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Abstract

Lahiri and Suntornchost (2015) proposed adjustments to variable selection criteria for the Fay-Herriot
model by considering sampling errors. Their results were shown to improve traditional variable selection cri-
teria. In this study, we extend their method to construct variable selection criteria for linear regression models
with general variance assumption allowing for the possibility of correlated regression errors. Closed forms of
statistics for variable selection criteria are provided with numerical studies. Simulation results show that our
proposed variable selection criteria can reduce the approximation errors of the standard vanable selection cri-
terion.
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1. Introduction

Frequently. one of the most difficult problems in regression analysis is to study the relationship between
the variable of interest y and other observed variables x;,x;, . . ., x, by examining sample observations.
Data can often be modelled in many different ways attempting to use all covariates or only a subset
of covariates when many covariates are measured. Variable selection procedures require a criterion to
start with, well-known variable selection criteria in linear regression analysis such as RMSE (root mean
square error), Adjusted 2, AIC (Akaike 1973), Schwarz’s BIC (Schwarz 1978). In addition, considerable
efforts have been made by many researchers to obtain better criteria, by either modifying the existing ones
or creating innovative new measures.

Among those researches, Lahiri and Suntornchost (2015) proposed a variable selection criteria for
the Fay-Herriot model, a standard linear regression model when response variable is subject to sampling
error variability. They suggested ways to adjust variable selection methods that reduce the approximation
errors for the Fay-Herriot model where model error terms are assumed to be independent and have the
same variance. Their results were shown to improve traditional statistics for variable selection criteria.
However, the assumptions of having the same variance and being independent of regression error terms
could be too restricted and might not be applicable to some applications. Many models in applications
may require relaxed assumptions of regression errors to allow regression errors of different individuals
to have unequal variance and also be correlated. In real situation, we hardly know the true properties of
response variables. therefore it is important to consider variable selection method for regression model
with general assumptions. Hence, in this work, we will extend their method to adjust the original variable
selection criteria for general linear regression model with possibly correlated regression errors:

y=XB+te, (e
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where y is am » 1 vector of response variables of interest, X = (Xy,X3,...,X,) is am x p design matrix
of covariates with rank p, 8 = (8;,...,3,)  is a p % 1 vector of unknown regression coefficients and &
is a m = 1 vector of regression errors such that E(e) = 0 and cov(e) = ¢*V. with V is a m > m known
positive definite matrix and o2 is a constant. We consider a situation when the values of the response
variables are not observed due to sampling errors, but are approximated by direct survey values.

The remainder of this paper is organized as follows. In section 2, adjustments to statistics for variable
selection criteria are presented. Section 3 presents simulation results. Conclusion and discussion are pro-
vided in Section 4.

2. Research Methodology

The model (1) can be reduced to the standard linear regression model with the assumption of uncor-
related regression errors having the same variance if V = I, is the m < m identity matrix. Since V
is positive definite, there exists an 7 n nonsingular matrix P such that V = PP'. Therefore, to obtain
parameter estimation and the statistics needed in model selection criteria, we obtain a transformed model:

Ply=P7'XB +Ple. )
Therefore, the generalized least squares (GLS) estimator of /3 is then given by
B =XV IX)X'Vly 3)

Some commonly used variable selection criteria in regression analysis are:

Root mean square error: RMSE =/ MSE,

Adjusted R%: Adj R? =1 — A3E,

Akaike information criterion: AIC = 2p + m - log (¥5F),

Bayesian information criterion: BIC = p - log(m) + m - log
where MSE = ‘“’ F » MST = ff’ ’l SSE is sum of square error, SST'is total sum of squares, m is sample
size and pis lhe munber of covariates in the regression model. We can notice that these variable selection
criteria can be expressed as a smooth function of MSE and MST. f(MSE, MST). The assumption of
variable selection criteria is that the value of response variable is ideal value.

From model in (2) and GLS estimator, we can express the sum of squared error (SSE) and the total

sum of squares (5S7") for general linear regression model as quadratic forms,

(sss),

SSE =y(V'! - VvIXX'VIX)"IX'V )y
SST =y (V' —=m (P~ 1YJP )y

where J is m x m matrix of ones.

