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1 Introduction

Let M, denote the class of p-valent functions of the form:

f(2) :z_p—&-Zakzk_p (peN={1,2,3,...}), (1.1)
k=1
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which are analytic and mermorphic in the punctured disc
U*={z:z€Cand |z] <1} =U\{0}.

If f and g are analytic in U, we say that f is subordinate to g, written f < g
or f(z) < g(z), if there exists a Schwarz function w, analytic in U with w (0) =0
and |w(z)] <1 (z € U), such that f(z) = g(w(2)) (2 € U). In particular, if
the function ¢ is univalent in U, f(z) < g(z) is equivalent to f(0) = ¢g(0) and
) € g(U) -

For 0 < o, 8 < p, we denote by MS, (a) , MC, (a) , MK, (e, 3) and
M@, (o, ) the subclasses of M, consisting of all analytic functions which are,
respectively, p-valent mermorphic starlike of order «/, p-valent mermorphic convex
of order a, p-valent mermorphic close-to-convex of order «, and type § and p-
valent mermorphic quasi-convex of order «, and type 3 in U (see [1] and [4]).

Let P be the class of all functions ¢ which are analytic and univalent in U
and for which ¢ (U) is convex with ¢ (0) =1 and R{¢(z)} >0 for z € U.

Making use of the principle of subordination between analytic functions, we
introduce the subclasses MS, (a; @), MCp, (o; 9), MK, (o, 35 6,7) and
MQ, (o, B;¢,9) of the class M, for 0 < o, < p, and ¢,¢ € P , which are
defined by

w0y = {reami- L (o) <o mu), a2
pey (i) = {1 € My L <(Jf§§) ra)<s@muf, 03
ME (@ 356, )
_ {f €M, 3 g MS,(a;0), —pflﬁ (zg(g) +5) <% (2) in U} )
M, (et B:6,0)
_ {f € My i3 g € MCy(0i0), — ! 5 ((ngl((;)))/ + B) <% (2) in U} . (15)

Also let the Hadamard product (or convolution) f*g of two analytic functions
f(z), is defined by (1.1), and g (2) is defined by

g(z) =2+ btr (peN), (1.6)
k=1
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be given (as usual) by

(f9)(2) =27+ abpz""? = (g% f) (). (L.7)
k=1
For complex parameters aq,...,aq; b1,...,0s (bj ¢ Zg ={0,—1,-2,... };
j=1,...,s), the generalized hypergeometric function (Fjs (a1,...,aq;b1,...,bs;2)
is given by (see [6])
(a1), - (aq), 2"

> a
F,(ay,...,aq;b1,...,bs;2) = ~ kR 1.8
q ( q ) kgo (bl)k"’(bs)k k' ( )

(¢<s+1;¢q,s€Ng=NU{0};z€U),

where (), is the Pochhammer symbol defined (in terms of the Gamma function)
by
I'(x+k) 1 (k=0)
(o) =~ R _ (1.9)
I (z) z(x+1)---(z+k—-1) (keN).

Corresponding to a function Fj, , (a1,...,aq;b1,...,bs;2), defined by

1_
2P
+ ﬂ( Pl oFs (al,...,aq;bl,...,bs;z))l, (1.10)

zP

F,plar,...,aq;b1,...,b52) = oFs(a1, ... aq;01,...,bs; 2)

we introduce a function Fﬁ\m (a1,...,a4q; b1,...,bs;2) given by

W (A > —p).
(1.11)

Corresponding to the function F:‘,p (a1,...,aq; b1,...,bs; 2), we introduce the

. . A . . —
Fuplat, ... ag:b1,. ., bs52)%F (a1, ... a3 b1, g 2) =

linear operator
Jli"p(ah...,aq;bh...,bs) My — M,

which is defined the following convolution

JA (al,...,aq;bl,...,bs)f(z):FA (@1,...,aq; b1,...,bs;2) = f(2). (1.12)

H,p H,p

For f € M,, given by (1.1), then from (1.12), we have

J;i\,p (ala ceey Qg bl; DR bs) f (Z) = Z_p—f-i (A +p) (bl)k (bS)k akzk_p (113)
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(ai,b; €EC\Zg,i=1,....8,5=1,...,¢;A> —p;p e N;u > 0,2 € U*) .

