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Abstract: A new subclass of Salagean-type harmonic univalent function is in-
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1 Introduction

Harmonic mappings in the plane are univalent complex-valued harmonic functions
of a complex variable. Although conformal mappings are a special case, harmonic
functions in general need not be analytic. Harmonic mappings are important in
different applied fields of study [1]. Complex analysts in the recent past have
actively investigated harmonic mappings as generalizations of univalent analytic

functions.
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Denote by Sy the class of functions f = h+g that are harmonic univalent and
sense preserving in the unit disk U = {z : |z| < 1} for which f(0) = f,(0)—1=0.
Then for f =h+g € Sy we may express the analytic functions h and g as

h(z)=z+Y a2, g(z)=z+> bz" || <1 (1)
k=2 k=1

Clunie and Sheil-Small [2] investigated the class Sy . The differential operator
D™ was introduced by Salagean [6]. For f = h+ g given by (1), Jahangiri et al.
[3] defined the modified salagean operator f as

D™ f(z) = D"h(z) + (=1)" D™ g(2) (2)
where D™h(z) =2z+ Z k™apz®  and  D™g(z) = Z k™ b2
k=2 k=1

In this paper, we introduce a new class Sj;(m,n, A,~) of harmonic functions.
For 0<~v<1,0<A<1,areal, me N, ne€ Nop, m >n and z € U, we
let S7;(m,n, A, ) denote the family of harmonic functions f of the form (1) such

that
Qt+emDmfE)
fe { D7 () + (1 - N D F(2) } 21 ®)

where D™ f is defined by (2).
We let the subclass T'S7(m,n, A\, v) of Si(m,n,A,~y) consisting of harmonic

functions f,, = h + g, such that h and g,, are of the form
hz)=z=Y a2® gn(z) = ()" bz, a0 (4)
k=2 k=1

Remark : The class TS5 (m,n, A,7) includes a variety of well-known sub-
classes for specific values of m,n and .

1. TS5 (m,n,0,7) = Gg(m,n,vy) [7].

2. « being real, when a=0,A=0
TS%(m,n,\,v) = Sg(m,n, 3) studied in [8] where 3 = H'TV

3. « being real, when a =0, TS (1,0, \,v) =TS\, 0), 8 = HTW [4]-
4. TS3(1,0,0,7) = Gg(v) [5].

In this note, we obtain coefficient conditions, extreme points, distortion bounds,

convolution conditions, and convex combinations for T'S}; (m,n, A, 7).
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2 Main Results

We begin with a sufficient coefficient condition for functions in S} (m,n, A, 7).

Theorem 2.1. Let f = h+7 be so that h and g are given by (1). Furthermore,
let

S (R 2 = AL +7) — k(L= N (L +7)
Z( L=y
+H%2—Aa+v»—gfghwwu+vx1—»wﬂ)<z

|a|
k=1

where a1 = 1, m € N, n € Ng, m >n and 0 < v <1, 0 < A <
real then f is sense preserving, harmonic univalent in U and for A < 1=y
f € S}k{(man7A57)

Proof. First we establish that f is sense preserving in U. This is because

B (2)] > 1= Klag|lz[F >1->" 2-A1+ v))kﬂ;_— (=N
k=2 k=2 Y

>3 2= AT+ )k - (1_1);“"(1 +9)(1 — NE" ]
k=1

>3 QAR (1—_1);“”(1 EN0 R
k=1

> klbell= = g (2)]
k=1

To show that f is univalent in U, we show that f(z1) # f(z2) whenever z; # zs.
Suppose z1,z2 € U so that z; # z3. Since the unit disc U is simply connected
and convex, we then have z(t) = (1 —¢)z1 + tz2 in U where 0 <t < 1. Then we

write

1
f(z2) = f(z1) = /O [(z2 = 20)1 (2(2)) + (22 — 21)g' (2 (1)) dt.

On dividing throughout by 2o — z; # 0 and taking only the real parts we obtain

re I [ oo + 222
0

22 — 21 z2 — 21

>Ammwm—wmww (6)
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On the other hand

oo o0 o0

Rel'(z) = |g'(2)| > Rel'(2) = Y nlby| > 1= nlan| =Y nlby|

n=1 n=2 n=1

Z (2— A 1+7))k1_(1 )\)(1+7)k"‘ak|

= (2-)\1 k™ — (=1)™ (1 — \)(1
_Z( (1+7) (1_)7 ( J(1+7)k"

lbr| =0 Dby (5)

Therefore this together with inequality (6) implies the univalence of f. Next we
show that f € S} (m,n, A, 7). To do so, we need to show that when (5) holds then
(3) also holds true.