In this paper, we are interested in variable selection criteria for the following linear regression model
with general variance,

0=X3+v

where 8 = (0y,...,6,,), 6; is the unobserved response variable for individual i and v is the vector of
error terms with mean zero and covariance matrix cov(v) = @2V when ¢ is unknown and V is a known
positive definite matrix. However, the true response variable @ is unobserved, therefore the value of the
response variables ; (7 = 1,...,m) is approximated by observed value ¥; (2 = 1,...,m). The relation
between 6; and y; can be expressed as

16



Maafiavszenduszinaluladmaauna aduf 2 17 2 (2560)

where y = (v1,...,%») and e = (ey,...,6,,)" is the vector of sampling errors. we assume that the
e; (2 =1,...,m) are independent over 2 having mean zero and known sampling variances ;.

In practice, the response variable @ is replaced by y in linear regression model that ignore sampling
errors and use variable selection criteria which cause to error. So we want to see the effect of sampling
error on variable selection criteria, that is examine the scope of error in approximating f(MSEy, M STy).
true variable selection criterion, by f(MSE, MST), naive variable selection criterion, in presence of
sampling errors. Since variable selection criteria can be expressed as function of mean squares, M SE
and M ST, so we want to see the effect of sampling error on M SE and M ST Tt seems reasonable to
consider the properties of M SE and M ST conditional on 6.

We are interested in obtaining a good approximation to ideal variable selection criterion. We propose
a simple adjustment to reduce bias in traditional statistics as the following theorem.

Theorem 1. The unbiased estimators for M SEy and M STy are defined as:

MSE, = MSE — D,
MSTy = MST — Dus,

respectively, where D, = -—‘};lr{(V" - VIX(X'VIX)-IX'V-1) 5.},

me—

Dyz = 725 te{(V! —m~Y(P~1)IP )5, } and ¥, = diag(Dy, Ds,. .., D).
Proof. Consider conditional expectation with respect to @,
E|MSEs — MSEy|0) = E]MSE — Dy | 0] — MSE,
= E[MSE| 8] — D,; — MSE,
and E[ﬁTSTTg — MSTy| 0] = E{MST — Dy |0] — MSTy
= E[MST | 0] — Dy — MSTy.

The conditional expectation of MSE given 6 can be computed as,

EMSE|0] = —— E[y(V"' - VXXV X)XV )y o]

e i) [(0+e) (V' = VIX(X'VIX)'X'V1)(0 + e) | 0]
m-—p

1
e [SSE,, —20'(V"! — VIIX(X'VIX)IX'V ) E [e]

+E[¢(V - VIXXVX) XV |

1

MSEy+ — 5 E[e(V - VIXX'VIX)'X'V )¢

m
1

= MSE, + gL {(v! - vIXX'VIX)"IX'VE, }
= MSEy + Dy;.

The conditional expectation of M ST' given € can be computed as,

E[MST|6] = milq E [\ (v*‘ - # (P")/JP") y | o]
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Il

E [(0 +e) (v—1 s (P“‘)’JP") 0+ e) |o]
m-—1 m

II

m—1

[SSTs — 20’ (V“ o (P“)’JP—‘) Ele] +E [e’ (v-‘ i (P“)’JP-‘) e] ]
m m

! E [e’ (V" - l (P"’)’JP") e]
m—1 m

MSTy + 1 u{(v“ . (P")’JP“) “C}
m-—1 m
MSTy+ Dys.

MST, +

I

I

Hence. E[MSEy — MSEy| 0] = MSEg + Dyt — Dy — MSEs =0
and E[MSTs — MSTy|0) = MSTy + Duz — Dun — MSTy = 0.
Therefore, m’g and mo are unbiased estimators for M S Ey and M STy, respectively. O

———— —— .
Theorem 2. The estimators M SEy and M STy defined in Theorem 1 are consistent estimators.

Proof. Consider variance of estimators conditional on 6.