For convenience, we write

T pas(a1) =J0, (a1, ... ag;br, ... bs). (1.14)

It is easily verified from (1.13) that

2 (T paslar + D) I(2) = a1, (01)F(2) = (a1 + )T}, 4 (a1 + 1) f(2),
(1.15)

and

(J/_/}pqs(a’l)f( )) ()‘—'_p)J;qus(al)f( ) ()‘+2p)‘]ppqs(al)f(z)

We note that

(i) for p = 1,0 = 0,A = 0 — 1 (0 > 0), we have J&i;s (a1) = Ho g5 (a1),
where H, ;s (a1) was defined by Cho and Kim [2];

(iiyfor p=s=1,g=2,a1 =n+1(n>—-1),a2 =b;,p=0,A=0 — 1(c > 0),
we have J(‘)’,ilz1 (n+1)=1I,,, where I, , was defined by Yuan et al. [7].

Next, by using the operator J i p.a.s (a1), we introduce the following classes of
analytic functions for ¢,p € P and 0 < o, <p

MS) o lassas0) = {f € My T, . (a1) f € MS, (a50)} (1.17)
MC) s lassos0) ={f e My Jy, (1) f € MC,(50)}, (1.18)
M/Cﬁpq’ (a0, B;0,9) ={f e M, qu(al)f € MK,(a,B50,4)}, (1.19)
M (a3, p) = {f € My T}, (a1)f € MQy(ar, B;,40)}. (1.20)
We also note that
FEMC, ., (a1;0;0) & 2 Msgpqs(al;am;) (1.21)

and
fEM%wwWwﬁQW®—%fﬂmumeﬁ¢W~ (1.22)

In particular, we set

MS? 14+ Az MS

“pqS(al;a;l—sz) pasla; ;A B) (-1<B<A<1) (1.23)
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and

14+ Az

A )
MC, "1+ Bz

paslana ) = ./\/lC;\)p)q,S(al;a;A,B) (-1<B<A<1). (1.24)

In this paper, we investigate several inclusion properties of the classes
A A
M8u7p7q7s (al; O[; ¢) ) Mcj,p,qu (;u‘7 al; a? (725) ) M,C#va(bs (al; Oé, /B? (rb? w) a‘nd
MO

Sopas (a1, B35 ¢,9) associated with the operator J[L\,p,q,s (a1). Some applica-
tions involving integral operators are also considered.

2 Inclusion properties involving the operator

‘]ﬁ\,p,q,s(al)

The following lemmas will be required in our investigation.

Lemma 1 [3]. Let ¢ be conver univalent in U with ¢ (0) =1 and
R{néd(z)+~} >0 (n,y€C). If q is analytic in U with q(0) =1, then

2q ()

)+ < (z) (2.1)

q(2) +
implies q(z) < ¢(2).

Lemma 2 [5]. Let ¢ be convexr univalent in U and let w be analytic in U with
R{w (2)} > 0. If q is analytic in U and q(0) = ¢ (0), then

q(z) +w(z)zq' (2) < ¢ (2) (2.2)
implies q(z) < ¢ (z).
Theorem 1. Let ¢ € P with

max (R {4 (2)}) < min

()\—I—Qp—a ar +p—a

0,0 < . (2.3
o ' p_a ) (L>00<a<p). (23)

Then,

M (a15050) CMSy o (a15050) CMSy o (a1 + 1050). (2.4)

P48 H,p,4q,5

Proof. We begin by showing the first inclusion relationship

MSHL (ara58) C MS), L (a15050) . (2.5)

H.p,q,s
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Let fe M8 (a1;0;¢) and set

_ b (2Uhas @) @)
12 = p—a ( Jli\vpﬂl,s (a1) f(2) * ) ’ (26)

where the function ¢ is analytic in U with ¢ (0) = 1. Using (1.16) and (2.6), we
have

_ 1 Z(Jﬁi\;,lq,s(al)f(z))l . 2q'(z)
p- o Jiba.s(a1) f(2) To)=dEty +2p—a—(p—a(z) (zel).
(2.7)
From (2.3), we see that
R{A+2p—a—-—(p—a)¢p(z)} >0 (z€U). (2.8)

Applying Lemma 1 to (2.7), it follows that ¢ < ¢, that is, f € MS?) (a1; a5 0).

