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Abstract: A class of complex-valued harmonic meromorphic functions of the

form f(z) = h(z)+g(z), |z| > 1, is introduced. It is shown that the functions in this

class are orientation preserving and univalent outside the unit disk. Necessary and

Sufficient coefficient conditions are obtained for functions in this class, which are

also shown to be necessary when the co-analytic part g has negative coefficients.

Distortion bounds, extreme points, convolution condition and convex combination

are also obtained.
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1 Introduction

Harmonic univalent functions are known to be important in the study of minimal

surfaces and have found applications in different fields such as Engineering, Oper-

ations research and applied Mathematics [1]. A complex-valued harmonic function

is a continuous function f = u + iv in a complex domain D ⊆ C with both u
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and v real harmonic in D . Several classes of complex-valued harmonic univalent

functions have been introduced and investigated following the basic work of Clunie

and Sheil-Small [2]. Hengartner and Schober [3], among other things, investigated

the family M of functions f(z) = h(z) + g(z) which are harmonic, meromorphic

orientation-preserving and univalent in U = {z : |z| > 1} where

h(z) = z + Σ∞

n=1anz−n; g(z) = Σ∞

n=1bnz−n; z ∈ U. (1)

Jahangiri [4] and Jahangiri and Silverman [5] have also investigated harmonic,

meromorphic functions which are starlike in U .

Here we introduce another class GH(α, β, t) of harmonic, meromorphic func-

tions defined as follows: For 0 ≤ β < 1, let GH(α, β, t) consist of functions f ∈ M

so that

<
{

(1 + eiα)
(zh′(z) − zg′(z))

ft(z)
− eiα

}

≥ β (2)

where ft(z) = (1 − t)z + tf(z), 0 ≤ t ≤ 1, 0 ≤ β < 1, and α real.

It is of interest to note that when t = 1, the class GH(α, β, 1) has been

investigated in [6] and in the special case α = 0, t = 1, the class GH(0, β, 1) is

related to the class Σ∗

H
(γ) [4] by the relation GH(0, β, 1) = Σ∗

H
( 1+β

2 ).

Also let GH(α, β, t) be the subclass of GH(α, β, t) consisting of functions f =

h + g in which h and g are of the form

h(z) = z + Σ∞

n=1anz−n; g(z) = −Σ∞

n=1bnz−n an ≥ 0, bn ≥ 0 (3)

We determine sufficient coefficient condition for harmonic meromorphic func-

tions f = h + g to be in the class GH(α, β, t). We then show that this coefficient

condition is also necessary for f ∈ GH(α, β, t). Moreover, we obtain distortion

bounds, extreme points, convolution condition and convex combination for func-

tions in GH(α, β, t).

2 Coefficient Conditions

First we prove a sufficient coefficient condition for harmonic functions in GH(α, β, t).

Theorem 2.1. Let f = h + g be so that h and g are of the form (1). If

Σ∞

n=1[2n + t(1 + β)]|an| + Σ∞

n=1[2n − t(1 + β)]|bn| ≤ 1 − β (4)

when 0 ≤ β < 1 and 0 ≤ t < 1 , then f is univalent, sense preserving, harmonic

mapping in ∆ = {z : |z| < 1} and f ∈ GH(α, β, t) .
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Proof. Consider the function f = h + g , where h and g are given by (1). In [5] it

has been proved that if Σ∞

n=1n|an|+ Σ∞

n=1n|bn| ≤ 1, |b1| < 1 then f is harmonic,

orientation preserving and univalent in ∆.

For 0 ≤ β < 1, we note that

n ≤
2n + t(1 + β)

1 − β
and n ≤

2n − t(1 + β)

1 − β
.

Therefore f is harmonic, orientation preserving and univalent in U due to

(4). In order to show that f ∈ GH(α, β, t), in view of (2), we have to show that

<
[

A(z)
B(z)

]

> β where

A(z) = (1 + eiα)[zh′(z) − zg′(z)] − eiα[(1 − t)z + t(h(z) + g(z))],

B(z) = (1 − t)z + t(h(z) + g(z))

Using the fact that <w ≥ β if and only if |1 − β + w| ≥ |1 + β − w| it is enough

to show that

|A(z) + (1 − β)B(z)| − |A(z) − (1 + β)B(z)| ≥ 0 for 0 ≤ β < 1.

