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Abstract

This paper introduces the negative binomial-quasi xgamma (NB-QX) distribution, a three-parameter
model derived by mixing the negative binomial and quasi xgamma distributions. The NB-QX distribution offers
significant flexibility in analyzing overdispersed count data and subsumes the negative binomial-gamma
distribution as a special case. We derive its fundamental properties, including the probability mass function,
factorial moments, mean, and variance. Parameter estimation is conducted via the maximum likelihood method.
The model’s performance is evaluated using three real-world count datasets, with goodness-of-fit assessed through
the Kolmogorov—Smirnov (KS) test for discrete distributions, AIC, and BIC. The empirical results demonstrate
that the NB-QX distribution outperforms Poisson, negative binomial, and negative binomial-gamma distributions,
particularly in capturing overdispersion within a unified framework.
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1. Introduction

In the analysis of count data, particularly with the Poisson distribution, it is often assumed that the data
are equidispersed, meaning the mean and variance are equal. However, this assumption frequently fails in practice
when real-world data exhibit overdispersion, where the variance exceeds the mean. Such variance inflation violates
the fundamental equidispersion assumption underlying the Poisson distribution, rendering standard Poisson
regression models inadequate for analyzing overdispersed count data. This misspecification can result in several
serious consequences: systematically biased parameter estimates, substantially underestimated standard errors,
artificially narrow confidence intervals, and invalid statistical inferences. These issues ultimately lead to increased
Type I error rates in hypothesis testing and unreliable conclusions regarding the significance of predictor variables.
To address these limitations, researchers have developed numerous generalized discrete distributions that enhance
model flexibility and better accommodate the variability observed in real-world count data. To address
overdispersion, researchers have developed various extensions of the Poisson model, including compound
distributions, hierarchical formulations, and mixture models that introduce additional parameters to capture excess
variation. A particularly powerful technique is compounding, which constructs new distributions by mixing a base
discrete distribution (e.g., Poisson or negative binomial) with a continuous mixing distribution. This hierarchical
construction naturally induces overdispersion while preserving desirable properties of the base distribution. Mixed
negative binomial distributions represent a prominent example of this approach, where the negative binomial
distribution serves as the base and is combined with various continuous distributions. These compound models
offer several advantages: they provide explicit and tractable mean-variance relationships, accommodate varying
degrees of overdispersion through the mixing distribution parameters, maintain interpretability of regression
coefficients, and deliver improved statistical inference with more accurate parameter estimates and predictions
compared to the standard Poisson distribution.

In the literature, various alternative mixed negative binomial distribution provides better fit for
overdispersed count data as compared to traditional statistical distributions. Notable examples include The
Negative Binomial-Lindley distribution, introduced by Zamani and Ismail (2010) through compounding the
negative binomial distribution with the Lindley distribution for insurance claims applications, demonstrated
superior fit and improved predictive capability compared to standard Poisson and negative binomial distributions,
particularly when analyzing highly overdispersed count data, owing to its enhanced flexibility in modeling variance
structure. The negative binomial-beta exponential distribution, developed by Pudprommarat et al. (2011) is a mixed
negative binomial distribution that provides improved flexibility and superior fit for highly overdispersed count
data when compared to standard Poisson and negative binomial distributions. The negative binomial-gamma
distribution, developed by Gengtiirk and Yigiter (2015), is a mixed negative binomial distribution that provides
improved flexibility and better performance for count data when compared to the standard negative binomial
distribution. The negative binomial mixed models were proposed by Zhang et al. (2017), effectively address the
correlation and overdispersion inherent in clustered microbiome count data. The negative binomial-inverse
gaussian regression model was proposed by Tzougas et al. (2019) as an alternative to mixed Poisson regression
models for approximating the number of claims. The zero-inflated negative binomial mixed model was applied by
Garcia et al. (2023) to Spanish wildfire counts to effectively address the challenges of excess zeros and
overdispersion resulting from Mediterranean seasonal patterns by simultaneously modeling fire occurrence and
non-occurrence. The mixed negative binomial regression model was used by Iyit (2024) to investigate the global
impact of digestive system cancers on COVID-19 outcomes, as the model was chosen for its ability to effectively
handle the overdispersion inherent in both cancer and pandemic count data across various countries and regions.
The negative binomial-Lindley distribution with time-dependent parameters, proposed by Dzinyela et al. (2024),
effectively addresses temporal variations and overdispersion in crash data. The model demonstrates a superior
goodness-of-fit and reveals that time-dependent parameters are crucial for accurate predictive modeling.

