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Abstract: A class of complex-valued harmonic meromorphic functions of the
form f(z) = h(2)+g(2),|2| > 1, is introduced. It is shown that the functions in this
class are orientation preserving and univalent outside the unit disk. Necessary and
Sufficient coefficient conditions are obtained for functions in this class, which are
also shown to be necessary when the co-analytic part g has negative coefficients.
Distortion bounds, extreme points, convolution condition and convex combination

are also obtained.
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1 Introduction

Harmonic univalent functions are known to be important in the study of minimal
surfaces and have found applications in different fields such as Engineering, Oper-
ations research and applied Mathematics [1]. A complex-valued harmonic function

is a continuous function f = u + iv in a complex domain D C C' with both u
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and v real harmonic in D. Several classes of complex-valued harmonic univalent
functions have been introduced and investigated following the basic work of Clunie
and Sheil-Small [2]. Hengartner and Schober [3], among other things, investigated

the family M of functions f(z) = h(z) + g(z) which are harmonic, meromorphic

orientation-preserving and univalent in U = {2 : |2| > 1} where

h(z) =2+ 322 10,27 " g(2) =322 1b,27 " z€U. (1)
Jahangiri [4] and Jahangiri and Silverman [5] have also investigated harmonic,
meromorphic functions which are starlike in U .
Here we introduce another class Gg(a, 3,t) of harmonic, meromorphic func-
tions defined as follows: For 0 < 8 < 1, let Gy («, 3,t) consist of functions f € M
so that

/ 7
%{(1 =+ eia) (Zh (Z}t(zjg (2>) _ eia} > 5 (2)
where fi(z) =(1—t)z+1f(2), 0<¢t<1,0<8<1,and « real

It is of interest to note that when ¢ = 1, the class Gg(«,3,1) has been
investigated in [6] and in the special case « = 0,¢t = 1, the class Gy (0,0,1) is
related to the class 35 () [4] by the relation Gy (0,3,1) = Eﬂ’fﬂ(#)

Also let Gg(cv, 8, t) be the subclass of Gy (a, 3,t) consisting of functions f =

h+¢ in which h and ¢ are of the form

h(z) =2+ X5 jan2™" g(z) = =502 1bp2™" a, >0,b, >0 (3)

n=1

We determine sufficient coefficient condition for harmonic meromorphic func-
tions f = h+7 to be in the class Gy (a, 8,t). We then show that this coefficient
condition is also necessary for f € Gx(a, 5,t). Moreover, we obtain distortion
bounds, extreme points, convolution condition and convex combination for func-
tions in Gx(a, 5,1).

2 Coeftlicient Conditions

First we prove a sufficient coefficient condition for harmonic functions in Gy (a, 3, t).
Theorem 2.1. Let f =h+7g be so that h and g are of the form (1). If
Sozi2n+t(1+ B)]lan| + X5%,[2n — t(1 + B)][bn]| <1 -5 (4)

when 0 < <1 and 0 <t <1, then f is univalent, sense preserving, harmonic
mapping in A ={z:|z| <1} and f € Gu(a,[,1).
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Proof. Consider the function f = h+7, where h and g are given by (1). In [5] it
has been proved that if £ nla,|+ 222 1n|b,| <1, |b1] <1 then f is harmonic,
orientation preserving and univalent in A.

For 0 < 8 < 1, we note that

on + t(1 + 3) 2n —t(1 + B)
ns——_5  awd ns—— 75—

Therefore f is harmonic, orientation preserving and univalent in U due to
(4). In order to show that f € Gg(a,,t), in view of (2), we have to show that

R [28} > (3 where

A(z) = (L+ )2l (2) — 2g'(2)] — € [(1 = 1)z + t(h(2) + g(2))],

B(z) = (1 —t)z + i(h(z) + 9(2))

Using the fact that Rw > @ if and only if |1 — 8+ w| > |1 4+ f — w]| it is enough
to show that

[A(z) + (1 = B)B(2)| = |A(2) = (1 + 8)B(2)| 2 0 for 0 < < 1.
Differentiating A and ¢ and substituting in the above inequality we obtain

[A(z) + (1 = B)B(2)| — |A(z) — (1 + B)B(2)|
= |1=B—€") 1 —t)z+ (1 —PB)t(z) + (1 +e"*)zh (z) — e“th(z)
+{ = B)tg(z) — (1 + )29/ (2) — et (2)|
— |14+ B+ €)1 —t)z + (1 + B)th(z) — (1 + €'*)zh/(2) + €"“th(2)
+(1+ D) + (L + )2 (=) + ety ()
(2 =Bzl = XoZ1(2n + Bt)|an|z| ™" — B3 (2n — Bt)[bn|2] 7"
—Blz| = XaZ1 (2n + Bt 4 2t)|an||2[ 7" — B3Z, (2n — Bt — 2t)[bp]|2] "
= 2{(1 = B)lz[ = ZpLi2n + t(1 + B)lanll2|™" = 3Ly 2n — t(1 + B)|ball2] "}
> 2{(1-p) - E3L {[2n+t(1 + B)]lan| + [2n — t(1 + B)]|bal}}

Y

Now by (4), this last expression is never negative and so f € Gg(a, 3,t). We give

an example of a function in the class Gy («, §,t).
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Example 2.2. The harmonic function f = h + g where

1-5 1 . 1-8
A2+ t(1+0)2 9(2) = A2 —t(1+ B)]

where 0 < 8 <1 and 0 <t < 1, satisfies the sufficient condition of Theorem 2.1
and hence belongs to the class Gy(a, 8, 1).

1
h(z)=z+ =

Next we show that the coefficient condition (4) is also necessary for functions

in Gg(o, B,1).