Differentiating h and g and substituting in the above inequality we obtain

|A(z) + (1 − β)B(z)| − |A(z) − (1 + β)B(z)|

=
∣

∣(1 − β − eiα)(1 − t)z + (1 − β)t(z) + (1 + eiα)zh′(z) − eiαth(z)

+(1 − β)tg(z) − (1 + eiα)zg′(z) − eiαtg(z)
∣

∣

∣

−
∣

∣(1 + β + eiα)(1 − t)z + (1 + β)th(z) − (1 + eiα)zh′(z) + eiαth(z)

+(1 + β)tg(z) + (1 + eiα)zg′(z) + eiαtg(z)
∣

∣

∣

≥ (2 − β)|z| − Σ∞

n=1(2n + βt)|an||z|
−n − Σ∞

n=1(2n − βt)|bn||z|
−n

−β|z| − Σ∞

n=1(2n + βt + 2t)|an||z|
−n − Σ∞

n=1(2n − βt − 2t)|bn||z|
−n

= 2
{

(1 − β)|z| − Σ∞

n=12n + t(1 + β)|an||z|
−n − Σ∞

n=12n − t(1 + β)|bn||z|
−n

}

≥ 2 {(1 − β) − Σ∞

n=1 {[2n + t(1 + β)]|an| + [2n − t(1 + β)]|bn|}}

Now by (4), this last expression is never negative and so f ∈ GH(α, β, t). We give

an example of a function in the class GH(α, β, t).
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Example 2.2. The harmonic function f = h + g where

h(z) = z +
1 − β

4[2 + t(1 + β)]

1

z
, g(z) =

1 − β

4[2 − t(1 + β)]

1

z

where 0 ≤ β < 1 and 0 ≤ t < 1, satisfies the sufficient condition of Theorem 2.1

and hence belongs to the class GH(α, β, t).

Next we show that the coefficient condition (4) is also necessary for functions

in GH(α, β, t).

Theorem 2.3. Let f = h+g be so that h and g are of the form (3). A necessary

and sufficient condition for f to be in GH(α, β, t) is that

Σ∞

n=1 {[2n + t(1 + β)]|an| + [2n − t(1 + β)]|bn|} ≤ 1 − β (5)

Proof. In the view of Theorem 2.1, we need only show that f 6∈ GH(α, β, t) if the

coefficient inequality (5) does not hold. We note that if f ∈ GH(α, β, t) we must

have

<
(1 + eiα)(zh′(z) − zg′(z)) − eiα[(1 − t)z + t(h(z) + g(z)]

(1 − t)z + t[h(z) + g(z)]
− β

= <

{

(1 − β)z − Σ∞

n=1[n(1 + eiα) + t(β + eiα)]anz−n

− Σ∞

n=1[n(1 + eiα) − t(β + eiα)]bnz−n

z + tΣ∞

n=1anz−n − tΣ∞

n=1bnz−n

}

≥ 0

This inequality must hold for all z ∈ U and for all real α. Letting z = r > 1 and

α = 0, we have

<
(1 − β) − Σ∞

n=1[2n + t(β + 1)]anr−(n+1) − Σ∞

n=1[2n − t(1 + β)]bnr−(n+1)

1 + tΣ∞

n=1anr−(n+1) − tΣ∞

n=1bnr−(n+1)

=
A(r)

B(r)
≥ 0.

If the condition (5) does not hold, then A(r) is negative for r sufficiently close

to 1. Thus there exists a z0 = r0 > 1 for which the quotient A(r)
B(r) is negative.

This contradicts that A(r)
B(r) ≥ 0 and so the proof is complete.

The distortion bounds for functions in GH(α, β, t) are now given.

Theorem 2.4. If f ∈ GH(α, β, t) then

r − (1 − β)r−1 ≤ |f(z)| ≤ r + (1 − β)r−1, |z| = r > 1.
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Proof. We prove the right hand inequality. The argument for the left hand in-

equality is similar and is omitted. Let f ∈ GH(α, β, t). Taking the absolute value

of f we obtain

|f(z)| = |z + Σ∞

n=1anz−n − Σ∞

n=1bnz−n|

≤ r + Σ∞

n=1(|an| + |bn|)r
−n

≤ r + Σ∞

n=1 {[2n + t(1 + β)]|an| + [2n − t(1 + β)]|bn|} r−1

≤ r + (1 − β)r−1

3 Extreme Points

We use the coefficient bounds obtained in section 2 to determine the extreme

points for functions in GH(α, β, t).

