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Abstract: In this note, we extend the result of Beazer on congruence pairs of
K, -algebras to the class of double Ks-algebras. We show that any congruence o
on a double Kj-algebra can be represented by a congruence pair (6, 0), where
0, is a Kleene congruence and 6 is a lattice one. As an application of this result,
we give a sufficient condition for a double Kj-algebra is congruence permutable

(n-permutable).
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1 Introduction

Lakser [9] and Katrindk [10] independently showed that any congruence on a
distributive p-algebra can be represented by a congruence pair (67, 6s), where
0: is a (Boolean) congruence of the skeleton Boolean algebra B(L) of L and 65 is
a (lattice) congruence of the dense filter D(L) of L. Subsequently, Katrindk [11]
showed that a congruence on a p-algebra with a modular frame can be described in
exactly the same way as in the distributive p-algebra and Beazer [2] gave a different
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method to describe the congruence pairs of a distributive double p-algebra with
non-empty core. In [3], Beazer characterized the congruence pairs for algebras
abstracting Kleene and Stone algebras, that is the class of Kj-algebras which
was introduced by Blyth and Varlet in [7]. The purpose of this note is to extend
the result of Beazer on congruence pairs of Ks-algebras to the class of double
K,-algebras. We show that any congruence a on a double Ks-algebra can be
represented by a congruence pair (61, 605), where 0; is a (Kleene) congruence and
05 is a lattice one. As an application of this result, we give a sufficient condition

that a double K5-algebra is congruence permutable (n-permutable).

2 Preliminaries

An MS-algebra is an algebra (L;V,A,°,0,1) of type (2,2,1,0,0) whose reduct
(L;V,A,0,1) is a bounded distributive lattice and such that, for any =,y € L,

x <z, (zAy)°=z2°Vy°®, 1°=0.

Clearly, the class MS of MS-algebras is a variety. The subvariety Ky of MS-
algebra L is defined by

(x) Az =2 Az and zAz° <yVy°.

A double MS-algebra must be an algebra (L;V,A,° 7 ,0,1) of type (2,2,1,1,0,0)
such that (L;°) is an MS-algebra, (L;T) is a dual MS-algebra, and the unary

operations are linked by the properties:
(Vee L) 2°t =2° and 27° =27+,

In this note, our aim is to describe the congruence pairs of the class of double
Ks-algebras. A congruence on a double Ks-algebra (L;°,") is a lattice congru-
ence 6 such that

(z,y) €0 = (2°,4°) €0 and (z,yT) €0

Through what follows, for a double Kj-algebra (L;°,T ), we shall denote by ConlL
the lattice of congruences of L. If S is a subalgebra of L and « is a congruence
on L then we denote by a|s a restriction of @ on S. The basic congruence ® on
L given by

(2,9) €® <= 2°=y° and " =y*



Congruence Pairs of Algebras Abstracting Double Kleene and Stone algebras 3

The skeleton of L is the Kleene algebra
S(L)y={zeLix=2°}={z € Liz=a"T}.
The core of L is the set
K(L)y={zvaze L}n{zAzT;ze L} ={z e L;a2°<x<zT}

For the basic properties of MS-algebras and double MS-algebras we refer the reader
to [5]-[8]. The notations and terminologies we shall use in this note are same as
used in [5] and [8].

3 Congruence pairs
Let (L;°,7) be a double Kj-algebra. We shall be concerned with the condition
that K (L) = [k,[] is a bounded non-empty core. We now begin with the following:

Lemma 3.1. Let (L;°,%) be a double Ky-algebra and let K(L) = [k,l]. Then
every x € L is of the form

