplete gamma.
If we consider the inverse transformation X = ¥~ where the random variable ¥ follows the two-
parameter weighted Lindley distribution, we can obtain a new distribution as follows.

Flz:0,0)= 0,0>0, (6)

Theorem 3. Let Y be a random variable following the two-parameter weighted Lindley distribution with
the probability density function statedin (2), thenits inverse X = Y "' is said to follow the two-parameter
weighted inverse Lindley (TWIL) distribution with pdf stated in (5).

Proof.  We want to find the probability density function (pdf) of X = Y, when Y follows the two-
parameter weighted Lindley distribution. By density transformation and the definition of fy(y) in (2).
we obtain

d
x(@) = il @) | 207 @)|
0a+l 1 1 il) 1 e,o/x

(0+a)f‘(u’ﬁ°:1( T ‘g?
_ P 4w g
"0+ a)(e) (FTZ)E

Then, we have fx(z) is the probability density function (pdf) of TWIL distribution. O

Lemma 4. The probability density function (pdf) of the two-parameter weighted inverse Lindley (TWIL)
distribution is unimodal such that the T4, a value at which the probability density function (pdf) attains
its maximum value, can be obtained as the solution of the first derivative of (), is obtained from (7) as
gatle- 6/z

NSt o
FroT@merlat e -@-a-2a -0 )

d
Ef(m)= =

d
and - f(2)|z=z,,0. = 0. Therefore, Zmoge. the mode of the two-parameter weighted inverse Lindley
random variable, is given by

@-a-2)+/(0-a-22+4(a+1)0

2a+1) ®

Tmode =
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Figure 1: Plots of pdfs. [(: 6. «) of the TWIL distribution for some selected choices of o and 6.

In Figure 1. plots of pdf of the two-parameter weighted inverse Lindley distribution for some values
of 0, o are presented. From the figure, we can see that those density functions are unimodal and .
increases when # increases.

2.1 Survival and hazard functions
The survival and hazard functions of the two-parameter weighted inverse Lindley distribution are
respectively given by

_Ia+1,0/x) +00(c.0/x)

S(z)=1-F(z:0,0)=1 o))

z>0.0.a>0 9)

and

oy S _ 0t (1 + z)e " |
h(x) = T:) —a042(0 4 a)l(a) - (0T (a.0/z) + T(a + 1.0/z))] x> 0.60.a>0. (10)

The behaviors of hazard functions of the TWIL distribution, for different values of the parameter, are
shown graphically in Figure 2. From the figure. we can see that those hazard functions first increase and
then decrease and they are unimodal.

2.2 Moments and associated measures
Many important features and properties of a distribution such as mean. variance, kurtosis and skew-
ness can be obtained through its moments. Therefore, in this section, we present some important moments,
such as the moment and central moment among others.
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azard

Figure 2: Plots of the hazard rate functions, //(x; #, &) of the TWIL distribution for different values of o
and 6.

Theorem 5. Let X be a random variable that follows the TWIL distribution with pdf as (5), then the r'"
moment (about the origin) is given by
0(0+a—7r)I'(a—r7r)

w.=LE(X") = @7 o)) a>r. (11)

Proof: For X ~TWIL(0. ), we have

.= E(X")= /x ' [(x)dx

x

= it i "'(1 +:r)("'o/" dr
(0+a)T () Jo e
g 1 20 1 1
- o ( — - - )r“””(l.r
(0+a)T(a) Jo \xe—ri2 " go-—ril

- e (r((1—7‘+1) 5 I'(u—r))
O+ (a)\ go—r1l o=
0 (0 +a—r)l'(a-r1)
(0 + a)T(a)

(0 25> % 3

where we use the fact that [, a~"~'e™/* do = ") in (12).
From theorem 5. we can obtain skewness and kurtosis of the two-parameter weighted inverse Lindley
(TWIL) distribution as follows
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Proposition 6. Let X be a random variable following the two-parameter weighted inverse Lindley (TWIL)
distribution. Then its skewness and kurtosis are
skewness = 03((0 +a)?(00(a — 3) + '(a — 2))T*(a) — 3(8 + a) (6T (a — 2) + T'(a — 1))
L(a) (6T (a — 1) + (@) + 2(00(ex — 1) + [‘(a))z)