1P5458
To prove the second part, let f € MSi‘L’p’q’s (a1;05¢) and put

5(2) = 1 (’Z (J27p,q,s (a1 +1) f (Z))l

p—« J;i\,p,q,s (al + 1) f (Z)

oz) (z€U), (2.9)

where the function s is an analytic function with $(0) = 1. Then, by using the
arguments similar to those detailed above with (1.15), it follows that s < ¢ in U,
which implies that f € MSﬁ)p’q)S (a1 + 1; a; ¢) . Therefore, we complete the proof
of Theorem 1. U

Theorem 2. Let ¢ € P with (2.3) holds. Then,
MCEL (ar;050) C MS), L, (a1;056) C MS),

Hsp,q,s H,p,q,s

(a1 +Lasp).  (2.10)

Proof. Applying (1.24) and Theorem 1, we observe that

fe MCQ;?%S (a1;05 ) — —Z: € MSQ:;L,S (ar;a;¢) (from (1.21))
= Zzl € MSI);E%S (a1; a5 0) (by Theorem 1)
= feMC), . (a110:0),

and

fe ./\/lC;\W,q,S (a1;05 ) <— —pr/ € MSﬁ)p)q)s (a1; ;@) (from (1.21))
= = € M527p7q7s (a1 + 1;;¢) (by Theorem 1)
= f gMCﬁ,p,q,s (a1 +1;059),

which evidently proves Theorem 2. O
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1+ A
Taking ¢ (z) = 1132 (-1<B< A<1;z€U) in Theorems 1 and 2, re-

spectively, we have the following corollary.

Corollary 1. Let ¢ € P with

1+ A . ()\+2p—a a1 +p—«
< min

—_— , >00<a<p,-1<B<A<L]).
1+ B p—« pP—« ) G sasp )

Then,

MSML (ay;a;A,B) c MS) . (a1;05A,B) C MSY (a1 +1;0; A, B),

D548 D548 D548
(2.11)
and

MCAL (ay;a; A, B) € MC)

H,p,4q,5 H,p,4q,5

(a1;0; A, B) C me

H,p,4q,5

(a1 4+ 1;05 A, B).
(2.12)

Next, by using Lemma 2, we obtain the following inclusion relation for

MK:;)l,p,q,s (a1; 0, B;0,7).
Theorem 3. Let ¢, € P with (2.3) holds. Then,

MIC;);;?q)S(alg a,B;0,1) C MIC37p7q7s(a1; o, B;9,9) C M’Cz,p,q,s(al_Fl; a, B ¢, ).
(2.13)

Proof. We begin by proving that
Mlcf;:;,lq,s (al; «, 57 ¢7 dj) C MKﬁ,p,q,s (al; «, ﬂ? ¢7 1/)) .

Let f e MK (a1; a4 B; ¢, ). Then, from the definition of

14,0,d,8
MEML (ay; 0, 8; 6, ), there exists a function r € MS, (a; @) such that

H,P,q,S
1 (z (XL (@) f(2))

— G + 5) <¢(z) (z€U). (2.14)

Choose the function g such that J[L\fg}w (a1)g(z) =7 (2). Then,
g € MSMTL (ar;;¢) and

HsP,q,S
!/
1 (2Uhh @) )
p=B\ Jibhs(a)g(2)

+ 5) <¥(z) (z€U). (2.15)
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Now let

— _ 1 < (Jg,p,q,s (al) f (Z))/
q(z) = p—p ( Jﬁ"p’q’s (a1) g (2)

where the function ¢ is analytic in U with ¢ (0) = 1. Using (1.16), we have
(0= B8) 24 (2) T pas (@) 9 (2) + (0= 5)a () + 5] 2 (20 (@) 9 (2))

