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Abstract: We obtain characterization of bounded approximate identities for Ba-
nach algebras induced by Lau product of Banach algebras defined by a Banach
algebra homomorphism. Also we characterize the unitization and minimal idem-
potents of these algebras. Finally we study the ideal structure of these algebras.

Also we extend a result of Sangani Monfared.
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1 introduction

Let A and B be Banach algebras and let A be commutative. Suppose that
T : B — A is an algebra homomorphism with ||T]| < 1. Then the direct product
A x B equipped with the ¢! —norm and the algebra multiplication

(a,b) - (¢,d) = (ac+T(d)a+T(b)c,bd), (a,c€ A, b,d € B),

is an associative Banach algebra which is called the T—Lau product of A and
B and will be denoted by A xp B. Some properties of this algebra such as,
Arens regularity, amenability, weak amenability, character inner amenability are
investigated in [1].
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n—weak amenability and character amenability of Axr B are investigated in [3, 4].
For a Banach algebra B with § € A(B) = (the spectrum of B) and for an arbitrary
unital Banach algebra A define T : B — A as T(x) = 8(x)e (x € B). Then the
above product coincides with the product investigated by Sangani Monfared [5].
It is called the #— Lau product. Also the §—Lau product of A and B is denoted
by A xp B. Character inner amenability of A Xy B is investigated in [2].

For an arbitrary Banach algebra A, a left (right) bounded approximate identity is
a bounded net (aqy)q in A such that ||aga —al = 0 (|laae —al| = 0) (a € A). A
bounded approximate identity is a bounded net that is left and right approximate
identity.

Recall that a non-zero element 1 € B is called a minimal idempotent if 72 = 7

and nBn = Cn.

2 bounded approximate identities

In this section we characterize bounded approximate identities of A x7 B. Also

we obtain the unitization of A X7 B.

Theorem 2.1. Let A be a commutative Banach algebra, let B be a Banach
algebra, and let T : B — A be an algebra homomorphism with ||T|| < 1. Then

1. A Xt B is commutative if and only if B is commutative.

it. (a,b) is an identity for A X7 B if and only if b is an identity for B and
: -

b)
+ T'(b) is an identity for A.
iti. ((@q,ba))a is a bounded left (right, or two-sided) approximate identity for
A xp B if and only if (aq +T(ba))a is a bounded approximate identity for
A and (by)a is a bounded left (right, or two-sided) approzimate identity for

B. A similar statement is true for unbounded approzrimate identities.

Proof. i) is clear. For ii) let (@,b) be an identity for A xp B. So for each
(a,b) € A xr B;
(a,b)(a,b) = (a,b)(a,b) = (a,b).

It follows that
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Upon substituting b = 0 in (2), we obtain a(a@ + T(b)) = a. This implies that
@+ T(b) is an identity for A.

Conversely, let b be an identity for B and let a+T'(
bb = b so T(b)T(b) = T(b). It follows that T'(b)a =

T(b) —T(b) =0, (be B). Hence

b) be an identity for A. Since
T(b)(@+1(b) —T(b)T(b) =

(a,b)(a,b) = (a(a+T(b)) +T(b)a,bb) = (a,b).

Similarly (a,b)(a,b) = (a,b). So (a,b) is an identity for A xp B.
i41) We only prove the left version. Let ((aq,ba))a be a bounded left approximate
identity for A x7 B. So for each (a,b) € A X1 B,

[(@as ba)(a,b) = (a,b)|| = ||((aa + T'(ba))a + T(b)aa — a,bab —b)|| — 0.

It follows that
[(aa +T(ba))a +T(b)ae — al| — 0; (3)
|bab — 0] — 0. (4)
(4) implies that (b,)s is a bounded left approximate identity for B. Also upon
substituting b = 0 in (3) we conclude that (aq + T(by))a is a bounded approxi-
mate identity for A.
Conversely, let (by)o be a bounded left approximate identity for B and let

(aq + T'(ba))a be a bounded approximate identities for A. So for each b € B,
T(by)T(b) — T(b) and also (ag + T(by))T(b) — T'(b). It follows that

T(6)an = (a0 + (b)) T () — T(ba)T() — 0. (5)
For each (a,b) € A x1 B,

(s ba)(@,5) = (@, B)| = [I((@a + T(ba))a + T(B)ae — a,bab—b)]

= [[(aa +T'(ba))a+ T(b)aa — all + [[bad — bl
< (aa +T(ba))a — all + | T(b)aall + [[bab — b
— 0.
Hence (aq,bq)a is a left bounded approximate identity. O

Proposition 2.2. Let A be a commutative Banach algebra, let B be a Banach
algebra, and let T : B — A be an algebra homomorphism with |T| < 1. Then



92 Chamchuri J. Math. 6(2014): A.R. Khoddami

(A xp B)f = A xz BY (isometrically isomorphism), where T : Bf — A? is the
algebra homomorphism defined by T((b,\)) = (T'(b),\), (b€ B,X € C).
Proof. Define ¢ : (Ax1B)* — AxzB* by ¢(((a,b),))) = (a, (b,\)). Clearly ¢ is

a bijective bounded linear map. we shall show that ¢ is an algebra isomorphism.

o(((a,b), A)((c,d), )
(((ac+T(b)c + T(d)a,bd) + (Ae, Md) + (pa, ub), Ap))
(((ac+ T(b)c+ T(d)a + Ac + pa,bd + Ad + ub), A\u))
ac+ T (b)c+ T(d)a+ Ac + pa, (bd + pb + Xd, M)

(0, M))(c, (d, 1)) = @ (((a,b), X)) (((¢, d), ).