(1) z=atT vz A(@VE) AL

Proof. We first show that for each © € L, z°° ANk = x A k. Since z < z°°, we
have = A k < z°° A k. Suppose now, by way of obtaining the contradiction, that
x Nk < z°° A k. Here we must have k # x A x°; for otherwise, it follows the
contradiction that z Ax° =2z Ak <2°°ANk=xAz°. Let a=2°°Nk, b=2°Nk
and ¢ = x A k. Since, by [2, Theorem 1], that LY = {z V 2° | x € L} is a filter, it
follows that k¥ = infLY and so k < xV x°. Hence we have x Az° < k <z V 2°.
Then by (%) we obtain

aNb=z° Nz’ Nk=xzNz° Nk=xzANz°=bAc
and
aVb=(z°Va’)ANk=k=(x°Va)ANk=(z° Nk)V(xANEk)=DbVe
Here we must have k # b; for otherwise, it follows the contradiction that

a=x°Nk=2°Nb=z2°AN2° Nk=zANz° ANk=xAb=aNk=c.
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Therefore, {z Az°,¢c,a,b, k} is a five-element non-modular sublattice of L, which

contradicts to the distributivity of L. Consequently, we obtain that
r=xV(@Ak)=xV (@ Nk)=2°AN(xVEk).
Similarly, we can show that z = 2™ V (2 Al). Thus we obtain
=z TV [z A(zVE)AL.
O

Given a double Kj-algebra L with K (L) = [k,!]. Every member of L contains
two simpler substructures, one being a Kleene algebra S(L) and the other being
a distributive sublattice K(L). For any « € ConlL, define the pair

(61,05) € Con(S(L)) x Con(K (L))

where 0 is the restriction a|g) of a to S(L) and 6 is the restriction ox(r)
of a to K(L), where Con(S(L)) and Con(K (L)) are the congruence lattice of
S(L) and K (L) respectively.

Definition 3.2. Let (L;°,") be a double Ks-algebra and let K (L) = [k,l]. We
say that the pair (01,603) € Con(S(L)) x Con(K(L)) is a double Ka-congruence
pair if it satisfies the following conditions:

(CP1): ¢Zd= L g and ¢t Bat,

(CP2): aZb= (aVE)ALZ BVE) AL

In what follows, we shall denote by Con,(L) the set of all double K»-congruence
pairs of a double Ks-algebra L.

Theorem 3.3. Let (L;°,7) be a double Ko -algebra and let K(L) = [k,l]. Then
Cony(L) is a sublattice of Con(S(L)) x Con(K(L)).

Proof. Let (61,02), {(p1,92) € Con,(L). Clearly, (01 A ¢1,02 A p2) € Conp(L).
To see that (61 V 1,02 V @2) € Conp(L), let a %12 5 and ¢ 2 d. Then there
exist

a=2xg,x1, &Ly =b in S(L)

and

C=1Y0,Y1," " 7yn:d in K(L)
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such that

=Xy, =0b
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C=Yo =P =Y ==Y =d

02

0
where x; = x;41 or 2 Ziy1 and y; = Y41 O Y; 2 Yj+1. By properties (CP1)

oL o 0 o & o o1
and (CP2), we see that y5 = Yoiis Yy = Yl or ¥5 = Y5, v =y, and

s VE)ALE (@i VE) AL or (2 VE)ALE (zia1 VE) AL Thus, ¢ "'Z" do
+ +

e "L gt and (aVR) AL (bV E) AL Consequently, (8, V o1,6s V ) €

Con, (L) and we obtain that Con,(L) is a sublattice of Con(S(L)) x Con(K(L)).

O

Theorem 3.4. Every congruence o on a double Ko -algebra (L;° ,*) with K(L) =
[k,1] determines a double Ksy-congruence pair. Conversely, every double K-
congruence pair (01,02) € Con(S(L)) x Con(K (L)) uniquely determines a con-
gruence o on L satisfying o|sry = 61 and a|gy = 02 such that the following
conditions are equivalent:

(i) z=y;

.. 01 01 05
(i) 2°=y°, at =yT and (xk VE)ANL= (yVE) AL

Proof. Let « be a relation on L defined by (i) and (i7). Clearly, « is an equiva-
lence relation. Let now a = b and ¢ = d. Then

@B at Bt (aVvEIALE V)AL

and
CLE LG eVEIALE V)AL

By the distributivity of L, it is not hard to see that

>
s

1

@ve)P L ova)e, @vatrZovd®, @vevi)ALZGvdvk) Al

and

>
sl

1

(ane)®=(BAdA)°, (anc)t = (bAd)T, ((a/\c)vk)/\lezz((bAd)vk)/\l.