Using the fact that Re w > v if and only if |1 —v4w| > |1+ —w], it suffices
to show that

(1= = A+ (1 +e)D™f(2) + (1 —v = )(1 = ) D" f(2)|
Ay +e A= (1+)D™f(2) + (1 +7+e) (1 =AD" f(2) 20 (7)

Substituting for D" f(z) and D™ f(z) in (7), we obtain

P+ D A= My + DE™ + (1= A=y +yA)k"
k=2
+e (1= NE™ = (1= Nk™)]apz"

“1)" DM = 1) = Ay = DR (~1)7 =)+ DR

=
—

+ e (1= NE" = (=1)"7"(1 = k™) br2r

— 1z =D A= A= dk™ — (1 + 7= A= M)k"
k=2
+el (1= NE™ = (1 = Nk™)]apz"

Y _
D)"Y (L)L = R = (1)L = (L) AR
k=

+ eia((l _ A)k" _ (_1)m—n(1 _ )\)k’m)]bk?

—



Salagean-Type Harmonic Univalent Functions 85

> 2(1 =)zl = 22 = AL +)E™ = (1= X)L +7)k"]ax||="|
k=2

=Dl = MR 4 (=)™ (A = 2)k™ by 2]

(oo}

— Z (1= X2+ 7)™ = (=)™ (2X + Ay + 2)k™||be] 2]

2(1 = )|zl = 23575, [2 = AL +7))k™ — (1 = N)(1 + )k |a]|2|*
=235, (2 = AL +))k™ + (1= A (1 +7)k™)][bk |||, m — n is odd
2(1 = )|zl = 23575, [(2 = AL +9))k™ — (1= N (1 + )k a2
=232 (2= XA +79)k™ — (1 = N)(L +7)k™]|bk]|2¥|,m — n is even

oo

SPIRRONY ) ) [ LTI Sl PARSSY

k=2 v
_ 3 [k Z O N R e
11— ¥
T2 = A1 H+)E™ — (1= N (1 +7)k™
>a1-{1-3 | = e
k=2
(@ =AML +))E™ 4+ (=)™ (1= N1+
P3[BT TN )
Y
k=1
This last expression is non-negative by (5) and so the proof is complete. O

The harmonic univalent functions

;; AL +y))kEm™ = (1 +9)(1 - A))knxkzk
o0 1 -
+; A1 +9)km — (- 1)m—n(1_|_,}/)(1_)\))knykzk7 (8)

where m € N, n € Ny, m > n and Y ;oo |zk| + Y pey [yk] = 1, show that the
coefficient bound given by (5) is sharp.

In the following theorem, it is shown that the condition (5) is also necessary
for functions f,, = h+g,, where h and g,, are of the form (4).
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Theorem 2.2. Let f,, = h+3,, be given by (4). Then fn, € TSH(m,n,\,~) if
and only if

oo

D (@ =AA+E™ = (L= AL +7)k"ay
k=1

F(2=AA+))E™ = (=)A= AL +)E")be <2(1=7)  (9)
where a1 =1, 0< v <1, nggﬁ—z.
Proof. Since T'S§;(m,n,A,y) C S5 (m,n,\,v), we only need to prove the ‘only if’

part of the theorem. To this end, for functions f,, of the form (4), we notice that

the condition Re { /\D,,f}lcz;e)ix()l’inj\{gzﬂz) — eio‘} > 7y is equivalent to

(1 =)z = (L + e = (e + )Nk
—(1 = X)(e" +7)k™)az*
DT+ = A )R
. e e A i s PO
z2 =Y pe s (AE™ + (1= N)Ek™)agzk
DT (DA (1= AR

The above required condition (10) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < z = r < 1, we must
have
(1 =) = 3 l2 = AL +))A™ = (1= AL+ )k apr™~!
= (2= AL =)™ = (1) (1 +7)(1 = N |byr™ !
1= Y20, (AR™ + (1 = N)k™)agrh1
(1) (1) AR 4 (1 — ARyt

>0 (11)

