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Abstract: Let {U,}>2, and {W,}52, be two sequences defined by Uy = 0,U; =1,
Unsa = pUpy1 + qU, and W, 10 = pWyi1 + gW,, (Wo, Wy arbitrary) with
p,q € R;p? 4+ 4q > 0. The aim of this paper is to prove

atVt1_a¢
i\’: at 1Uat"(t b ? (7q)at71p
= Wan Weni = Watom—1)Warton
_ 1 (Watfl _ WatNJrlfl)
C WoWe — W2\ Wy, Wons1r /’
where a,t € N and t > 2. This identity generalizes a number of known identities
such as > 7 an = 7*2‘/5, where {F,} is the Fibonacci sequence.
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1 Introduction

Let
{Fn}n20:{0a17'~-aFn+1:Fn+Fn—1a---}

*Supported by the Commission on Higher Education and the Thailand Research Fund
RTA5180005 and by Kasetsart University Research and Development Institute
T Corresponding author



94 Chamchuri J. Math. 2(2010), no. 1: K. Kuhapatanakul and V. Laohakosol

and
{Ln}nzo ={2,1,....,Lpy1 =Ly, +Lyp_1,...}

denote the sequences of Fibonacci, respectively, Lucas numbers. In 1974, Millin [9]
posed the problem of showing that

oo

1 75
;an: 5 (1)

A proof of (1) by Good is given in [2], while in [4], Hoggatt and Bicknell demon-
strated eleven different methods of finding the same sum. The identity (1) was
further extended by Hoggatt and Bicknell in [5], where they showed that

5F2 4 2L, — Fou\/5

i _ 2, if a is odd
a2"+1 La + 2 — F‘a,\/g th :
n=1 _ otherwise.
2F,
In [7], this last sum was also found to equal
o 1 _ F2a+1 _ 1+ \/5 (2)
ne1 Fa2n+1 FQa 2

while a finite version of this sum was shown by Greig [3] to be

1+Fo1 Fana

- ;. a even

_ F Faon ’
; Fapi | 1t Foy 2 Fanor a odd
= Fa an Fa2n ’ '

In 1976, using Lambert series expansions, Bruckman and Good [1] evaluated sev-
eral reciprocal sums including

oo

Z Ly.3n (V5 — 1)k

= 3
Fk 3n+1 2ka; ( )

oo

Z Fi.3n (V5 - 1)k

= ) 4

Lk 3nt1 2k\/5 Ly, ( )

Since the Fibonacci and the Lucas numbers are elements satisfying the same sec-
ond order linear recurrence relation but with different initial values, it is natural
to ask whether the above-mentioned identities continue to hold for elements sat-
isfying a general second order linear recurrence relation. We answer this question

affirmatively here.



Reciprocal sums of elements satisfying second order linear recurrences 95

Define three second order linear recurrences {Uy, }n>0, {Vi }n>0 and {W, },>0by

Uni2 =0Upt1 +qU,, Ug=0, U =1
Vn+2 = anJrl + ana VO = 27 Vl =p

and
Whto = pWha1 + qW,, Wy, W7 arbitrary,

where p,q € R are subject to p?> +4q > 0. Let «,3 be the two roots of its
characteristic equation x? — pr — ¢ =0 with |3| < |a|. It is well-known, [6], that

a™ — ﬁn
Un = O[—ﬂ ’ Vn :an+/8n7 Wn:rlan+r2ﬂn7
where r = Wla%vg"ﬁ and ry = W‘ff_ﬁwl If p=1,¢q =1, then U, = F, and
V., = L,, are the Fibonacci and Lucas numbers, respectively. The following iden-

tities are easily verified

Fy, = F,L, (5)
a" =afF, + F,_1 or (" =p0F,+F,_1 (6)
V5a" =al,+ L,_1 or 58" =—8L, — L,_. (7)

Certain reciprocal sums of elements in the sequence {U,} have previously ap-
peared such as in 1995, Melham and Shanon [8] found, when ¢ = 1, that

i 1 Bl ifp>2 -
0 Uk.Qn 1—5571 4 % ifp < =9

2 Results

The notation of Section 1 will be kept standard throughout. Observe that the
Fibonacci and Lucas numbers satisfy the following identities