6 ((9+)I (@) (O (a—2)—T(a— 1)) (0T (a—1)+T(a))2 ) | 3/2
(0 + (1)3[‘3(0)( ( . (940‘):;2@) = ))

kurtosis = ((9 + a)’T3(a) (0T (o — 4) + (a — 3)) — 4(0 + a)*T*(a) (6 (a — 3) + I'(a — 2))
(0T(a — 1) + T(a)) + 6(8 + @)T(a) (0T (ax — 2) + I{ex — 1)) (0T (ax — 1) + [(e))?
—3(60 (0 — 1) + r(a))‘)

(- @+ )@ (B0 —2) + T(a— 1)) + (oT(@ ~ 1) + T(@))?)”

Remark 7. The skewness and kurtosis of the two-parameter weighted inverse Lindley (TWIL) distri-
bution has the following properties.

1. The skewness is an increasing function in 6 > 0 for fixed o > 3.

2. The kurtosis is an increasing function in 0 > 0 for fixed o > 4.

2.3 Stochastic ordering

A random variable X is said to be smaller than a random variable Y in the following contexts, stochas-
tic order (X <4 Y) if Fx(z) < Fy(z), hazard rate order (X <, Y) if hy(z) < hx(z). mean residual
life order (X <, Y) if mx(z) < my(2) and likelihood ratio order (X <; Y) if %"(g decreasing
function of z for all z.

Shaked and Shanthikumar (1994) stated the results for stochastic ordering of distribution as follows:

X <ir Y=X Shr Y=X Smrl Y
4
X<aY

The following theorem shows that the TWIL distribution is ordered with respect to “likelihood ra-
tio * ordering.

Theorem 8. Let X and Y be two independent random variables following the two-parameter weighted
inverse Lindley (TWIL) distribution with parameters (6y, ) and (62, ), respectively. If 6y < 8, and
oy =y (or 6y =0, and oy > o ), then X <, Y forall x.

Proof. Given that
X ~TWIL(0,,0;) and Y ~ TWIL(6s,05)

Then, the likelihood ratio is given by

fx(@) 67" Do) (92 + ag)x"”" s {92 - 91}

fr(@) 65 T(on) \ Oy + o J zoi 42 o z
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Now +1 1
fx(z) 07 (02 + a)I(az) (I"“‘ ) (02 —01>
I =1 +log{ —— )+ (——)-
@) ~ Slo5T 6 +an)T(ar)] T\ z
Thus
d l Ix(@)  (ca—a1) (62— 91)
0 — |
S fy(a) T a?
d. fx(z) o _ 3 ; 5
We have = |og},ﬁ~) Oifa; =asand @y < O or 0y = 0 and oy > as, thismeanthat X <, Y. [

3. Parameter estimations

In this section. we study parameter estimations of ¢ and « for the two-parameter weighted inverse
Lindley (TWIL) distribution by two models: (1) Maximum likelihood estimation and (2) Bias-Corrected
maximum likelihood estimation.

3.1 Maximum likelihood estimation
Let xy,...,7, be a random sample of size n from the two-parameter weighted inverse Lindley
(TWIL) distribution with pdf in (5). The log-likelihood function is given by

()a-H n

InL{a,0\zy,...,2,) = nln(0+a)r ) Zlnl+l (a+2);ll1(zi)—zl%. (13)

Therefore the MLE of éMu.; and &y p for the parameters @ and o can be obtained by solving the
following equation as the simultaneous solution of the following nonlinear equations:

_ OInBi0,0\80s o0y B0) _ _ ol
= — = nln(@) i+a T Z In(z;) (14)
_ InL(e,8lzy,...,2,)  n{a+1) n £ &
a a0 B 0 0+ a z_; z; (=

Then the éM LE can be obtained in terms of o as

-

a(n — S) + éy/an? + + 2a) + aS? . a1
25 where S = z

To find &, we substitute 0 in
. n
ning) — — — == - In(z;) =0. (16)

Note that (16) cannot be solved analytically by so numerical iteration technique. the Newton-Raphson
algorithm, is used to solve (16).
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As an alternative to the maximum likelihood estimates, we can also consider another analytically
bias-corrected MLE introduced by Firth (1993). The method involves modifying the score vector of the
log-likelihood function prior to solving for the MLE as follows.

