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Abstract

The objective of this research is to estimate the confidence interval of population parameter ( 2 ) or
probability of success in each experiment based on negative binomial distribution. The interval estimation
is evaluated by Maximum Likelihood (ML), Bayesian, and Markov Chain Monte Carlo (MCMC)
methods. The performance of these methods is considered by Confidence Coefficients (CC) and Average
Width (AW). When the CC values arc greater than the fixed confidence interval, the AW of the
confidence interval will focus the performance of these methods. The data is generated from negative
binomial distribution as follows : the population parameter as small (0.2), medium (0.5) .and large (0.8),
the sample sizes and parameter 7 or called number of success as small sample sizes (7=30) r=10, 15,
20, medium sample sizes (n=50) =10, 20, 30, and large sample sizes (n=70) =15, 30, 45 and the
90%, 95%., and 99% confidence interval. The results show that the ML method exhibits poor interval
estimation in most all cases, but the Bayesian method performs very satisfactorily in most all cases
especially when true parameters are medium or large values for all sample sizes and parameter 7 . For the
small true parameters, the MCMC method is a good performance in most cases. However. the confidence
coefficient and average width of MCMC and Bayesian are equal in some case, so MCMC are reasonable
working as good as Bayesian.
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1. Introduction

Statistics inference is one of the most importance and crucial aspects of the decision making
process in economics, business, and science. The part of statistics inference is the estimation and
hypothesis testing. Estimation is the process of inferring or estimating a population parameter
from the corresponding statistic of a sample drawn from the population.

An estimation of a population parameter may be expressed in two ways: point estimation and
interval estimation. A point estimation is focused on a single value of a statistic. This estimation
will be inaccurate if the random sample is not a good representation of the population. The
interval estimation is a formula that tells us how to use sample data to calculate an interval that
estimates a population parameter. Confidence intervals have some measure of reliability of the
estimation. Confidence Coefficient is the probability that an interval estimator encloses the
population parameter.

In this case, we interested the discrete random variable in term of negative binomial
distribution. Negative binomial have been found to provide useful representations that may be
mentioned accident statistics, in birth-and-death processes, in psychological data. in demand for
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“frequently bought product”, observed distributions of consumer expenditure, and as weights for
times series in economics. [1]

At the first process of interval estimation is to estimate the point estimation from ML,
Bayesian, and Markov Chain Monte Carlo (MCMC). Next the standard deviations are measured
dispersion for these methods. The ML method is the most popular techniques because it is
simple to understand and to calculate the estimators. The Bayesian method uses both a
probability distribution and prior probability distribution to approach a posterior probability
distribution [2]. However, it is difficult to demonstrate a posterior distribution from a probability
distribution and prior probability distribution. However. the MCMC method [3] can approximate
the estimator from Gibbs sampling algorithm [4] based on the posterior distribution.

For this reason, we propose the ML. Bayesian, and MCMC methods to estimate confidence
interval with negative binomial distribution using simulation studies.

2. Scope of Research
The scope of this research is considered as follows :

2.1 Let random variables X be independent and identically distributed (iid) random variables
of a negative binomial with parameter # and p. and the probability distribution function is

(I,+r—1) (1-p)" .x, =012
f(.\‘z 'I‘_p) = X, P p Y 4. ..

0 .otherwise

2.2 Let the prior distribution of p be a beta distribution with parameter a,b( Beta(a,b)), and
the probability density function is

(a+8)p*(1-p) "

0<p<l
g(plab) = I(a)T(b) &
0 ,otherwise
where meanis E(p)= —@__ and variance is Var(p)= & -
atb (a+b+1)(a+b)

The beta distribution shows the parameter format as the negative binomial or called conjugate
distribution. The prior distribution is defined with parameter (a,b) as (6.2) shown in Figure 1.
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Figure 1 : The curve of beta distribution with parameter (a,b) as (6,2).

2.3 The sample sizes are considered at n =30, 50, and 70.

2.4 The true parameters of negative binomial are defined as p =0.2, 0.5, and 0.8, and » = 10,
15, and 20 (n =30), » = 10,20, and 30 (n = 50),and » =15, 30, and 45 (n = 70).

2.5 The significant confidence level (a)is defined 3 levels at 0.1, 0.05, and 0.01 following
the confidence interval (17 a)lOO% as 90%, 95%, and 99%.

2.6 The R program is used to generate data at 1,000 replications for each cases.

3. Research Methodology

3.1 The random variables X 1is generated in a class of negative binomial distribution
following the sample sizes, the true parameter, and the significance confidence level.