Fan—l _Fm—an = (_l)nFm—n (9)
LyLy 1 — Ly 1Ly, =(—=1)""'5F,_,, (10)

In (9), taking m =n+ 1, we get
ananJrl - Fr% = (_1)n’

which is the result found by Cassini (Theorem 5.3 in Chapter 5 of [6]). These

identities are special cases of (11) in the next lemma.
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Lemma 2.1. If m,n are two positive integers with m > n, then
W Wit = Wi W, = (=) (WoWa = WEUpn—p,. (11)

Proof. Both sides of (11) are zero when m = n. Observe from the recurrence
relation that

Wi Wa N _(p @) (Wn1 Wi
Wmfl anl B 10 Wm72 Wn72
_(p a)\ (P a)(Wn2 Wi
1 0/\1 o) \W,,_3 W,_3
_(p a\[p a\ (P 4\ (Wnnt1 Wi
1 0)\1 0 1 0 Wien Wo )

n—1 terms

Evaluating the determinants on both sides, we get
WiWa1 = Wia i Wo = (=)™ (Winen 1 Wo — Wi Wh).
It remains to show that
Wn—niiWo = W n W1 = (WoWa — W Up—n,

i.e.

W1 Wo — WiWy = (WoWa — W)U, (12)
where m = n+k. Clearly, (12) holds for k = 1. Assume it is true for an arbitrary
positive integer i. By definition and the induction hypothesis, we get

WiraWo — Wi it Wi = (pWig1 + gWi)Wo — (pWi + qWi 1)W1
= p(Wip 1 Wo — WiWy) + q(WiWo — W;_1 W)
= p(WoWa — WU, + q(WoWa — WU, 4
= (WoWa = W)Ui1,
i.e., (12) also holds for ¢ + 1. O

We next state and prove our main theorem.
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Theorem 2.2. Let N,a,t € N with t > 2. If WoWs # W2 and W,, # 0 for

all n, then

1) ZN (=q)*! — 1 Wat—1  Watgon—_1) .
=1 Waryo(i—1)Watt2i WoWa—W2 | Wy Watyan )7

t—1
g SN O iy 1w W),
i=1 Watz W it1 T WoWa—W2 | Wa Won+1 )7

atN+1_g¢

’f”(f 1) — 2 p
3) Z” 1 Wein W, int1 anl Watt2(n—1)Wat+2n

Proof. Rewrite the equation (11) of Lemma 2.1 as

(_q>n_1Um—n 1 Wn—l Wm—l
= — . 13
WoWi WoWsy — W2 ( Wy Wi ) (13)

Putting m = at + 2i,n = at + 2(i — 1), we get

(=" 'p _ 1 Waty2i-3 Wat+2i—1)

Wat+2(i—1)Wat+2i B WOW2 - W12 <Wat+2i72 Wat+2i

Summing over ¢ from 1 to N, we get the result of Part 1).

For Part 2), putting m = at'*!, n = at’, we get

()" Warig—1y 1 (Wati_l WatH—l)

WosiWeapier — WoWa— W2\ Wop  Wopin

The identity in Part 2) follows by summing over i.
Part 3) follows by taking N = M in Part 1). O

3 Applications
Theorem 2.2 is a host of a good deal of identities as we now show.

Corollary 3.1. If N,a,t € N with t > 2, then

1) Z ) p _ Uatyon—1 _ Uat—1 .

i=1 Uat+2(L nUat42: Uat+2N Uat 7
2) Z ) p _ 1 Vat—1 _ Vatyan—1) .
=1V, t+2(7, 1) Vat+t2i p2+4q Vat Vatan )

N (—9*'U ati(t—1) UaeN+1_,4 Uat—1
3) Yz = N

UgiUgpitr - UgeN+1 Uar ’
t—1y;
4) Z (=" U1y _ 1 Vat—1 _ VaeN+1_,4
=1 Vi Vagitt p2+4q Vat VaeN+1 ’
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Proof. For Parts 1) and 3), put W,, = U,, in Theorem 2.2 Part 1) and 2), respec-
tively.
For Parts 2) and 4), put W,, = V,, in Theorem 2.2 Part 1) and 2), respectively. O