Thus (aVe,bVd) € a and (aAe,bAd) € a. Hence, we obtain that « is a lattice

congruence on L.
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We now show that o preserves the unary operations ° and *. Let z
Then

o

X

=

+

1155

Yo, T yT, (a:\/k;)/\leé(y\/k:)/\l.

Since a°° = a°" and a™t = a*° for any @ € L, and by property (CP2), we
observe that

15

vt (x“Vk;)/\leé(y"vk)Al

and
9 0 9
T2yt et =yt @t VEIALZ (YT VE) AL

(o)

Thus o preserves the unary operations © and * and so « is a congruence on L

9
Next, we show that algy =61 and a|g ) = 02. Let 2,y € S(L). If = =y,
01 01 ) 0
then z° = ¢° and zt = y+. By property (CP2), we obtain that (zV k) Al =

als(ry als(r)

(yVE)Alandso x = y. Then 6; < algi). If + =y then 2° 2 y° so
that x = x°° 4 y°°® =y. Thus a|g) < 01 and consequently, a|g(z)y = 61. Now,
let z,y € K(L). If o2 y then x° 2 y° and zT 2 y* by property (CP1). Since

a\K(L)

K (L) is sublattice of L, we see that (zVk)Al & (yVE)AL. Hence x ="y and

alk(r) 2

whence 0 < a|gy. If # ="y then z = (xVEk)AL= (yVEk)Al=y. Thus
a|g(r) < 02 and consequently, gy = 0.

>

Suppose now, by the way of obtaining the uniqueness of the theorem, that there
exist a, 3 € ConlL such that a|sy = Blsy and a|x) = Blx(r)y. Let = =

als(r)
Then z°° = y°°, zt+

alk (L) Bl (L)

(xVE)ANL = (yVEk)AL implies (xVE)AL =" (yVk)Al By (f), we obtain
that

. Bls(r) Bls(r)
g™t imply %0 = g0, g+t T Z=Y gyt and

a'S_(L)
= ’

x:x++\/[x°°/\(x\/k:)/\l]§y++\/[yoo/\(y\/k)/\l]=y.

Similarly, we can show that § < «. Consequently, we have o = .

The following result is an immediate consequence from Theorem 3.4.

Corollary 3.5. Let (L;°, ") be a double Ks-algebra and let K(L) = [k,1]. Then
ConlL is lattice isomorphic to Cony(L) by the prescription o — (a|s(r), k(L)) -

We recall from [2] that if (L;°,) is double Stone algebra then S(L) is a
boolean sublattice of L and K (L) is a ®-classes of L. In addition, a pair (01, 63) €
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Con(S(L)) x Con(K (L)) is called a reduced congruence pair of L if, for any z,y €
K(L), z <y and z € S(L), the following condition hold:

0 0
() zAz=yAzand z=1=2=y.

Corollary 3.6. Let (L;°,") be a double Stone algebra with K(L) = [k,1] and let
(01,02) € Con(S(L)) x Con(K(L)). Then (#:1,62) € Cony(L) if and only if it is

a reduced congruence pair.

Proof. (=:) Suppose that (61,62) € Con,(L). Let x Az = y Az and z 4 1,
where 2,y € K(L), v <y and z € S(L). Then (2Vk)Al 2 by (CP2). Observe
that

02

J:OEZJ:/\(z\/k)/\l:(a?/\z)\/k‘:(y/\z)\/keéy/\(z\/k:)/\lzy.