If the condition (9) does not hold, then the numerator in (11) is negative for r
sufficiently close to 1. Hence there exist zg = ro in (0, 1) for which the quotient in
(11) is negative. This contradicts the required condition for f,, € T.S§(m,n, A7)
and so the proof is complete. O

Theorem 2.3. Let fn, be given by (4). Then fm € TSH(m,n, A7) if and only
if fm(2) =2 ey (@khi(2) + Ykgm, (2)) where hi(z) = z,

L 1-9 (e —
M) = T~ N )
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I—vy _
2= AT+ )k — ()= (L4 9)(T = Nk
>0, yp >0, z; =1 — Zzo:Q(xk +y) > 0. In particular, the extreme points
of TSt (m,n,\,v) are {hi} and {gm,}-

9my, = Z+(_1)m71

Fk=1,2,...)

Proof. Suppose

Fnl2) = 3 @khi(2) + vhgne (2))

k

Il
—

(oo}

I—vy
R ¥ o v vy e

NE

~
||

m—1 = 1- Y —
MR P (e e e e (e

Then

2= ML) — (1= N1+ )"
1—7v
((2 AT )R — (1 N(1 +7)k”$k>
(2= AL+ )R = (—)™ (L= A)(L+ )R

+

1—~
((2 AT+ 7))k — (—1)m (1= N (1 + )k y’“)

=Zxk+2yk=1—w1§1
k=2 k=1

and so fm ETTS}}(m,n,)\,fy).
Conversely, if f, € clco T'SF(m,n, A,7y), then

11—y
o < (2= A1 +y))km = (1 = A)(1 +~)kn and
b < 1
FE @A+ R = (D (= A )k
Set
e (2= A1 +7)k™ — (=)™ (1 +~)(1 — )\)k”bb (k=1,2,...)

1—x
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Then note that by Theorem 2.2, 0 < a2, < 1, (k=2,3,...) and 0 <y, < 1,
(k=1,2,...). Wedefine z1 =1—> 2, Tk — > _poy Yx and note that, by theorem
2.2, 1 > 0. Consequently, we obtain f,,(z) = > po;(zphi(2) + yegr(z)) as
required. O

We now obtain the distortion bounds for functions in T'S% (m,n, A, 7).

Theorem 2.4. Let f,, € TS} (m,n,\,v). Then for |z| =r <1 we have

1 11—~
[fm(2)] <(1+b1)r + o <2m—n(2 “A1+) -1 =M1 +7)

2-M1) - (DAY Y
@ AL+ 7)) (L= N 17) bl) Jel=r <1

and

1 11—~
[fm(2)] 2(1 = bi)r — o <2mn(2 AT+ -1 =N1+7)
2o M) = EDMTAANA =) N oy
2m=n(2 = A1+79))— (1 —=A)(1+7) bl) i <!

Proof. We only prove the first inequality. The proof for the second is similar. Let
fm € TSH(m,n, X\, v). We have

[fin(2)] < (Lba)r+ D (an +bi)r® < (L4b)r+ Y (ag + by)r?
k=2 k=2
-~

=1 +by)r+ 2n[(2m (2 = A1 +7)) — (1 = A (1 +7)]

> KAL) = U g 4,
k=2
s (1—~)r?

20[2mm(2 = A1+ 7)) = (1 =) (1 +7)]

o (2= AL+ )k™ — (1= N) (1 +7)k"

Z ( 1—»v o

2=AT+))E" = (=D A = NA + k" bk)
-y

k=2

_|_

1 1-7
< (L4b)r+ oo <2m—"(2 —A1+7) = (1 =N +7)

oAy U, Y
2@ = A1 +7) — (L= N1 +7)
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The bounds given in Theorem 2.4 for the functions f = h+g of the form (4) also
hold for functions of the form (1) if the coefficient condition (5) is satisfied. The
upper bound given for f € TSH*(m,n,\,~) is sharp and the equality occurs for
the function

_ 1 L—n
TG ==zt o | s — a9 — A= N 9

2= M4y - (=)A=
2m=n(2 = A147)) = (1 =A)(1+7)
|
2=A1+7) = (=)m 1 =N)(1+7)

‘bl‘ 223

b1] <

O
The following covering result follows from the second inequality in Theorem 2.4.
Corollary 2.5. Let f,, of the form (4) be so that fn, € TS} (m,n,A,v). Then

{w ol < 2mH — (14 4)2mA+2"(1 = \)] — (1—7)
2mHl —2mA(1 + ) = 2*(1 = A)(1 +7)
L2 (14 )2MA 21 = M)+ A= (D)1= N) +2 ) }
2+ —2m (1 + ) — 27 (1= \)(1 +7) !

