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Abstract: Denote by M, (R) the full matrix ring over a commutative ring R
with identity where n > 1. In this paper, we show that the set D,(R) of all
matrices in M, (R) of the form

z1 0 - 0
0 :L‘2 P y2 O
O y2 e To O
n 0 -+ 0 m

is a maximal commutative subring of the ring M, (R).
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1 Introduction

A mazximal commutative subring of a ring R is defined naturally to be a maximal
element of the set of all proper commutative subrings of R under inclusion. If R is
a noncommutative ring, then a maximal commutative subring of R is a maximal
element of the set of all commutative subrings of R under inclusion. The following

proposition is clearly seen.

Proposition 1.1. If S is a commutative subring of a noncommutative ring R
such that for x € R, xa = ax for all a € S implies x € S, then S is a mazimal

commutative subring of R.

Throughtout, let R be a commutative ring with identity 1 # 0 and n a
positive integer greater than 1. Denote by M, (R) the full n x n matrix ring over
R. Since n > 1, we have that M, (R) is a noncommutative ring. For A € M,,(R)
and i,j € {1,...,n}, let A;; denote the entry of A in the i row and j column.

Example 1.2. Let T be the set of all diagonal matrices of M, (R), that is,

(a7 0 0 0
0 ay O 0
T = 0o 0 .o ai,...,an € R
: : . .0
0 0 - 0 an

Then T is a maximal commutative subring of the ring M, (R). To see this, let
A € M,(R) be such that AB = BA for all B € T. Let k,l € {1,...,n} be
distinct. Define E € T by

1 ifi=j=k,

0 otherwise.

Then AE = EA. But (AE Kl = Z A E; =0 and EA kl Z By Ay = Ay,

so we have that Ay, = 0. This shows that A € T. By Propos1t10n 1.1, T is a

maximal commutative subring of the ring M, (R).
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Kim Jin Bai [1] introduced some maximal commutative subsemigroups of the
multiplicative semigroup of all n x n matrices over the semiring ([0, 1], max, min).
In [2], the authors proved that the sets U, (F) and L, (F') consisting of all A €
M, (F) of the forms

T4 To T3 - Ty T 0 0 .- 0

0 T i) Tn—1 X9 I 0 tee 0
and ,

0 0 0 ce T Ty Tp—-1 ITp—92 -°° T

respectively, are maximal commutative subrings of the ring M, (F') where F' is a
field. In fact, their proofs show that these results hold for the ring M, (R).
In this paper, we shall show that the set D,,(R) consisting of all A € M, (R)

of the form

1 0 0 wn
0 y2 0
0 Y2 To 0
v 0 - 0 a2y

is a maximal commutative subring of the ring M, (R). This means that if n is
even, then D, (R) is the set of all A € M, (R) of the form

T | (N 7]
0 e - PRI

where n =2m

0o .- . .00
_yl 0 e e e e O xl

and if n is odd, then D, (R) is the set of all A € M,,(R) of the form
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xr1 O e e O yl

Tm 0 Ym

0 2 0 : where n =2m + 1.

ym O xm,
0o .. . .0
yl 0 DR DR CEEE O J"l

2 The Subring D,(R) of M,(R)

First, we note that al, € D,(R) for all « € R where I,, is the identity n x n
matrix over R. Let

{1,...,%} if nis even,

{1,...,n;1} if nis odd.

Then the following lemma is evident.

Lemma 2.1. For A€ M,(R), A € D,(R) if and only if
(l) Ay = An7i+1,n7i+1 and Ai,n7i+1 = An*i+1,i fOT’ all i€ A and

(i) A;j=0 foralli,je{l,...,n} with j#1i and j#n—i+1.

To show that D, (R) is a maximal commutative subring of the ring M, (R),

we first show that it is a commutative subring of M, (R).

Lemma 2.2. The set D,(R) is a commutative subring of the ring M, (R).

Proof. Tt is clearly seen that D, (R) is a subgroup of the group (M, (R),+). Let
A,B € D,(R). Then by Lemma 2.1,

Aji = Ap_itin—it1, Ain—it1 = An—ivi, )
1

Bii = Bp—it1n—it+1, Bin—it1 = Bn_it1,,
for all ¢ € A,
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Ajj=0=DB;; foralli,je{l,...,n} with j#iand j#n—i+1. (2

Note that n —(n—i+1)+1 =4 forall i € {1,...,n}. From (1) and (2), we have
the following equalities for i € A:

n
(AB)ii = > AiBui
k=1
= AuBii + A n—iv1Bn_iv1
= An—itin—it1Bnoitin—it1 + An—it1,iBin—i+1

n
= E An—it1,6Brn—it1
k=1

- (AB)nfiJrl,nfiJrl 5

(AB)i; = AiiBii + Ain—it1Br—it1,
= B Aii + Bp_iy1,iAin—it1
= BjiAii + Bin—it1An—it1,i