3.2 Bias-Corrected maximum likelihood estimation

For some arbitrary distribution, let [(7) be the log-likelihood function with a p-dimensional vector of
unknown parameters 7 = (7q,...,7,)  based on a sample of n observations.

The joint cumulants of the derivatives of [(7) are

”—r[aifhj] for; 7 =1,2,:+:.p, 17)
N .
ki = E[argarjan]’ ford, 3,1 =1,2...,p; (18)
2
b= F[(Ef—a%)(g?l,)] forij,i=12,....p, (19)
u, — g fors,j,l =1,2,...,p. (20)
i anv 1)y 14 )

All of the k expressions are assumed to be of order O(n). Cox and Snell (1968) showed that when the
sample data are independent but not necessarily identically distributed, the bias of the s** element of the
maximum likelihood estimation can be written as

Bias(7y) = ZZZA“I\" [ Gt + k,l] +0(n7?), fors=1,2,...,p, (21)
t=]1 jml (=1

where k¥ is the (3, 7)™ element of inverse of the Fisher’s information matrix K = {—k}.
Cordeiro and Klein (1994) showed that when all of the k terms are of order O(n), the bias expression
(21) still holds even if observations are not independent, it can be re-written as

Bias(7,) = ZL“ZZ [1.“’ kit + k,,l] +0(m?),  fors=12,....p, (22

7=1 (=1

Define a(l) = L(') kiﬂ fora,7,1 =1,...,p. and define the following matrices
A=[AD | 4@ | . | A®]withA® = [ag)] :

A bias-corrected MLE for 7, denote 7°M£E  can then be obtained as
FOMLE — 3 _ K-14.vec(K™Y),

where 7 is the MLE of the unknown parameter 7, K= K|;.; and A= Alrat
For the two-parameter weighted inverse Lindley (TWIL) distribution, the Fisher information matrix
for the TWIL distribution is given by

1 B (a+1) [ . 1
. (0 + a)? 02 0 (0+a)?
K=-n 5 (23)
I S
0 (0+a) 0+ a)?
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and the matrix of A can thus be written as

A=[AD | AO®],

with
an(m +36%(c+ 1) + 3ol +1) + a®(a + 1)) n(93 +36a2 + a® + 62(30 + 2))
AW = ; 020 +a)® - 2620+ a)® @4)
71(03 +360a® + a® + 6%(3a + 2)) 7
202(0 + a)® (0t
and
n(03+30a’+a3+0’(3a +2)) -
A@ = |~ 22(6 + a)® T (@+a)3 (25)
__m o n i P ()
0+ o) (0 + a)? 2

where /'(c) and 1"(x) are the first and second derivatives of 1/(«). respectively.
The bias-corrected estimators of the MLE of the TWIL distribution can be obtained as

GCMLE 9 " " .
(zZMLE) = (z) — K71 Avee(K™Y), (26)

where K = K 94 0—s and A= AlpBos:
4. Simulation study

In this section, we consider numerical simulations to study the behavior of the parameters @ and o
with two different methods, the maximum likelihood estimation (MLE) and the Bias-Corrected maximum
likelihood estimation (CMLE) in algorithm.

4.1 Algorithm 1
The algorithm has the following steps.

1. Generate U; ~ Unaform(0,1), 2=1,2,...,n.

[
2, IfU; < ——;  X; ~ InverseGamma(a, 0),
0+ a

otherwise: X; ~ InverseGamma(a + 1,0)
3. Estimate parameters 0 and 6 by using MLE and CMLE methods.