Var|[MSEy — MSEy|6) = Var|[MSE — D, | 6]

=Var[MSE|0)
and Var(MSTy — MSTy| 8] = Var|MST — Dy )
=Var[MST| ).

It is obvious that Var (MST'|0) = O(m™"). Therefore, mg is a consistent estimate of M STj.
To prove that M S Ey is a consistent estimate of M S FEj . note that

SSE YV = VIX(X'VIX)IX'V- )y

o2 o?

follows a chi-square distribution with parameter . — p. Therefore, the variance of M SE conditional on
0 is given by

Var [MSE| 0] = Var [ ool ]9]
m-—p

1 o
= ——— Var|[SSE|0]

(m —p)
04
- (771 T p)z 2("" y p)
=0(m™).
Hence. Var[MSE, — MSE,| 0] = O(m™).
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Therefore, —
MSEs — MSE, -2+ o,

where —"+ denotes convergence in probability. Thus, ma and Wo are consistent estimators for
M S Eg and M STj, respectively. O

Based on results from the two theorems, we propose f (@o, MTST'I\’O) as a new variable selection
criterion for linear regression model with general variance assumption and unobserved response variable.
We obtain, e

f(f\/ﬁa, MST,) — f(MSEy, MSTy) —2— 0.

However, in some situations, MTS"E';; and/or M‘Sﬂ could be negative which makes f (mg, mg)

go out of the admissible range. For example. adjusted R? should belong to the interval (— pit X l). If

m—p?
either )T/lsz’g or MSTy is negative, the proposed adjusted 22 may be greater than one.
We advise an adjustment to our proposed variable selection criterion by suggest strictly positive ap-
proximations to M SEy and M STj. Chatterjee and Lahiri (2007) have provided

2z
h(z,0) = ————.
#,9) 1 + exp{2}
Consider the following alternative approximations of M SFEy and M ST,

Theorem 3. The E/jS\Eelh Fune and Wo_,, Fune estimators defined as:

me,hﬁ:nn - h(“'/[SEv le)-
MSTonfune = h(MSE,Dyyp).

are always positive, and they also satisfy

MSEghpune — MSEy —2+ 0,
MSTonfune — MSTy 25 0.

Proof. Obviously that M‘ﬁg_h fune and M S’fg_,, fune are both strictly positive and we have

M By ppins— IMEE — D] —2+ 6
AISTa.hflmc - [A/IST — DwZ] L> 0.

Follow from Theorem 1 and Theorem 2, the differences between the estimators and the corresponding
statistics converge to zero in probability. a

Therefore, we propose f (mg_h Func: J\/T\S’I'g_,, fune) as an alternative variable selection criteria and so
f(mthunm I‘TI‘Sﬁthhfunc) e f(MSEg, I‘JSTg) lr 0.

However, f( mg, Wg) approximates true variable selection criterion f(M S E,, M ST;) better than
S(MSEgpsune, MST g fune) because M SEy and M STy are unbiased estimators of M S Ey and M STy,

19



Maafiavszenduszinaluladmaauna aduf 2 17 2 (2560)

whereas M SEg func and M STo h func are apprc)\lmatlom of M SEy and M ST, respectively. There-
fore we suggest users to use f (m 9, MS M SI'g) for \anable selection but apply the /i —transformation to
f (M SEy 4, Funios MST 0.1 func) only if M SEg and/or M .ST,; are/is negative.

Consequently, we can also propose an alternative variable selection criterion as f( Wg,t,.,n, M?Fo,t,.,,, )
where M? E’g',,.,,. and }Wg_,,u,. are defined as follows

MSE, if MSE, >0

mg.g — e
=5 MSFEg}june otherwise,

and

. MST if MST, >0
A/[STG.IPIHI = ”“‘o b s 5
MST4gnfune otherwise.

Note that the proposed variable selection criteria may choose the same model selected by variable selec-
tion criteria f(MSE, MST), having the same covariates. Qur proposed variable selection criteria are
expected to approximate the corresponding true variable selection criterion better than the naive variable
selection criteria.