= Z Bi A
k=1

= (BA);; ,

(AB)in—it1 = Z Aik B n—it1
k=1

= AiiBin—it1 + Ain—it1Bn_it1n—i+1
= Ap—itin—it1Bn—it1,i + An—it1,iBii

n
= g Ap_iv1,6Bri
k=1

= (AB)n—i+1,i
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(AB)in—i+1 = AiiBin—it1 + Ain—it1Bn—it1,n—it1
= Bin—it1An—it1n—it1 + BiiAin_it1
= BiiAin—it1 + Bin—it14An—it1 n—it1

n
= Z BikAkn—i+1

k=1
= (BA)in—it1-

Also, if 4,5 € {1,...,n} are such that j #4 and j #n —i+ 1, then from (2), we
have

(AB);j = Z Air B
k=1

=AuBij + A p—iv1Bn_it1j
= A;i04+ Ajn—i+10=0

and
(BA)ij =) BiAy
k=1

= ByiAij + Bin—iv1An—it1,j
= B0+ B; n—i+10 = 0.

Then AB = BA and it follows from Lemma 2.1 that AB € D,,(R), so the desired
result follows. O

Theorem 2.3. The set D,(R) is a maximal commutative subring of the ring
M, (R).

Proof. It follows from Lemma 2.2 that D,,(R) is a commutative subring of M,,(R).
To show the maximality of D, (R) by Proposition 1.1, let A € M, (R) be such
that

AX = XA forall X € D,(R). (1)

For each [ € A, let E®) € D,,(R) be defined by
1 if i=j=lori=j=n—1+1,

o _
EY = (2)
0 otherwise,
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that is,
[0 0 0
0o
TN : — ™ row
0
B — "
1 ) —n—1+1%" row
. 0
.. '.‘ 0
0 0 0

By (1), AEW = EWA forall € A. If [ € A and j € {1,...,n} are such that
j#land j#n—1+1, then from (2), we have

(AED),; Z AlkE

(EWA),; = Z ED Ay,
= EyA = Ay,

(AEW), 111 —ZAn 141, kE() 0,
k=1

1)
(E( n 41,5 = Z E( l+1k

_ ) _
=E. 1 An—i41 = An—ig15 -

This proves that A;; =0= A, 41, forall i€ A and j € {1,...,n} with j #1
and j #n— 1+ 1. Now, we have

An 0 e 0 A
0 Asg Az 1 0
A=
0 A,_19 Ap1n-1 O
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Then A satisfies (ii) of Lemma 2.1. Define B € D,,(R) by

1 if j=n—i+1,
Bij = (3)
0 otherwise,

that is,
[0 0 1]
1 0
B:
0 1 :
1 0 - - 0|

By (1), AB = BA. Then we have from (3) that for ¢ € A,

(AB)i,n—i—i-l = Z AikBk,n—i+1 = AiiBi,n—i+l = Aiia
k=1

n
(BA)ipn—it1 = Z BitAp n—iv1 = Bin—it1An—it1n—it+1 = An—itin—it1,
k=1

(AB);; = Z AiBri = Ain—iv1Bn—iv1i = Ain—it1,
k=1

(BA);; = Z BikApi = Bin—iv1An—iv1i = An—it1,is
k=1

which 1mply that Aii = An—i—i—l,n—i-{-l and Ai,n—i-‘rl = An—i+1,i . This shows that
A satisfies (i) of Lemma 2.1. It then follows from Lemma 2.1 that A € D,(R).

Hence by Proposition 1.1, D, (R) is a maximal commutative subring of the ring
M, (R), as desired O

Remark 2.4. Let F be a field. The following properties of D, (F') are clearly
seen.
(1) If F is a finite field of order ¢, then |M,(F)| = ¢" while |D,(F)| = ¢"
where for a set X, |X| stands for the cardinality of X .
(2) As vector spaces over F, dim M,,(F) =n?, D,(F) is a subspace of M, (F)
and dim D,,(F) =n. For i € A, let
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o 0 -
0 .. .~.
o
e
o
S
_0
[0
0
. .
oW — ‘
0
) :
0 - '
L0 o
If n is odd, let K € M,(F) be as follows:
o ... ... 0
0
K= 0 1
0 O
0 - 0 0

0
— it row
)
—n—i+1*% row
0 O
0 0
— it row
—n—i+1%™ row
0

It is clear that if n is even, then {BW, ... BG) CcM .. C(3)} is a basis of

D, (F) over F and if n is odd, then {B™M, ...,

n—1

BU*zH) oW, .. 0"z

) K} is a
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basis of D,,(F). Observe that for A € D, (F),

n

A= ApBW 4 4+ Ay 2B 4+ 4,0 o+ Ap 2 1C3) f s even,
A= AllB(l) Jr...JrAanl,anlB(anl) JFAMC'(I) +...+A%47n71+20(n771)

2

+AnT+1 nTJrlK if n is odd.
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