As discussed above, lifetime distributions serve as mixing models for generating mixed negative binomial
distributions. Sen and Chandra (2017) proposed the quasi xgamma distribution as a flexible lifetime model that
generalizes both the gamma and xgamma distributions. They examined various properties, including survival
characteristics, order statistics, and parameter estimation methods (maximum likelihood and method of moments).
Comparative studies showed that the quasi xgamma distribution provides superior flexibility in modeling lifetime
data relative to several competing distributions, including the gamma, lognormal, various Lindley-based
distributions, and xgamma distributions. The quasi xgamma distribution is selected as the mixing distribution for
several theoretically motivated reasons. First, it generalizes both the gamma and xgamma distributions as special
cases, offering a strictly broader class of distributions with greater shape flexibility than either constituent family.
Second, unlike Lindley and exponential distributions, which are characterized by a single parameter and limited
flexibility in capturing heterogeneity, the quasi xgamma distribution accommodates a wider range of dispersion
structures through its additional shape parameter. Third, compared to the Inverse Gaussian distribution, the quasi
xgamma distribution yields more tractable closed-form expressions for the moments of the resulting compound
distribution, including non-negative support and flexible shape parameters, all of which facilitate the derivation of
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closed-form results and support accurate parameter estimation and statistical inference. These characteristics
collectively make the quasi xgamma distribution a theoretically principled and practically superior choice for
constructing a new mixed negative binomial model.

This paper proposes a new distribution, the negative binomial-quasi xgamma distribution, obtained by
mixing the negative binomial and quasi xgamma distributions. The quasi xgamma distribution is selected as the
mixing distribution due to its theoretical advantages over classical alternatives: it generalizes both the gamma and
xgamma distributions, offers greater flexibility in capturing heterogeneity across varying dispersion structures,
and yields closed-form expressions for key distributional properties. Unlike existing mixed negative binomial
models that rely on Gamma, inverse Gaussian, or Lindley distributions as mixing components, the NB-QX
distribution inherits the additional flexibility of the quasi xgamma family, enabling it to simultaneously
accommodate both moderate and heavy-tailed overdispersion within a unified theoretical framework. The
proposed distribution is unimodal and exhibits heavy tails. Basic properties, including the probability mass
function (pmf), factorial moments, mean, and variance, are discussed. The parameters are estimated using the
maximum likelihood method. The goodness-of-fit is thoroughly assessed using the Kolmogorov—Smirnov (KS)
test for discrete distributions, the Akaike information criterion (AIC) (Akaike, 1974), and the Bayesian
information criterion (BIC) (Schwarz, 1978). The proposed distribution provides a more flexible alternative for
analyzing count data with overdispersion.

2. A New Mixed Distribution for Count Data with Overdispersion

Assume that a random variable X follows a negative binomial (NB) distribution with parameters » and
p= e%, where A is arandom variable giving quasi xgamma (QX) distribution with parameters @ and «.Then,
random variable X has a negative binomial-quasi xgamma (NB-QX) distribution. The NB-QX distribution and
its properties are presented in the following subsections.

2.1 The negative binomial (NB) distribution

If a random variable X has a NB distribution, which is denoted by X [l NB(r, p), its the probability

mass function (pmf) is given by
o [r+x-1) X
P(X =x)= . )P a-p), (1

with x denotes the number of failures before the r-th success occurs, where x =0, 1, 2,...,
r denotes the number of successes, where >0, and
p denotes the probability of success on each trial, where 0 < p <1.