3. Simulation study

In simulation experiment, we use the public-use data for 775 U.S. largest counties from the 2005
Small Area Income and Poverty Estimates (SAIPE) program of the U.S. Census Bureau to compare
difference adjusted R2. For details on SAIPE, the readers are referred to Bell (1999) and the website:
http://www.census.gov/hhes/www/saipe.html.

For our simulation experiment, we use the following algorithm to generate data.

1. Generate positive definite matrix V where we consider in three cases: (1) V is diagonal matrix
which elements were generated from the uniform distribution U/ (0.01,0.1), (2) V is diagonal matrix which
elements were generated from the uniform distribution U(0.1, 1), and (3) V = PP’ where P is any lower
triangular with p;; ~ U(1,2) and p;;(2 > j) ~ U(0.9,1.1).

2. Using 3 = (0.8738, 0.0204)’, 0% = 0.0351, V and real 2; from SAIPE 2005 data, we generate 6
using linear regression model, @ = X3 + & where € ~ N,,(0,0%V).

3. Using real D; from SAIPE 2005 data, generate y from sampling model. y = @ + e where
€; v 1\'.(0, Dz) fori = 1,. .., m

We first generate one sample to compute true adjusted R?, naive adjusted R? and proposed adjusted
R? and compare those /% among difference sample sizes by considering sample size in 4 cases: m = 775
(100%). m = 580 (75%), m = 194 (25%). m = 78 (10%). The results are presented using the following
notations:

* Adj R, = ‘;‘f,g?" the true adjusted R?,
« AdjR%,,.=1— % the standard adjusted R* that ignores the sampling errors in v,

* AdjR?, =1- %i-f;f'ﬂ‘ an adjustment to naive adjusted R? that could go out of range,
. g2 MSEonsunc
¢ Ad.l Rhfunc =1- l\?S’I‘j :;unc

admissible range.

. an adjustment to naive adjusted R? that is constrained within an
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3 MSEp trun ; : ; 5 : e
« Adj R%,, =1 iﬁg%::; an adjustment to naive adjusted R? that is constrained within an

admissible range.

m 775 (100%) 580 (75%) 194 (25%) 78 (10%)
case (1): V = diag(vy,...,v,,) where v; ~ U(0.01,0.1)
Adj R, 0.9984 0.9982 0.9972 0.9968
Adj R2,... 0.9778 0.9699 0.9355 0.9025
Adj R, 0.9982 0.9973 0.9967 0.9933
Adj R pye 0.9938 0.9914 0.9822 0.9714
Adj R?.,, 0.9982 0.9973 0.9967 0.9933
case (2): V = diag(vy,...,v,) where v; ~ U(0.1,1)
Adj RZ,, 0.9828 0.9824 0.9781 0.9842
Adj RZ,,,. 0.9606 0.9532 0.9160 0.9044
Adj R'f;m 0.9820 0.9807 0.9723 0.9772
Adj R} pune 0.9800 0.9777 0.9641 0.9641
Adj B2, 0.9820 0.9807 0.9723 0.9772
case (3): V = PP' where p; ~ U(1,2) and p;;(¢ > j) ~ U(0.9,1.1)
Adj RZ... 0.9392 0.9253 0.8614 0.8396
Adj R2,,,. 0.8768 0.8736 0.7937 0.7222
Adj Rﬁa‘ 0.9391 0.9251 0.8419 0.7659
Adj R e 0.9328 09215 0.8404 0.7651
Adj B2 0.9391 0.9251 0.8419 0.7659

Table 1: Comparisons of different versions of adjusted R? varying by sample sizes

In all cases, adjusted R2 ;. underestimate the true adjusted R? and we can see that those values are
much smaller than the true adjusted R? in particular in the cases of small sample sizes but our proposed
adjusted R* (adjusted Rj . adjusted Rj ., and adjusted Rf,.,,) can cut down the biases as we can see
that our proposed adjusted R? are closer to the true adjusted R? than the naive ones in all cases. All
versions of adjusted R? get closer to the true adjusted R? when sample size increases.