3.2 The methods for computing the confidence interval consist of following 3 methods:
3.2.1 Maximum Likelihood Method (ML)
rn—1

The ML estimator of p can be computed by p,,; = -
m+ ZxI -1
i=1

>

2 - +2—
P (1-p) le+ ¥

’ Z\[Z—x —p+2j

i=1 i=1

Var(py )= Bl

The confidence interval (1 —a)lOO% of p is approximated by

(ﬁ’ML = Za/z\jVa" (}A’ML )> ﬁ’ML +2,, \j Var (i’ﬂﬂ ))
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3.2.2 Bayesian Method

Let X,...,.X, is the random variable of negative binomial distribution with parameter » and
p while beta distribution is considered the prior distribution with parameter @, and 4. From the

Bayesian theorem [2] . let h( p|x‘,) is a posterior distribution function. L( pl r; x,) is the

likelihood function, and g( p|u.b) is a prior distribution function. The form of posterior

distribution can be written as

h(p|xI ) oc L(pl r,x,)g(pla.b)_.

(1 ro-nie) {etitcsl),

=1 1 }

Ta(F -l T(a+d) eryy  Snets
I—,l( . J_—I'(a)l’(b)p (1-p)=

{

We reach to conclude that

plr,x‘ 3 Bela(rn+a,zn:xl +b)-
i=1

Therefore the beta distribution is conjugate to the negative binomial distribution. The
posterior mean or called Bayesian estimator is given by

z . rm+a
p&:)v:;;n =L(p!x.):—"‘
rn+a+) x,+b

=1

while the posterior variance is computed by

(rn+ “)f(i"': - b}
\i=t /

\2

» . N
(rnﬂn > vbJ [rn+ a+yx, +b+lJ
\ i i

/

Var( pyn,) = Var(plx,)

The confidence interval (l—a)IOO% of p is approximated by

Var(i’.“.‘:_wran) ] i’mw:.v: = zrt/:

)-

(i’a;wnm = ztt/!
3.2.3 Markov Chain Monte Carlo Method (MCMC)

The Markov Chain Monte Carlo (MCMC) [6] method is enable simulation from a distribution
by embedding it as limiting distribution of a Markov chain and simulating from the chain until it
approached equilibrium. The Gibbs sampling [4] is a algorithm for MCMC computing that can
generate random values from posterior distribution function for which a widely variety of
computational tools . We carry out the RJAGS package of R program to obtain the estimator
from the posterior distribution function.
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The MCMC estimators can be computed by

A 1 & (o)
Pucre —FZP” )
=1

% 1 < _\2
Var(p‘mu{i' ) = 71 (Pm _P) .
t=1

where p(" is generated from the posterior distribution based on the beta distribution at

parameter @/ and b, pisa sample mean of independent observation, and T is a iteration of
posterior distribution function.

The confidence interval (1-@)100% of p is written by

(ﬁuc,'.!c _Za/: y ’[U( i’.&!c;&fc ), i’;\!c'.&!: + Za,’z Var ( i’;.m.{c )) *

3.3 The estimating confidence coefficient

The confidence interval is approximated by ML, Bayesian, and MCMC methods at
significance level 0.1, 0.05, and 0.01. If the confidence intervals cover the true parameters, we
will count the number and compute the proportion denoted the confidence coefficient (l -a).

3.4 The comparison of the confidence coefficient and fixed confidence interval

The confidence coefficient (l—d) is to compare with the fixed confidence interval (l—au)

that we define the significance level at 0.05. If the confidence coefficient is more than the fixed
confidence interval, we will perform these methods. The comparison is given by

P(1-R)
m ’

l1-a2l-a,=F -z

@2

where 7 is the fixed probability given by 0.9, 0.95. and 0.99. m is the number of
replications.

The fixed confidence intervals are computed by £,= 0.9,

0.9(1-09)
1~ =0.9-1.96,[—— =0.8814,
1.000
B,=0.95,
0.95(1-0.95)
1-a, =0.95-1.96,|—————/ =0.9365,
P,=0.99,



Msafiavszenduszinaluladamsauing adun 1 90 3 (2561)

0.99(1-0.99)

1-a,=0.99-1.96 =(0.9838.

3.5 The average width of confidence interval

The average width of confidence interval is evaluated by computing the average if difference
Lm‘n(Uv _Lv)
values between upper limit and lower limit or written as Z LS S 1
J= >
confidence interval, and /. is the lower confidence interval.