The first four moments about zero and the factorial moment of the NB distribution are, respectively,
given by

£ =12,
I-p)[1+r(1-
b - 0=+ 0= p]
p
£ =" Gren+ 2= p)), @
p

E(xh= L_4"”)[1+(7r+6)(1—p)+(6r2 +11r+7)(1-p)? +r° (1= p)*l,
p

k
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I'(r) pk
o]
where I'(s) = .[xs_le_x dx, s >0, denotes the complete gamma function (Klugman et al., 2019).
0
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2.2 The quasi xgamma (QX) distribution
If a random variable A has a QX distribution, which is denoted by its probability density function (pdf)

is given by
2
{aﬂ_zz}—%, G

D=1 2

A denotes the continuous random variable, where A (0, =),

a denotes the shape parameter, where o > 0, and

6 denotes the scale parameter, where 6 > 0.

Its moment generating function is given as

~ e 1 _L -1 _L -3
L G GOl @

Three special cases of the QX distribution as follows:

(1) If a =0, then the QX distribution reduces to the gamma distribution with shape parameter 3 and scale
parameter 4.
(i) If a =1, then the QX distribution reduces to the new class of distribution with pdf

2
)= g(l +%22]e_9’1 , A >0 and > 0 (Sen and Chandra, 2017). (5)
(iii) If ¢ =@, then the QX distribution reduces to xgamma distribution with pdf
2
f(A) = o (1+€/12je_9)“, A>0 and 6> 0 (Sen et al., 2016). (6)
a+o\ 2

2.3 The negative binomial-quasi xgamma distribution

The theorem of the new mixed negative binomial distribution is provided, and its basic properties are
presented.

Theorem 1 a random variable X has the NB distribution with parameters » and p = e_/l, where A is a random

variable giving QX distribution with parameter #and « with pdf given by Equation (3), then X is called a NB-
QX distribution, which is denoted by X [ NB-QX (r,0, ). The pmf of a NB-QX distribution is given by

N r+x-1\&(x W (r+j) ! ( (”+j)j_3
P(X—x)—(1+a)( N jz(jj( 1) {a(l-k—e j + 1+—9 , (7)

Jj=0

with x=0,1,2,...and r,0,c >0,
Proof. IfXM 0 NB(r,p=e"), A0 OX(6,),then the pmf of X can be obtained by

P(X =x) = [ p(x| A)f (A)d 2,

o X
1N j
:[Hj jz[f}—l)-’%[—(f”)}

By replacing the M, (¢) of QX distribution in Equation (4) with # =—(»+ j) into Equation (8), then the

pmfof X is

X N1 N3
P(X =x)=— (Hx_ljZ(x)(—l){a(l+(r”)j +[1+(r+/)j }
(I+a) x o\J 0 0

which proves the theorem.
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Figure 1 The pmf plot for different values of parameters.

Figure 1 illustrates pmf of the NB-QX distribution for different values of »,6 and «. The pmf plot indicate
that all of them appear to be unimodal and positively skewed.

A function in Equation (7) is a pmf if and only if
1) P(X =x)=0forall x. Itis clear that P(X =x)>0.

2) Y P(X =x) =1, according to Theorem 1
x=0

ZP(X ¥ = z(r” lj e (1—ehyY,

rex=1y - -2 )
factor ¢ and using the negative binomial series z v =(0-y) ,where y=—(e " -1)=1-e
x=0 X
Then,

S PX=x)=e M (1-(1-e*) " =M =1
x=0
It can be shown that the pmf in Equation (7) satisfies the required conditions.

Corollary 1 Let X 0 NB-QX(r,0,a). If a =0, then the NB-QX distribution reduces to the negative binomial-

gamma (NB-Gamma) distribution with shape parameter 3 and scale parameter €. Its pmf is

P(X = x) = [”x_lj i [’f](—l)i (1+0¢+)°>, x=012...
X

j=0
where X |/1 : NB(r,p= et ), has the NB distribution with parameters » and p = et , where A has the gamma

distribution with shape parameter 3 and scale parameter & see Gengtiirk and Yigiter (2015).