Letting NV — oo in Corrolary 3.1, and using

lim Un-s = lim Va1 1

we obtain:

Corollary 3.2. If a,t € N with t > 2, then

at—1
o'} —q 1 Ugt—1 |,
1) Y., ( )p Usivoii—1)Uaty2i = 5 — —Utat1 ;

at—1
P _ 1 Var—1 1.
2) Zi 1 Vt+2(1, 1Vatt2i p2+4q< Vat a) ’

at—1
Ui
ati(t-1) _ 1 _ Uar—1,
3) Zz 1 U T =« Uar

attYatitl

_1U

4) Zzl VfV

ati(t-1) _ _ 1 Vat—1 _ 1
i Vil p2+4q \ Vat a

Specializing certain parameters in Corrolary 3.2, several identities, mentioned

in Section 1, follow easily as we illustrate now.

1) Putting t =2 and ¢ =1 in Part 3), we get

which, after a little more computation, is (8).

2) When {U,} = {F,} and {V,} = {L,} are the Fibonacci and Lucas se-
quences, we have a = (1++/5)/2. Part 3) of Corrolary 3.2 gives, when t = 2, the
identity

Z L :F2a+1*F2a+1_1+\/3:F2a+1_1+\/5
F21+1 Fs, 1+\/§ Fy, 2 Fy, 2 '
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which is (2), and when ¢ = 3 and ¢ = 1, the identity

o Fga?,7 L3 . a— 1( 2 FSafl) )
2 Ty Fy Z el SN Corny St (using (5)
— (_1)a . 1_\/5_1_ (_1)aFaF3a—1 + Iy, _ Fy,
2 FaF3a FaFga
1—v6  (=1)*F,_1Fs,  Fy, .
=(-1*- 5 + F. P -7 2 (using (9))
—-1)*/1— F
E ( ) < \/gFa + Fafl) _ 2a
F, 2 FoF3,
(\/g - 1)(1 F2a .
T 2R,  FuFy, (using (6))

which is (3). Part 4) of Corrolary 3.2 gives, when ¢ = 3, the identity

oo

Sy =S ) e
- 5(L_(11L):a <\/52_ LoLsa ~ La-1La)
- 5(L_alL):a <\/52_ 1LaL3a — Lsala-1— (*1)a5F2a) (using (10))
- (;/5\/52) e (using (7))

which is (4).

References

[1] P.S. Bruckman and I.J. Good, A generalization of series of De Morgan, with
applications of Fibonacci type, Fibonacci Quart., 14(1976), 193-196.

[2] I.J. Good, A reciprocal series of Fibonacci numbers, Fibonacci Quart.,
12(4)(1974), 346.

[3] W.E. Greig, Sum of Fibonacci reciprocals, Fibonacci Quart., 15(1)(1977),
46-48.



100 Chamchuri J. Math. 2(2010), no. 1: K. Kuhapatanakul and V. Laohakosol

[4] V.E. Hoggart, Jr., and M. Bicknell, A primer for the Fibonacci Numbers,
part XV: variations on summing a series of reciprocals of Fibonacci Numbers,
Fibonacci Quart., 14(3)(1976), 272-276.

[5] V.E. Hoggart, Jr., and M. Bicknell, A reciprocal series of Fibonacci Numbers
with subscripts 2"k, Fibonacci Quart., 14(5)(1976), 453-455.

[6] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley and
Sons, New York, 2001.

[7] V. Laohakosol and K. Kuhapatanakul, The reverse irrationality criteria of
Brun and Badea, Contributions in General Algebra II, Proc. Intern. Conf.
Discrete Math. Appl., Bangkok, March 5-7, 2008; a special volume published
by Fast-West J. Math., 217-234.

[8] R.S. Melham and A.G. Shannon, On reciprocal sums of Chebyshev related
sequences, Fibonacci Quart., 33(1995), 194-202.

[9] D.A. Millin, Problem H-237, Fibonacci Quart., 12(3)(1974), 309.

Kantaphon Kuhapatanakul
Department of Mathematics
Kasetsart University
Bangkok 10900, Thailand
Email: fscikpkk@ku.ac.th

Vichian Laohakosol
Department of Mathematics
Kasetsart University
Bangkok 10900, Thailand

Email: fscivil@ku.ac.th