Theorem 2.3. Let f = h+7 be so that h and g are of the form (3). A necessary
and sufficient condition for f to be in Gg(a, 3,t) is that

o {2n+ (1 + Pllan| + 2n — t(1+ B)][bu]} <1 -5 ()

Proof. In the view of Theorem 2.1, we need only show that f & G («,3,t) if the
coefficient inequality (5) does not hold. We note that if f € Gz (a, 3,t) we must
have

§R(1 + eia)(Zh’(z) — Zg/(z)) _ ia[(l _i) +t(h(2) —‘y—g(z)] y
(1—1t)z +t[h(z) + g(2)]
(1-0)z—-X02[n(l+ eio‘) + (B + eia)]anz_n
= §R{ — XX n(l 4+ ) —t(B+ )]z " } .

2+t jan 2T — X0 b2 "

N

This inequality must hold for all z € U and for all real o. Letting z =7 > 1 and
a =0, we have

(1—8) = 8p2, 20+ ¢(8 + D]apr™ "D — %02 [2n — t(1 + §)]bpr™ Y

R
14320 apr— () — 3500 b, r—(n+1)
_ A(r) > 0.
B(r) —

If the condition (5) does not hold, then A(r) is negative for r sufficiently close

to 1. Thus there exists a zg = ro > 1 for which the quotient /B}E:; is negative.

This contradicts that gg;; > 0 and so the proof is complete.

The distortion bounds for functions in G (a, 3,t) are now given.

Theorem 2.4. If f € Gx(«,(,t) then

==t S If@I S e+ A=)zl =r > L



A Class of Harmonic Meromorphic Functions with Negative Coefficients 91

Proof. We prove the right hand inequality. The argument for the left hand in-
equality is similar and is omitted. Let f € Gg(a, 3,t). Taking the absolute value

of f we obtain

IF() = [z +X0iianz™" = X500 bn 27"
< r4+322 (|lan| + |bp])r™"
< I {20+t + B)]|an] + [2n — (1 + B)][ba|}
< r+(1=p)rt

3 Extreme Points

We use the coefficient bounds obtained in section 2 to determine the extreme

points for functions in Gg(«, 8,1).

Theorem 3.1. f € Gx(o,B,t) if and only if f can be expressed as

f=E020(@nhn + Yngn)

where z € U,
ho(z) = z,hn(2) = 2+ iz*"(n =12,...)
2n+t(1+ )
1-p

90(2) = 2, gn(2) = Z) "(n=1,2,...)

T —t(1+p)
and
Yolo(@n +yn) = 1,2, 2 0,y, > 0.

Proof. Note that for f we may write

f(Z) = E?LO:O(xnl’Ln + yngn)
= xoho + Yogo + Lol Tn [z + ﬁlﬂﬂ)z_n}
1-0 m
|- s ]

e} e’} 1_/8 —n
= XX o(@n+yn)z+ 2"217211 i+ 0) TnZ
1-p
B P — R ()
n=1 m —t(l +B)y (Z)

n
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Now, by Theorem 2.3,

Sl {[2n+t<1 + )] [%} +[2n —t(1+6)] [%H

=1 =-p)Eii(@n +yn) < (1-5)

Conversely, suppose that f € Gz(«, 8,t) then

2n +t(1 + ) 2n —t(1 + )
oo < .
En_l{ -5 "t 15 =1t
Setting
2n+t(1 + f) 2n —t(1 + 3)
n—=————¥—= = ———°~ < <1
Tn 1 _/6 Qp s Yn 1 _,8 bnyo =Ty >

Yo =1—x0 — B2 (xy, + yn), we obtain f(z) = 322 (zphn + yngn) as required.

4 Convolution and Convex Combination

In this section we show that the class G(a, §,t) is invariant under convolution
and convex combinations of its members.

For harmonic functions
f(2) =243 a,27" =502 10, (Z2) " F(2) =2+ X021 Az " =502 Ba(Z2)™"
we define the convolution of f and F' as

(fxF)(z) = [f(z)*F(2)
24+ 300 janAnzT " = 3802 b, B ()"

Theorem 4.1. For 0 <y < 3 < 1. Let f € Gg(o, B,t) and F € Gg(o,v,t).
Then f+ F € Gg(a, 8,t) C Ggla,7,t)

Proof. Suppose f and F are so that f x F is given by the above convolution.
Since f € Gxl(a,B,t) and F € Gg(a,v,t), the coefficients of f and F must
satisfy conditions given by Theorem 2.3. So far the coefficients of f * F' we can

write

S22 {20+ 41+ BlanAn + 20 — H(1 + B)JbaBa}
<532, {20+ 401+ Blan + 20— t(1+ B)bi)
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The right hand side of the above inequality is bounded by 1 — § because f €
Gﬁ(aa /67 t) .

Thus f* F € Gg(o, B,t) C Ggla,7,t).

Finally, we examine the convex combinations of Gz (o, 3,1).

Theorem 4.2. The family Gz(w, 8,t) is closed under conver combination.

Proof. Suppose fi(z) = z + X2 a;,27" — X520, (Z)" € Gg(o,B,t) where
a;, >0,b;,, >0 and i =1,2,3,....
Then by Theorem 2.3,

Yoz [(2n 4+ t(1 4 B))ai, + (2n —t(1+ B))b;,] <1 - 6.
For ¥22,¢; =1 and 0 <t¢; <1, the convex combinations of f;, may be written as
Yitatifi(z) = 2+ 802 (B2 tia;,) 27" — B0, (B24tibi,) (2)7"
Thus 352, fi(2) € Gg(a, B,t), since

Yoti2n+t(1+ B)] (B2 tiai,) + [2n — t(1+ B)] (X2, L:bi,)
Nt X5 (2n + t(1 + B))ai, + (2n —t(1+ 5))bi, }
< EE(1-0) = (1-0).
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