Theorem 2 Let X 0 NB-QX(r,0, ), then the factorial moment of order & of the NB-QX distribution is

I(r+k) AN ( k—jj_l (_ur
u[k](X>—r()(1+a)ZU< 1){ L) =) ©)

with k=1,2,...and »,0,a > 0.
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Proof. If X |/1 O NB(r,p= et ), AU QX(6,), then the factorial moment of order k can be found by using the

factorial moment of order k of the NB distribution (Gémez-Déniz et al. 2008) as follows

I'(r+k)

Ak
0 Ey(e” -1)",

Hij(X) =

k (k . .
through the binomial expansion of (eﬂL —1)k = Z( .j(—l)j k= ),

Jj=0
I'(r+k) A(k— )
(X)) =——"E; ( ]( 1)/ et
" () ,ZO
_I(r+k) .
- F(l") Mﬂ(k ])s

from the M, () of QX distribution in Equation (4) with ¢ =k — j , then the factorial moment of order & as

__L(r+h) i a1 k=0 [_uf
ST )Z[ j( l){ [ 0 ) 1) |

which proves the theorem.
The mean, second-order moment and variance can be obtained directly from Equation (9) which are given

by
EQX)=r[M;(1)-1], (10)
E(XY) =(r+rH)M,(2)—(r+2r2)M (1) + 12,
Var(X) = (r+r2)M ,(2)— rM ; ()(1+ M ; (1)), (11

where M () is defined in Equation (4).

Table 1 Mean and variance of the NB-QX distribution for different values of r,60 and «.

r=0.1 r=0.5 r=1 r=>5
a (% mean  variance mean  variance mean  variance mean variance
0.05 25 0349 12471 1.744  82.183 3.489 213.936 17.443 3052.455
0.229 2.408 1.143  15.051 2286  37.633 11.429  489.388
5 0.092 0.265 0.460 1.485 0.920 3.372 4.598 32.932
10 0.036 0.057 0.180 0.298 0.359 0.632 1.797 4.598
1 2.5 0.215 6.736 1.074  44.698 2.148  116.941 10.741 1686.488
3 0.144 1.347 0.719 8.546 1438 21.621 7.188  289.277
5  0.060 0.160 0.301 0.919 0.602 2.130 3.008 22.312
10 0.024 0.037 0.121 0.195 0.241 0.421 1.207 3.311
1.5 2.5 0.185 5.463 0.926  36.291 1.852  95.015 9.259 1372414
3 0.125 1.110 0.625 7.059 1.250  17.888 6.250  240.188
5 0.053 0.137 0.266 0.787 0.531 1.828 2.656 19.281
10 0.022 0.032 0.108 0.171 0.215 0.370 1.077 2.933
3 2.5 0.141 3.551 0.704  23.597 1.407  61.797 7.037  893.073
3 0.097 0.754 0.484 4.797 0.969  12.155 4.844  163.257
5 0.043 0.102 0.213 0.584 0.426 1.356 2.129 14.272
10 0.018 0.025 0.088 0.135 0.176 0.292 0.881 2.302
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Table 1 presents the mean and variance of the NB-QX distribution for different values of the parameters
r,0 and «, respectively. The mean and variance of the NB-QX distribution are increasing functions of parameter

fand « , and decreasing functions of parameter 7.

3. Estimation

Maximum likelihood estimation (MLE), a popular estimation method, is used to estimate the parameters
of the NB-QX distribution.
The likelihood function of NB-QX (7,6, ) is given by

n - X . . | ~\—3
L(r.0.00) = — H(r”’ 1}2(’6{)(_1){0{““%9])] +(1+(F+01)j } (12)
j

I+a)" i\ % )5
The log likelihood function of NB-QX distribution is given by

log L(r,0,a) = i[log I'(r+x;)—logI'(x; +1)—log F(r)] —nlog(l+ )
i=1
13)

i 5 (x5 (r+j>j‘1 ( (r+j)j‘3
1 -/ | a| 1+—== I+-—= :
+,~§ ogtgo[jj( ) {a( + 7 + 1+ 7

The ML estimators of 7,8 and & of r,0 and « , respectively, can be solving the following partial

differential Equations

610gL:0’ c’)logLZO’ and alogL:
or 06 oo

The above Equations are solved using numerical optimization with the optim function in the stats package
in R (R Core Team, 2025). To ensure numerical stability in the optimization of the log-likelihood function in
Equation (13), the optim function in R was implemented using the L-BFGS-B method, which supports parameter
constraints and improves convergence behavior. Multiple sets of initial values were used to verify that the
algorithm converged consistently to the same solution, reducing the risk of convergence to a local maximum.