Theorem 3.1. f ∈ GH(α, β, t) if and only if f can be expressed as

f = Σ∞

n=0(xnhn + yngn)

where z ∈ U ,

h0(z) = z, hn(z) = z +
1 − β

2n + t(1 + β)
z−n(n = 1, 2, . . . )

g0(z) = z, gn(z) = z −
1 − β

2n − t(1 + β)
(z)−n(n = 1, 2, . . . )

and

Σ∞

n=0(xn + yn) = 1, xn ≥ 0, yn ≥ 0.

Proof. Note that for f we may write

f(z) = Σ∞

n=0(xnhn + yngn)

= x0h0 + y0g0 + Σ∞

n=1xn

[

z +
1 − β

2n + t(1 + β)
z−n

]

+yn

[

z −
1 − β

2n − t(1 + β)
(z)−n

]

= Σ∞

n=0(xn + yn)z + Σ∞

n=1

1 − β

2n + t(1 + β)
xnz−n

−Σ∞

n=1

1 − β

2n − t(1 + β)
yn(z)−n
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Now, by Theorem 2.3,

Σ∞

n=1

{

[2n + t(1 + β)]

[

(1 − β)xn

2n + t(1 + β)

]

+ [2n − t(1 + β)]

[

(1 − β)yn

2n − t(1 + β)

]}

= (1 − β)Σ∞

n=1(xn + yn) ≤ (1 − β)

Conversely, suppose that f ∈ GH(α, β, t) then

Σ∞

n=1

[

2n + t(1 + β)

1 − β
an +

2n − t(1 + β)

1 − β
bn

]

≤ 1.

Setting

xn =
2n + t(1 + β)

1 − β
an, yn =

2n − t(1 + β)

1 − β
bn, 0 ≤ x0 ≤ 1

y0 = 1 − x0 − Σ∞

n=1(xn + yn), we obtain f(z) = Σ∞

n=0(xnhn + yngn) as required.

4 Convolution and Convex Combination

In this section we show that the class GH(α, β, t) is invariant under convolution

and convex combinations of its members.

For harmonic functions

f(z) = z + Σ∞

n=1anz−n − Σ∞

n=1bn(z)−n, F (z) = z + Σ∞

n=1Anz−n − Σ∞

n=1Bn(z)−n

we define the convolution of f and F as

(f ∗ F )(z) = f(z) ∗ F (z)

= z + Σ∞

n=1anAnz−n − Σ∞

n=1bnBn(z)−n

Theorem 4.1. For 0 ≤ γ ≤ β ≤ 1 . Let f ∈ GH(α, β, t) and F ∈ GH(α, γ, t) .

Then f ∗ F ∈ GH(α, β, t) ⊂ GH(α, γ, t)

Proof. Suppose f and F are so that f ∗ F is given by the above convolution.

Since f ∈ GH(α, β, t) and F ∈ GH(α, γ, t), the coefficients of f and F must

satisfy conditions given by Theorem 2.3. So far the coefficients of f ∗ F we can

write

Σ∞

n=1 {[2n + t(1 + β)]anAn + [2n − t(1 + β)]bnBn}

≤ Σ∞

n=1 {[2n + t(1 + β)]an + [2n − t(1 + β)]bn}
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The right hand side of the above inequality is bounded by 1 − β because f ∈

GH(α, β, t).

Thus f ∗ F ∈ GH(α, β, t) ⊂ GH(α, γ, t).

Finally, we examine the convex combinations of GH(α, β, t).

Theorem 4.2. The family GH(α, β, t) is closed under convex combination.

Proof. Suppose fi(z) = z + Σ∞

n=1ain
z−n − Σ∞

n=1bin
(z)−n ∈ GH(α, β, t) where

ain
≥ 0, bin

≥ 0 and i = 1, 2, 3, . . . .

Then by Theorem 2.3,

Σ∞

n=1 [(2n + t(1 + β))ain
+ (2n − t(1 + β))bin

] ≤ 1 − β.

For Σ∞

i=1ti = 1 and 0 ≤ ti ≤ 1, the convex combinations of fi , may be written as

Σ∞

i=1tifi(z) = z + Σ∞

n=1 (Σ∞

i=1tiain
) z−n − Σ∞

n=1 (Σ∞

i=1tibin
) (z)−n

Thus Σ∞

i=1tifi(z) ∈ GH(α, β, t), since

Σ∞

n=1[2n + t(1 + β)] (Σ∞

i=1tiain
) + [2n − t(1 + β)] (Σ∞

i=1tibin
)

= Σ∞

i=1ti {Σ
∞

n=1(2n + t(1 + β))ain
+ (2n − t(1 + β))bin

}

≤ Σ∞

i=1ti(1 − β) = (1 − β).
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