=~ A D) 2 (g (@) F(2)) + A +2p) 2 (T}, 0 (@) fF(2) . (217)

Since g € ./\/182";71%8 (a1; a; @), by Theorem 1, we know that g € M‘Szm,q,s (ar;050).
Let

f(z) = —— (z(%LWJ(aﬁg(@)-+a>. (2.18)

p—a J/i\,P#LS (a1) g (2)

+ﬁ> (z€U), (2.16)

Then, using (1.16) once again, we have

oo (@1) g (2)
)\ M,DP,4,
A g g G
From (2.17) and (2.19), we obtain
12t (a) f(2) _ zq'(2)
p— ﬂ( bk s(a1)g(z) A =alzx)+ 5 +20—a— (p—a)t(z)

=A+2p—a—(p—a)t(z). (2.19)

<1(2).
(2.20)
Since A > —p and t < ¢ in U with (2.3) holds, we obtain
R{A+2p—a—(p—a)t(z)} >0 (z€U).

Hence, by taking
1
w(z) =
A+ 2p—a—(p—a)t(z)

in equation (2.20), and then applying Lemma 2, we can show that ¢ < 1, so that

fe /\/l/Cz71)7q7S (a1; @, B; ¢,1) . For the second part, by using the arguments similar

to those detailed above with (1.15), we obtain

MICﬁJ),q,s (al; a, ﬁa ¢7 1/’) C M]Ci\%pﬂ“g (a'l + 17 «, ﬂa ¢7 1/’) .
Therefore, we complete the proof of Theorem 3. O
Theorem 4. Let ¢,v € P with (2.3) holds. Then,

MK s (@30, B:6,0) € MK o s (@100, 86,0) € MKy g s (1 + L B:6,0).
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Proof. Just as we derived Theorem 2 as consequence of Theorem 1 by using the
equivalence (1.21), we can also prove Theorem 4 by using Theorem 3 the equiva-
lence (1.22). O

3 Inclusion properties involving the integral

operator F,.(f)

In this section, we present several integral-preserving properties of the meromor-
phic function classes introduced here. We first recall a familiar integral operator
F,o(f) (see [4]) defined by

C

Fpe(f)(2) = / Ly de (f e Myie > 0),

2C+p

which satisfies the following relationship:

Z(J,L)L\,p,q,s(al)FP,C(f)(Z))I = C‘];}L\,p,q,s(al)f(Zt) - (C+p)‘];i\,p,q,s(al)FP,C(f)(Z)‘ (31)

We first prove the following inclusion relationship for the integral operator
Fp,C (f) N
Theorem 5. Let ¢ € P with

+ —
max (R0 (2)}) < = 25 (e>—p;0<a<p). (3.2)
If feMS), ..(a1;0:0), then Fyo(f) € MS), ., (a1;050).

Proof. Let f € MS) (a1; @; ¢) and set

H,p,q,s

q (2’) — 1 Z (J/i\,p,q,s (0,1) Fp,c (f) (Z))
p—a Jﬁ\m,q,s (a1) Fpc (f) (2)

where the function ¢ is analytic in U with ¢ (0) = 1. From the identity (3.1), we

+ oz) (zeU), (3.3)

obtain \ (@) ()
J aq z
c i =c+p—a—(p—a)q(z). 3.4
Ty 1) By () 2) =) 34
Taking the logarithmic differentiation on both sides of (3.4) and multiplying by z,
we have
1 Z(J;)L\,p,q,s (al)f(z))/ Z,(Z)

_p - a( Jﬁ,p,qﬁs(al)f(z)

<¢(z) (z€U).
(3.5)

+a) = q(2)+
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Hence, by virtue of Lemma 1, we conclude that ¢ < ¢ in U, which implies that
F,.(f) € MS;\L,p,q’S (a1; 5 0). O

Theorem 6. Let ¢ € P with (3.2) holds. If f € MC;\L,p,q,s (a1;050), then
Fp7c (f) € MCA (al;a;¢) .