. where U is the upper

4. Results

The estimating confidence interval of p with negative binomial distribution is presented by
the Confidence Coefficient (CC) and the Average Width (AW) at Table 1-3. The first column to
the third column of these tables are shown the true parameters, sample sizes, and r. The
Confidence Coefficient (CC) and the Average Width (AW) are presented in the next six columns
for three methods. The minimizing AW values are illustrated the performance of these methods,
but some AW values are in the blank because the confidence coefficient is less than the fixed
confidence interval. By observing the CC and AW, the results appear as follows:

4.1 A 90% confidence interval
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Tablel: The Confidence Coefficient (CC) and Average Width (AW) obtained via 90% confidence interval.

Methods
P ln|r ML Bayesian MCMC

CC AW CcC AW CC AW
10 0.563 - 0.878 - 0.885 0.0340
30 | 15 0.553 - 0.887 0.0278 0.896 0.0277
20 0.607 - 0.889 0.0240 0.898 0.0240

10 0.608 - 0.882 0.0264 0.881 -
02 50 | 20 0.561 - 0.884 0.0186 0.890 0.0186
30 0.600 - 0.904 0.0152 0.905 0.0152
15 0.570 - 0.877 - 0.883 0.0182
70 | 30 0.601 - 0.898 0.0129 0.895 0.0128
45 0.584 - 0.904 0.0105 0.906 0.0105
10 0913 0.0673 0.897 0.0667 0912 0.0670
30 | 15 0.909 0.0550 0.897 0.0546 0.910 0.0548
20 0.886 0.0475 0.888 0.0473 0.889 0.0474
10 0.896 0.0519 0.903 0.0517 0.897 0.0519
05150 | 20 0917 0.0368 0.916 0.0367 0.919 0.0367
30 0.907 0.0301 0.910 0.0300 0.905 0.0300
15 0.898 0.0359 0.900 0.0358 0.904 0.0358
70 | 30 0.895 0.0254 0.895 0.0254 0.896 0.0254
45 0.892 0.0207 0.895 0.0207 0.893 0.0207
10 0.997 0.1361 0.907 0.0671 0.908 0.0677
30 |15 1 0.1113 0.894 0.0550 0.895 0.0553
20 0.998 0.0960 0.895 0.0478 0.894 0.0480
10 0.999 0.1055 0.898 0.0522 0.904 0.0525
08 | 50 | 20 1 0.0744 0.904 0.0371 0.899 0.0372
30 0.999 0.0607 0.903 0.0303 0.907 0.0304
15 0.995 0.0727 0.902 0.0362 0.897 0.0363
70 | 30 0.999 0.0514 0.891 0.0256 0.887 0.0257
45 0.999 0.0420 0.920 0.0209 0.919 0.0210

From Table 1, the AW of ML method is a minimum values when p = 0.5 with »

=70 and

r = 30 and 45. For Bayesian method. the AW appears the minimum values at most all cases
especially when p = 0.5, and 0.8. The AW of MCMC method outperforms at p = 0.2, but the

minimum of AW by MCMC is the same value of AW by Bayesianat p = 0.5.

4.2 A 95% confidence interval
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Table2: The Confidence Coefficient (CC) and Average Width (AW) obtained via 95% confidence interval.

Methods

P |ln|r ML Bayesian MCMC
CC AW CcC AW GE AW
10 0.698 - 0.947 0.0405 0.945 0.0405
30 | 15 0.653 - 0.933 - 0.949 0.0332
20 0.652 - 0.948 0.0287 0.961 0.0287
10 0.688 - 0.961 0.0315 0.962 0.0314
02 50 | 20 0.673 - 0.961 0.0222 0.959 0.0222
30 0.651 - 0.940 0.0181 0.944 0.0181
15 0.677 - 0.944 0.0217 0.948 0.0217
70 | 30 0.686 - 0.962 0.0153 0.961 0.0153
45 0.666 - 0.945 0.0125 0.950 0.0125
10 0.956 0.0801 0.958 0.0794 0.959 0.0798
30 | 15 0.687 - 0.954 0.0331 0.951 0.0331
20 0.953 0.0566 0.947 0.0563 0.954 0.0565
10 0.956 0.0619 0.952 0.0617 0.954 0.0618