Hence we see that = 052 y. Thus, (f1,62) is a reduced congruence pair.
(«=:) Suppose that (61,05) is a reduced congruence pair. Since, for z € K (L),

z° =0 and 2t =1, the property (CP1) holds. To see that (61,62) € Con,(L),
let a 2 b for some a,b € S(L). Now, let c=(aVb°)A(bVa®). Then c € S(L),
6

ahc=bAc=aAband a 2 1. Hence, by (f) we have a & b, whence (aVk)Al =
(bV k) Al and we conclude that (C'P2) holds. Consequently, (01, 602) € Cony(L).

O

4 Applications

If A is an algebra and a7, g are congruences on A then a; and as are said to be
permutable provided that, for any a,b,c € A with (a,b) € a; and (b, ¢) € ag, there
exists d € A such that (a,d) € as and (d, ¢) € a1, that is aj oy = agoay, where
a1 0 is their relational product. In what follows we shall denote by aq o™ ap the
compound relational product a; o o ..., where n > 2. If aj o™ as = ag 0" oy
then, we shall say that a7 and as are n-permutable. An algebra A is said to be
congruence permutable (congruence n-permutable) if every pair of congruences on
it is permutable (n-permutable). For the purpose of characterizing the congruence
permutability (n-permutability) of a double K5-algebra, we shall make use of the

following useful result.
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Theorem 4.1. Let (L;° ") be a double Ky -algebra and K (L) = [k,1]. If (01, 02), (v1,p2) €
Con(S(L)) x Con(K (L)) then

(01, 02) o (p1,p2) = 61091 Vb0 0.

Proof. Suppose that (01, 62), (p1,¢2) € Con(S(L)) x Con(K(L)). Then by Corol-
lary 3.5 there exist unique «, 5 € ConL such that a = (01,6,) and 8 = (p1,p2).

Clearly, 61 0@ Vby0ps < aof.

. . op .
To see the reverse inequality, we let x = y. Then there exists ¢t € L such that

s 2t and t 2 y. Then z°° = ¢°°, z++ = t++ and ¢°° £ Yoo, tTT £ y+ . Hence
g0 & tee, gt L4+ and o0 2 yeo , t++ £ g+ and so 2°° G121 y°° and
g+t 12 y . In addition, since = ¢ and ¢ N y imply (zVE)AL= (tVE)AL and
(tVE)AL g (yVk)AL. Thus, we have (xVE)Al & (tVE)AL and (tVE)AL = (yVE)AL,

0 0 0
and whence (x V k) Al = (yV k)AL Since z°° oo gt U gt and

(e}
92:<p2 1 oo

(xVE)ANL =7 (yV k)AL, there exist a,b,c € L such that z°° = a, a = y°°,
ac**ezlb,b%y*+ and (x\/k)/\l%c,cg(y\/k)/\l.By (1), it follows that

s
I

r=z T V[ A(@VE)A]=bV (aAc)(b0p Vo ps);
y=y TtV Ay VE)A=bV (aAc)(BoprVhops).
Therefore, x = y(01 0 1 V 2 0 3). Thus, we have ao 3 < 010 ¢ Vs ops.
Consequently, we have from the above observations that a o 8 = (01,63) o

(p1,p2) =61 091 VOz0p;.
O

Corollary 4.2. Let (L;°,") be a double Ks-algebra and let K(L) = [k,1]. If
S(L) and K(L) are congruence permutable (congruence n-permutable), then so
L.

Since every boolean algebra is congruence permutable and congruence n-
permutable, the following result is an immediate consequence from Corollary 4.2,
[1, Lemma 3.2] and [2, Theorem 2.5].

Corollary 4.3. Let (L;°,") be a double Stone algebra with K (L) = [k,l]. Then
L is congruence permutable (congruence n-permutable) if and only if K(L) is

congruence permutable (congruence n-permutable).
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