H,p,4q,5

Proof. Applying Theorem 5, it follows that

2 I
fe MCf;,p,q’S (a1;050) < —? € MSf;,p,q,s (ar;a5¢)
zf!

- Fp,c (p> S MS/\

HsP>q58
Z (FIL

_ c(f))/ EMS)\ (a1§04;¢)

H,p,4,s

p
— FP,C (f) € Mcz,p,q,s (al; Q3 (b) ’

(a1;a;¢)  (by Theorem 5)

which proves Theorem 6. U

From Theorems 5 and 6, respectively, we have the following corollary.
Corollary 2. Let ¢ € P with

1+ A - c+p—a
1+ B pP—«

(c>0,0<a<p—1<B<A<LI).

Then, for the function classes defined by (1.23) and (1.24), the following inclusion

relationships hold ture

feMs) (a1;0;A,B) = F, . (f) e M8} (a1; 05 A, B),

sD,q,S D48
and
fe MCﬁ7p7q,s(a1; a;A,B) = F,.(f) € ./\/le;’p’q’s (a1;05 A, B).

Theorem 7. Let ¢,¢ € P with (3.2) holds. If f € MK}, ., (ai;0,8:6,%),
then Fp.(f) € MK, . (a1;0,3:6,7).

Proof. Let f € MK (a1;0,8;6,v). Then, in view of the definition of

Hp,q,8

MICf;’p’q’S (a1; 0, B; ¢,1), there exists a function g € MSf;,p,q’S (a1;05¢9) such
that ,
1 z (J;i\pq s (al) f (Z))

- = +0| <v(2). 3.6

PR ( Tps (@) 9 () = (36)
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Thus, we set

z A ai e 2 /
0(z) = —— ( (T s (1) Py (1) (2))

_p -3 Jﬁ‘yp’q’s (a1) Fye (9) (2) + ﬁ) (zeU), (3.7)

where the function ¢ is analytic in U with ¢(0) = 1. Using (3.1) in (3.7), we
have

(0= B) 24 (2) ) pgns (1) Fye (9) (2)+[(p = B)q (2) + Bl 2 (T2 g1 (a1) By (9) (2))]

/ /
= (C +p) < (J/i,p,q,s (al) FILC (f) (Z)) —Cz (J/i,p,q,s (a’l) f (Z)) . (38)
Since g € MSﬁ’p’q’S (a1; 05 ¢), by using Theorem 5, we obtain that F, . (g) €

Msi);,p,q,s (ar;050) . Let

1 (2(Jipas (@1) Fpe(9) (2)
J;i;yq,s (al) FILC (g) (Z)

+a> (z€U). (3.9

Then, using (3.1) once again, we have

ZJQvP,q,s (al) g (Z) . o B
CJI)L\aPaQ,S (al) Fp,c (g) (Z) =ctp-a (p 04) t (Z) . (310)

From (3.8) and (3.10) Hence, we have

1 2(0p gs(a1)f(2)) 2q'(2)

A7 S O P R kS ey o T o

Since ¢ > 0 and ¢t < ¢ in U with (3.2) holds, we have

=< (z). (3.11)

R{c+p—a—(p—a)t(z)} >0.

Hence, by taking
1

ctp—a—(p—a)t(z)

w(z) =

in (3.11) and then applying Lemma 2, we find that ¢ < ¢ in U, so that have
F,.(f) € MIC/);,pﬂ,S (a1; @, B;¢,v) . The proof of Theorem 7 is evidently com-

pleted. O

Theorem 8. Let ¢,¢ € P with (3.2) holds. If f € MQ}_ . (a1;c,B;0,9),
then Fy.(f) € MQ) . (a1;0,3;6,7).



48

Chamchuri J. Math. 4(2012): M.K. Aouf and T.M. Seoudy

Proof. Just as we derived Theorem 6 as consequence of Theorem 5, we easily

deduce the integral-preserving property asserted by Theorem 8 by using Theo-
rem 7. [

Remark. Putting p=1,4=0,\A =0 —1(c > 0) in the above results, we obtain
the results of Cho and Kim [2].
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