0.

Parameter constraints » >0, >0, and « >0 were imposed throughout the optimization to ensure that all

estimates remain within the valid parameter space.

4. Applications of NB-QX distribution

To illustrate the flexibility and practical applicability of the proposed distribution, we applied Poisson,
NB, NB-Gamma (with shape parameter 3 and scale parameter €), and NB-QX distributions to real data sets.

The parameters for each distribution were estimated using MLE via the optim function in R. To compare the
goodness-of-fit of these distributions, we computed three complementary criteria: the KS test statistic, which
evaluates the maximum deviation between empirical and theoretical cumulative distribution functions; the AIC,
which balances model fit and complexity; and the BIC, which applies a stronger penalty for model complexity and
is particularly useful for comparing models with different numbers of parameters. Together, these criteria provide
a comprehensive and robust evaluation of model performance. The KS test statistic was computed using the ks.test
function from the dgofpackage in R (Marsaglia et al., 2003; R Core Team, 2025). The distribution with the smallest
KS statistic, highest log-likelihood, and lowest AIC and BIC values is considered to provide the best fit.

Data Set I: The proposed NB-QX distribution is applied to automobile insurance claim frequencies.
The data, originally analyzed by Simmachan and Boonkrong (2025), represent the number of claims filed under
4,986 automobile insurance policies in Thailand during the calendar year 2017. Descriptive analysis reveals several

important characteristics of this data set. The sample mean and variance are 0.48 and 0.68, respectively, yielding
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a variance-to-mean ratio of 1.42, which provides clear evidence of overdispersion relative to the Poisson
distribution's equidispersion assumption. Furthermore, a large proportion of policies (67.85%) had no claims, the

distribution is positively skewed. These characteristics are typical of insurance claims data and require more

flexible models than Poisson distribution.

Data Set I1: The second data set, obtained from Shanker and Hagos (2015), consists of Haemocytometer
yeast cell counts per square from a biological study. The data exhibits overdispersion with a sample mean of 0.46
and variance of 0.60, yielding a variance-to-mean ratio of 1.30. Additionally, 68.45% of observations are zero.

Data Set I11: The third data set, obtained from Tin (2008), comprises hospitalization counts from 10,117
cases tracked over a 12-month survey period. The data contains an extremely high proportion of zeros, with 90.12%
of cases recording no hospitalizations. Descriptive statistics reveal a sample mean of 0.14 and variance of 0.27,

yielding a variance-to-mean ratio of 0.52, which indicates overdispersion.

Table 2 Parameter estimates, observed and expected frequencies, and goodness-of-fit statistics for each

distribution fitted to data set I.

number of claims | Observed frequencies Expected frequencies
Poisson NB NB-Gamma NB-QX
0 3383 3093 3377 3366 3376
1 1065 1477 1088 1117 1085
2 369 353 352 339 356
3 116 56 114 107 115
4 41 7 37 36 37
5 8 1 12 13 12
6 3 0 4 5 4
7 0 0 1 2 1
8 1 0 0 1 0
. A $20990 i:=2.273 }:=23.532
parameter estimates A =0478 p=0675 6=0.062 0=87.717
a=3(fixed) | a=1.676
log likelihood -4803.387 -4635.726 -4639.582 -4635.232
AIC 9608.774 9275.452 9283.164 9276.465
BIC 9615.288 9288.481 9296.193 9296.007
KS test 0.620 0.677 0.675 0.002

Page | 20



Journal of Applied Statistics and Information Technology Vol. 11 No. 1 (January — June 2026)

Table 3 Parameter estimates observed and expected frequencies, and goodness-of-fit statistics for each distribution

fitted to data set II.