Using the above algorithm to generate a random sample, our simulation study is carried out for N =
1,000 times for each triple (o, 8,n) with different values o and @, for n = 20,40, 60,80, 100. In our
study, we calculate the following measures.

1. Average bias (AB) of the estimators 6 and é.

2. Average root mean square error ( RM SE) of the estimators 6 and .
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[
o n 03 35 3
MLE | CMLE | MLE | CMLE | MLE CMLE
20 00883 | 00804 | 02374 | 02001 | 05179 | -112192
(02277) | (0.2244) | (0.6445) | (0.9546) | (1.3542) | (235.3890)
40 00412 | 00373 | 01190 | 01070 | 02374 | -00535
(0.1295) | (0.1282) | (0.3800) | (0.3773) | (0.7772) | (3.7912)
3 60 00255 | 00229 | 00785 | 00706 | 0.1504 0.0449
(0.1014) | (0.1007) | (0.2950) | (0.2934) | (0.5736) | (1.6619)
0 00188 | 00169 | 00556 | 00498 | 0.1089 0.0542
(0.0811) | (0.0806) | (02406) | (0.2395) | (0.4907) | (0.5623)
100 00153 | 00138 | 00440 | 00394 | 0.0873 0.0520
(0.0732) | (0.0729) | (0.2186) | (0.2179) | (0.4336) | (0.4443)
20 00878 | 00810 | 02610 | 02426 | 0.149 0.2822
(02297) | (0.2268) | (0.6682) | (0.6613) | (1.3390) | (7.0135)
40 00448 | 00414 | 01128 | 01038 | 02262 0.2017
(01352) | (0.1340) | (0.3877) | (0.3851) | (0.7533) | (0.7531)
i 60 00274 | 00252 | 00737 | 00677 | 0.1333 0.1182
(0.1025) | (0.1018) | (0.2921) | (0.2906) | (0.5746) | (0.5743)
0 00204 | 00188 | 00526 | 00481 | 0.0937 00825
0.0852) | (0.0848) | (0.2422) | (0.2413) | (0.4784) | (0.4783)
100 00204 | 00188 | 00442 | 00406 | 0.0717 0.0629
(0.0738) | (0.0735) | (0.2146) | (0.2139) | (0.4274) | (0.4273)
20 00900 | 00840 | 02449 | 02292 | 0.4753 0.4448
(02309) | (02285) | (0.6591) | (0.6530) | (1.2760) | (1.2689)
40 00413 | 00383 | 01153 | 01075 | 0.2524 0.2380
(01333) | (0.1324) | (0.3843) | (0.3818) | (0.7975) | (0.7941)
: 60 00267 | 00247 | 00789 | 00737 | 0.1657 0.1562
(0.1015) | (0.1009) | (0.2961) | (0.2947) | (0.6062) | (0.6042)
0 00212 | 00197 | 00558 | 00519 | 0.1280 0.1209
(0.0867) | (0.0864) | (0.2519) | (0.2510) | (0.5098) | (0.5084)
100 00144 | 00132 | 00456 | 00425 | 0.0939 0.0883
(0.0750) | (0.0748) | (0.2139) | (0.2132) | (0.4330) | (0.4321)

Table 1: Average bias (average RMSE) of the simulated estimates of 6.

Tables 1 and 2 represent average biases (AB) and the average root mean square errors ( RMSE) for
fixed o and @ which are 2,2.5,3 and 0.5, 1, 3, respectively. From the two tables, we can see that the two
different estimates, MLEs and CMLEs, give similar values of average bias (AB) and the average root
mean square error ( KM S E) and those values decrease to zero as n increases.