Next, we generate 1000 samples using data generation algorithm. For each sample, compute true ad-
justed R, naive adjusted /? and proposed adjusted R?. Table 2 displays various percentiles of adjusted
RZ .. and different approximations from 1000 experiments. Figures 1 and 2 show plots of different
adjusted R? for all 1000 experiments. From Table 2 and Figures 1 and 2, our proposed adjusted R%s
approximate adjusted RZ . better then adjusted R2_,,.. Since there is no situation when either MST?,, or
MST; is negative in cases (2) and (3). the adjusted RZ.,, are the same as adjusted R2,,. Therefore, the
unbiased estimate adjusted R, seems to be the best estimate for the adjusted R?,,,. However, consid-
ering the left panel of Figure 1 for case (1) . there are some cases when the adjusted R?_, are greater than
1. therefore the A— function transformation is needed and hence the adjusted RZ ,, is recommended for

trun
this case.
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Percentiles 1 10 25 50 75 90 100
case (1): V = diag(vy,. .. ,v,,) where v; ~ U(0.01,0.1)
Adj R, 0.9977 0.9978 0.9980 0.9981 0.9982 0.9983 0.9985
Adj R2,... 0.9708 0.9699 0.9770 0.9772 0.9775 0.9798 0.9788
Adj R,zm 0.9966 0.9948 0.9994 0.9985 0.9987 0.9990 0.9999
Adj Rf‘fu"c 0.9913 0.9902 0.9941 0.9938 0.9939 0.9946 0.9948
Adj RZ,. 0.9966 0.9948 0.9994 0.9985 0.9987 0.9990 0.9999
case (2): V = diag(vy,. .. ,v,,) where v; ~ U(0.1,1)
Adj th,.m 0.9769 0.9789 0.9800 0.9811 0.9821 0.9828 0.9854
AdjR:,,,. 09513 09558 09628 09621 09666 09637 09676
Adj Rﬁd 0.9742 0.9776 0.9820 0.9831 0.9856 0.9839 0.9878
Adj Rﬁ[u"c 0.9725 0.9759 0.9803 0.9811 0.9837 0.9819 0.9854
Adj 2"‘" 0.9742 0.9776 0.9820 0.9831 0.9856 0.9839 0.9878
case (3): V = PP where p; ~ U(1,2) and p;;(z > 7) ~ U(0.9,1.1)
Adj RZ.,. 0.8984 0.9146 0.9222 0.9288 0.9351 0.9404 0.9593
Adj R; e 0.8154 0.8319 0.8498 0.8605 0.8771 0.9080 0.9224
Adj R,zm 0.8994 0.9139 0.9181 0.9238 0.9421 0.9603 0.9684
Adj Rﬁ!unc 0.8914 0.9054 0.9121 0.9184 0.9352 0.9544 0.9630
Adj R?"m 0.8994 0.9139 0.9181 0.9238 0.9421 0.9603 0.9684

Table 2: Various percentile of different adjusted R* from 1000 experiments.

o
1

Adj R2

o
1

case vy ~ U{0.01,0.1)

Index

Index

case vy ~ U{0.1,1)

Figure 1: Plot of different adjusted R? for all 1000 experiments.
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case V = PP’ where pys ~ U(1,2) and pi;(i > j) ~ U(0.9,1.1)

Figure 2: Plot of different adjusted R? for all 1000 experiments.

4. Conclusion

In this research, we have examined the possibility of generalizing the bias reduction of variable se-
lection criteria proposed in Lahiri and Suntornchost (2015) to general variance assumptions allowing for
correlated regression errors. Several forms of adjusted R are provided and asymptotic properties are
justified. Simulation results show that the naive adjusted R? always underestimate the true adjusted R,
our proposed adjusted 7%, R? , reduces this underestimation. This simple adjustment works well except
in some cases it exceeds the suitable range in which case adjustment by h-function, R? is helpful.

However, to accommodate all situations, the adjusted RZ., are recommended.

Sfune>
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