C fm(U)

We now consider the convolution of two harmonic functions,
fn(2) =2 =Y i apz® + (=1)™ 13022 b ZF and
Fo(z)=2z— 22022 Apz® + (—l)m_l Zl?;l kak as

(fm * Fin)(2) = fm(2)  Frn(2) = 2 = Y arpAgz" + (=1)" 'Y “bpBrz* (12)
k=2 k=1

Using this definition, we show that the class T'S7;(m,n, A,7) is closed under con-
volution.

Theorem 2.6. For 0 < 0 < v < 1, let fn, € TSH(m,n,\,v) and F,, €
TSH(m,n, X\, B). Then fp * Fy € TSH(m,n,\,v) C TSH(m,n, A, G).

Proof. Let fn(2) = 2 — > peyarpz® + (=1)m"1 3272 bZ" be in TS5 (m,n, A7)
and Fp,(z) = 2 — Y opo, Apz® + (=)™ 130 ByzF, be in TS} (m,n, A\, B).
Then the convolution f,, * F,,, is given by (12). We wish to show that the co-

efficients of f,, * F,, satisfy the required condition given in Theorem 2.2. For
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F,, € TSt (m,n,A,3) we note that Ay, < 1 and By < 1. Now, for the convolu-
tion function f,, * F,, we obtain

i (2= A1+ B))E™ — (1= N)(1+ B)k"

2 15 ap Ay
+Z (2= A1+ B)k™ (1_1)5’"*”(1—A)(1+ﬁ)k”bk3k
k=1
b A1+8 1-=MN(1+ Bk
Z )k 1; )( ) o
k=2
A SYCpICRRD) (1—_11’:‘"(1 — N+ Bk
k=1
= (2= A1+ 7)E™ — (1= A)(1+ k"
+§: (2= X1 47))k™ (1_1)m*”(1—x)(1+7)knbk§1

since 0 < 8 <~y <1and f, € TSH(m,n,\,v). Hence f,,xF,, € TS5 (m,n,\,7)
C TS} (m,n, A\, ). O

Now we show that T'S};(m,n, \,v) is closed under convex combination of its
members.

Theorem 2.7. The class TSF(m,n, A7) is closed under convexr combination.

Proof. For i = 1,2,3,.... Let fn, € TS} (m,n,\,v), where f,,, is given by
fni(2) = 2 = 300y ag 28 + (=1)m 135202 by;ZF. Then by (9)

o0 AL+ )E™ = (1= A\)(1 +~)k"
’; 1 - (22787
L oM ET — ()M A =N R, g

L=~
For Zf; t; =1, 0<t; <1, the convex combination of f,,, may be written as

itifmi = i (it a, z> + (=)™t i (i tibk,i> 7 (14)
i=1 k=1 \i=1

k=2
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Then by (13)

AL +ANE™ — (1= X)(1 + )k &
1—2v i=1

Pﬂ

tiag;
k=1

(2= A1 +9))E™ — (=)™ (1 = N (1 +7)k"
+ 1~ ;tbk ;|

> > A1 k 1-\)(1 k"
:;ti{z LR RS
(

L D, )
1—7v *

+

oo
<2 Zti = 2, which is the required coefficient condition.

‘ U
=1
Theorem 2.8. If f,, € TST(m,n,\,7) then fn, is convex in the disc
1
| (1=)(1 = by) }
z| < min )
< min ) ST

k=23,....

Proof. Let fm € TS3(m,n,\,7) andlet r, 0 < r < 1 be fixed. Then r=!f,,(rz) €
TS5 (m,n,\,v) and we have

o0

Zk2 ak-l-bk Zkak-l-bk )

M1+ v))k — (1= N)(1+)k"
<§:( = ar
_ 1 mo_ (_1ym—n(] — 1 n
L2 R = ()™ = N+ )k bk> -
1—v
<1l-h
if .
k—1 -
S S ) B I (S G E) P
1—~
or
. (1-7)(1—by) }—
r < min k=23,....
Tk {k[l— —2=X+ My = ()14 ) (1= N)]h
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