10
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[
o n 05 1.5 3

MLE CMLE MLE CMLE MLE CMLE

20 04208 04256 03526 0.3430 0.3442 -74726

(L1108) | (1.1126) | (0.9672) | (1.3614) | (0.9382) | (154.5586)

40 0.1986 0.2010 0.1719 0.1758 0.1655 -0.0156
(0.6444) | (0.6451) | (0.5655) | (0.5693) | (0.5400) (2.6240)

2 60 0.1279 0.1295 0.1125 0.1154 0.1065 0.0445
(0.5015) | (0.5019) | (0.4444) | (0.4465) | (0.4042) (1.2620)

80 0.0946 0.0958 0.0792 0.0815 0.0753 0.0463
(04054) | (04057) | (0.3569) | (0.3582) | (0.3422) (0.4060)

100 0.0747 0.0757 0.0659 0.0677 0.0602 0.0431
(0.3633) | (0.3635) | (0.3264) | (0.3273) | (0.3038) | (0.3182)

20 05221 0.5262 04815 0.4922 0.4522 0.3232
(1.3602) | (1.3617) | (1.2479) | (1.2537) | (1.1929) (4.8895)

40 02716 02736 02103 0.2159 0.1987 0.1999
(0.8204) | (0.8210) | (0.7247) | (0.7268) | (0.6710) (0.6797)

2% 60 0.1604 0.1617 0.1398 0.1436 0.1240 0.1256
3 (0.6207) | (0.6210) | (0.5480) | (0.5492) | (0.5135) (0.5179)
80 0.1228 0.1238 0.0958 0.0986 0.0786 0.0800
(0.5211) | (0.5213) | (0.4580) | (0.4588) | (0.4260) (0.4288)

100 0.0873 0.0881 0.0838 0.0861 0.0603 0.0616
(04449) | (0.4451) | (0.4008) | (0.4014) | (0.3725) | (0.3745)

20 06396 0.6431 0.5425 0.5528 0.4992 0.5131
(1.6577) | (1.6590) | (1.4780) | (1.4821) | (1.3508) | (1.3620)

40 0.2935 0.2952 02543 0.2595 0.2686 0.2763
09618) | (0.9623) | (0.8574) | (0.8591) | (0.8472) | (0.8515)

3 60 0.1941 0.1953 0.1750 0.1784 0.1760 0.1812
0.7313) | (0.7316) | (0.6603) | (0.6613) | (0.6369) | (0.6394)

80 0.1452 0.1460 0.1255 0.1281 0.1294 0.1333
(0.6163) | (0.6165) | (0.5616) | (0.5622) | (0.5378) (0.5394)

100 0.1027 0.1034 0.0972 0.0993 0.0991 0.1023
(0.5371) | (0.5372) | (0.4757) | (0.4762) | (0.4645) (0.4656)

Table 2: Average bias (average RMSE) of the simulated estimates of .

5. Applications

In this section, we discuss applications of our dustribution to two real data sets which are used exten-
sively in comparing different extensions of the Lindley distribution and lifetime distributions. The first
data set, called datal. discussed in Dumonceaux and Antle (1973) presenting the flood levels for the
Susquehanna River at Harrisburg, Pennsylvania, over 20 four-year periods from 1890 to 1969, The data
set was obtained in a civil engineering context and give the maximum flood level (in millions of cubic
feet per second).

0.654 0.613 0315 0.449 0297 0.402 0379 0.423
0379 0.324 0269 0.740 0.418 0.412 0.494 0416
0.338 0.392 0.484 0.265

Table 3: The data represent the flood level data for the Susquehanna river.
The second data set, called data2 strength data. which was originally reported in Bader and Priest

(1982) representing the strength measured in GPA for single carbon fibers and impregnated 1000-carbon
fiber tows. Single fibers were tested under tension at gauge lengths of 10 mm with sample size (n = 63).
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1901 2132 2203 2.228 2.257 2350 2361 2396 2397 2445 2454

2474 2518 2522 2525 2532 2575 2614 2616 2618 2.624 2659
2675 2738 2740 2.856 2917 2928 2937 2937 2977 2.99% 3.030
3.125 3.139 3.145 3220 3.223 3235 3243 3.264 3272 3294 3.332
3346 3.377 3.408 3.435 3493 3.501 3.537 3.554 3.562 3.628 3.852
3.871 3.886 3971 4.024 4.027 4225 4395 5.020

Table 4: The data represent the strength data measured in GPA, for single carbon fibers and impregnated
1000-carbon fiber tows.