05150 | 20 0.949 0.0438 0.948 0.0437 0.950 0.0438
30 0.946 0.0358 0.940 0.0357 0.944 0.0358
15 0.939 0.0428 0.940 0.0427 0.939 0.0428
70 | 30 0.949 0.0302 0.950 0.0302 0.949 0.0302
45 0.947 0.0247 0.942 0.0247 0.945 0.0247
10 0.999 0.1620 0.958 0.0800 0.958 0.0806
30 | 15 1 0.1326 0.954 0.0655 0.951 0.0659

20 1 0.1148 0.950 0.0568 0.949 0.0571

10 1 0.1254 0.952 0.0623 0.944 0.0626

08 | 50| 20 1 0.0887 0.958 0.0442 0.955 0.0443
30 1 0.0724 0.947 0.0361 0.948 0.0362

15 1 0.0866 0.951 0.0431 0.950 0.0432

70 | 30 1 0.0613 0.959 0.0305 0.961 0.0306

45 1 0.0500 0.966 0.0250 0.965 0.0250

From Table 2. the AW of ML method is a minimum values when p = 0.5 with » =70 and

# = 30 and 45. For Bayesian method, the AW appears the minimum values in all cases except
whenp = 02, n =30, » = 15and n = 350, r = 10. The AW of MCMC method appears the

minimum values at all cases on p = 0.2, but some values are similar the AW of Bayesian.
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4.3 4 99% confidence interval

Table3: The Confidence Coefficient (CC) and Average Width (AW) obtained via 99% confidence interval.

Methods

P n|r ML Bayesian MCMC
CcC AW CcC AW CcC AW
10 0.812 - 0.989 0.0336 0.994 0.0534
30 | 15 0.779 - 0.987 0.0436 0.987 0.0435
20 0.820 - 0.995 0.0376 0.995 0.0376
10 0.806 - 0.991 0.0412 0.991 0.0412
0250 |20 0.802 - 0.988 0.0292 0.991 0.0291
30 0.815 - 0.988 0.0238 0.987 0.0238
15 0.826 - 0.987 0.0285 0.991 0.0285
70 | 30 0.816 - 0.989 0.0201 0.988 0.0201
45 0.807 - 0.987 0.0164 0.987 0.0164
10 0.990 0.1053 0.993 0.1043 0.993 0.1049
30 | 15 0.985 0.0860 0.982 - 0.985 0.0857

20 [ 0991 0.0745 0988 0.0741 0.989 0.0743
10 0.989 0.0814 0.990 0.0810 0,989 0.0813
05150 | 20 0.987 0.0577 0.989 0.0575 0.987 0.0576
30 0.991 0.0470 0.991 0.0470 0.990 0.0470
15| 0992 0.0562 0.993 0.0561 0.991 0.0561
70 | 30 0.99%0 0.0398 0.988 0.0397 0.988 0.0397
45 0.989 0.0325 0.989 0.0324 0.989 0.0324

10 1 0.2136 0.983 - 0.983 -
30|15 1 0.1738 0.988 0.0862 0.985 0.0866
20 1 0.1507 0.990 0.0747 0.990 0.0751
10 1 0.1652 0.988 0.0817 0.989 0.0822
08 | 50 [ 20 1 0.1168 0.989 0.0580 0.990 0.0582
30 1 0.0953 0.994 0.0474 0.994 0.0475
15 1 0.1138 0.995 0.0567 0.995 0.0568
70 | 30 1 0.0804 0.989 0.0402 0.990 0.0402
45 1 0.0656 0.993 0.0328 0.993 0.0328

From Table 3, the AW of ML method is a minimum values when p = 0.5 with n = 50,7
30and p = 0.8 with n = 80, » = 10. For Bayesian method, the AW appears the minimum
values at most all cases. The AW of MCMC method outperforms at p = 0.2.
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5. Conclusions

In this research, data is generated from a negative binomial distribution and estimated the
confidence interval which is obtained confidence coefficient and average interval width to
perform ML, Bayesian, and MCMC methods. Through a simulation study, the ML method is a
poor method to estimated interval because the ML method is used just real data, then it’s not
consistent estimator, The Bavesian method is depended on the prior distribution to create the
posterior distribution, so it makes a good performance method in most all cases especially when
true parameters are medium or large values for all sample sizes and or parameter . For the small
true parameters, the MCMC method is a good performance in most all cases. However, the
confidence coefficient and average width of Bayesian and MCMC are equal in some case, so we
would recommend user to use MCMC method especially small true parameters because the
Bayesian method depends on parameter of prior distribution while it is hard to find the
appropriate parameter. For real data set, MCMC method outperforms the other methods to
estimate confidence interval as same as the simulation study data.
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