number of yeast cell | Observed frequencies - Expected frequencies
Poisson NB NB-Gamma NB-QX
0 128 118 127 126 127
1 37 54 42 44 42
2 18 12 13 13 13
3 3 2 4 4 4
4 1 0 1 1 1
. A 21288 ;i:3.429 1?:22.059
parameter estimates A =0.460 P =0.556 0=0.041 0=100.00
a =3 (fixed) | @=0.902
log likelihood -173.832 -170.024 -170.346 -167.490
AIC 349.663 344.048 344.692 340.980
BIC 352.895 350.510 351.154 350.673
KS test 0.631 0.678 0.673 0.020

Table 4 Parameter estimates observed and expected frequencies, and goodness-of-fit statistics for each distribution

fitted to data set II1.

number of . Expected frequencies
hospital davs Observed frequencies -
p Y Poisson NB NB-Gamma NB-QX
0 9118 8786 9134 9462 9135
1 725 1239 700 513 725
2 165 87 187 98 168
3 57 4 62 28 54
4 17 0 22 10 21
5 14 0 8 4 9
6 21 0 3 2 4
. i £-0.168 13:0.254 f:0.330
parameter estimates A =0.141 H=0.544 0=0.137 0=1.1246
a =3 (fixed) a=0.553
log likelihood -4629.711 -4099.042 -4095.969 -4095.926
AIC 9261.421 8202.085 8195.939 8197.852
BIC 9268.644 8216.528 8210.382 8219.518
KS test 0.868 0.903 0.902 0.001

Table 2 (Automobile Insurance Claims, # = 4,986): The NB-QX distribution demonstrates superior

performance, yielding the highest log-likelihood (-4,635.232), the lowest AIC (9,276.465), and the minimum KS
statistic (0.002). While the BIC for NB-QX (9,296.007) is marginally higher than that of the NB model (9,288.481)
due to the additional parameter penalty, the superior AIC and log-likelihood confirm that NB-QX provides the best

overall balance between goodness-of-fit and model complexity.
Table 3 (Yeast Cell Counts, 7 = 187): The NB-QX distribution outperforms the Poisson, NB, and NB-

Gamma models, achieving the highest log-likelihood (-167.490), the lowest AIC (340.980), and the smallest KS
statistic (0.020).
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Table 4 (Hospitalization Counts, 7 = 10,117): The NB-QX model provides the best fit, characterized by

the highest log-likelihood (-4,095.926) and the smallest KS statistic (0.001). Like Table 2, despite a slightly higher
BIC compared to the NB-Gamma model, the NB-QX distribution remains the preferred model based on AIC and

log-likelihood values.
The estimated values of & (ranging from 0.553 to 1.676) across all datasets underscore the importance

of the quasi-xgamma mixing component. Notably, the model effectively captures high proportions of zeros—
reaching 90.12% in Dataset IIl—without requiring a zero-inflated formulation. This confirms that the NB-QX
distribution offers a parsimonious yet flexible framework capable of accommodating both extreme zero-counts

and positive skewness.

5. Conclusions

The results demonstrate a clear and consistent pattern favoring the NB-QX distribution across three
diverse applications: automobile insurance claims from the Thai insurance industry (Table 2), haemocytometer
yeast cell counts per square unit representing microbial abundance in biological samples (Table 3), and
hospitalization admission frequencies from longitudinal healthcare surveillance data (Table 4). It achieves the
smallest KS test in every case, indicating the closest correspondence between theoretical and empirical cumulative
distribution functions. Similarly, it attains the highest log-likelihood values and lowest AIC values, reflecting both
superior fit and appropriate model complexity. The consistency of these findings across diverse data types with
different means, variances, and zero proportions provides robust empirical validation of the NB-QX distribution's
flexibility and effectiveness in accommodating various forms of overdispersion in count data.

Future research directions include several promising extensions. First, zero-truncated and zero-hurdle
versions of the NB-QX distribution could explicitly accommodate datasets with excess or deficient zeros. Second,
regression frameworks incorporating univariate and multivariate NB-QX distributions would enable flexible
covariate modeling for correlated count data. Third, comprehensive simulation studies evaluating the finite-sample
properties of parameter estimators under various data-generating scenarios, including different levels of

overdispersion and zero proportions, would provide valuable guidance for practitioners.
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