In this section, we demonstrate the suitability of our proposed distribution comparing with other exist-
ing distributions in the family of inverse Lindley distributions which are available for modeling lifetime
data. The distributions considered in this paper are the inverse Lindley model IL(6), the generalized
inverse Lindley model GIL(#, ) and Extended inverse Lindley model EIL(G, o, 3).

In order to compare the models, we consider some goodness-of-fit measures including log-likelihood
(logL). Kolmogorov-Smimov (K-S) distances between the empirical distribution functions and the fit-
ted distribution functions and corresponding p values. In general. the model with minimum values for
Kolmogorov-Smimov (K-S) could be chosen as the best model to fit the data, p value is large enough to
accept the null hypothesis that the data sets are consistent with a specified distribution and also the model
with maximum values for log L could be chosen as the best model to fit the data.

Model éMLE O‘AILE BMLE lOgL K-S P value
11(6) 0.6345 - - -0.5854 0.3556 0.0127
GIL(#,a)  0.0898  3.0766 - 16.1475 0.1445 0.7977
EIL(0,c, ) 0.1052  4.0439 29573  16.2317 0.1395 0.8311
TWIL(G,a) 58241  14.0886 - 16.1457 0.1268 0.9047

Table 5: Parameter estimates, log-likelihood, K-S and p values of the four models using datai.

From table 5, we can see that the value of logl of the extended inverse Lindley (EIL) distribution
is slightly higher than that of other distributions. However, the EIL has three parameters in the models.
Considering the K-S statistics, the two-parameter weighted inverse Lindley (TWIL) distribution gives
the lowest value for K-S statistics. Moreover the p value of the two-parameter weighted inverse Lindley
(TWIL) distribution is higher than that of other distributions. So for data1, the two-parameter weighted
inverse Lindley (TWIL) distribution seems to give the best fit to the data.

From table 6, we can see that the value of logL of the two- parameter weighted inverse Lindley
(TWIL) distribution is higher than that of other distributions. It gives the lowest values for K-S statistics.
Moreover the p value of the two-parameter weighted inverse Lindley (TWIL) distribution is higher than
that of other distributions. So for data2, the two-parameter weighted inverse Lindley (TWIL) distribution
fits data?2 significantly better than other distributions.
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Model OMLE‘ dMLE ﬁMLE lOgL K-S P value
11(0) 3.5842 - - -131.8826 0.4630 3.712e-12
GIL(#,r)  231.4422 54337 - -58.9023 0.1001  0.5528
EIL(#,0,8) 2372141 1.7337 5.4558  -58.9037 0.1011  0.5396
TWIL(@®,a) 77.2653  26.0076 - -56.2881 0.0795  0.8208

Table 6: Parameter estimates, log-likelihood. K-S and p values of the four models using data2.
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Figure 3: Plots showing the fitted densities and cdfs of the distributions listed in table 5.

Histrogram of Data Empirical Cumulative Density Function of Data
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Figure 4: Plots showing the fitted densities and cdfs of the distributions listed in table 6.

6. Conclusion and Discussion

The structural properties of our new proposed two-parameter weighted inverse Lindley distribution are
presented. The expressions for the survival and hazard function of the distribution have been obtained.
The estimation of parameters by the maximum likelihood estimation (MLE) and the bias-corrected max-
imum likelihood estimation (CMLE) are also provided. The two benchmark data sets, the flood levels
data and the strength data measured in GPA are considered here to illustrate that the proposed distribu-
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tion provides consistently better fit than some other forms of inverse Lindley distribution. Therefore, the
authors hope that our proposed distribution will provide users a more flexible distribution that could be
applied to wider applications in many disciplines.
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