®
¢
= (a
= (a,

Also
o (((a, 0), M) = [I(a, (b; )]
= [lall + {16, M| = llall + [|b]l + [Al = [|(a, b) || + [Al
= [|((a,b), V)|

3 minimal idempotents

In this section we characterize minimal idempotents of A X1 B.

Theorem 3.1. An element (a, l~7) 18 a minimal idempotent of A X B if and only

if one of the following statements are hold:
i. b=0 and a is a minimal idempotent of A.
i. a® = —a, b is a minimal idempotent of B, and (a+T(b))a =0, (a € A).

Proof. Let (a,b) be a minimal idempotent. So the condition of (&,b)? = (a,b)
implies that

b =, (6)

a? +2T(b)a = a. (7)

For each (a,b) € A xp B there exists 4,5 € C such that

(d’ l;) (av b) (d’ Z;) = Na,b(a'v b),
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equivalently, the fact that A is commutative and also the equality b2 = b imply
that

a?a + 2T (b)aa + 2T (D)T(b)a + T(b)a® + T(b)a = pa @, (8)

bbb = fiq pb. (9)

The comparison of (9) and (6) shows that either b = 0, or b is a minimal idem-
potent of B with pqp = po, for all a € A.

The assumption b = 0 accompanied with (7) imply a2 = @ and (8) implies that
a*a+T(b)a* = papa, (a,b) € Axr B.

Upon substituting b = 0, we conclude that aad = a?a = p140a, (a € A). It follows
that @ is a minimal idempotent that provides statement ).

If we assume b # 0 is a minimal idempotent, and pqp = pop for all a € A,
as g0 = 0 for all @ € A, upon substituting b = 0 in (8) we conclude that

a*a + 2T (b)aa + T'(b)a = 0. It follows that

0= (a* + 2T (b)a)a + T(b)a = aa + T(b)a = (a + T(b))a, (a € A).
So T(b)a = —a®. Applying (7) we obtain that > = —a, providing 7). Con-
versely, Let @ be a minimal idempotent of A. So a? = & and dad = p.a for all
a € A. We shall show that (@,0) is a minimal idempotent of A xp B. Clearly

(@,0)? = (a,0). For each (a,b) € A x7 B,

(@,0)(a,b)(a,0) = (aa + T(b)a,0)(a,0)

Il
—

/J/agh ) + (/’LT(b)dv O) = (:ua + MT(b))(&a O)

It follows that (a@,0) is a minimal idempotent of A xp B.

Similarly let @ € A, b € B and let the conditions of i) hold. we shall show that
(a, l;) is a minimal idempotent of A xr B. As b is a minimal idempotent so b2 = b
and for each b € B there exists u, € C such that bbb = ubl;.

Since by hypothesis for each a € A, (a+T(b))a = 0, we have T(b)a = —a? = a. So

(a,b)? = (a® + 2T(b)a, b*) = (a* — 2a%,b) = (a,b).
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Since (a+ T'(b))T(b)a = 0, it follows that
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This shows that (a,b) is a minimal idempotent. O

4 1ideal structures of A x; B

In this section we characterize the ideal structures of A xr B.

Theorem 4.1. Let A be a commutative Banach algebra, let B be a Banach
algebra, and let T : B — A be an algebra homomorphism with | T|| < 1. Suppose
that I is an ideal of A, J is a left (right or two-sided) ideal of B, and M = I x J.
Then

M is a left (right or two-sided) ideal of A X1 B if and only if T(J)ACI.

Proof. We only prove the left-version. Let I be an ideal of A and let J be a left
ideal of B, then M is a left ideal of A x¢ B if and ouly if (a,b)(z,y) € M for
all (a,b) € Axp B, (x,y) € M. It follows that (axz + T(b)x + T(y)a,by) € M,
which is equivalent to T'(y)a € I,y € J,a € A. Equivalently, T(J)A C I. O

As an immediate consequence of Theorem 4.1 we present a result of Sangani-
Monfared [5, Proposition 2.6].
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Corollary 4.2. Let A be a unital Banach algebra and let B be a Banach algebra
such that § € A(B). Suppose that I is a left (right or two-sided) ideal of A, J
is a left (right or two-sided) ideal of B, and M =1 x J. Then M s a left (right
or two-sided) ideal of A x¢ B if and only if J C kerf or I = A.

For the converse of Theorem 4.1 suppose that M is a left (right or two-sided)
ideal of A x7 B and let,

i. I={a€ A:(a,b) € M for some b € B};
ii. J={be B:(a,b) € M for some a € A}.

In general neither 7 is a left (right or two-sided) ideal, nor the equality M = I x J

holds [5, Examples 2.8]. In this situation we can present the following result.
Proposition 4.3. Let M,I, and J be as above. Then

i. J is a left (right or two-sided) ideal of B ;

it. If T(J)A C I then I is an ideal of A.

Proof. We only prove part ii) for the left version. Let M be a left ideal of Ax1 B
and let @ € I. There exists b € B such that (@,b) € M. It follows that b € J and
for each a € A, (a,0)(a,b) € M. This implies that aa+T(b)a € I. As T(b)a € I

it follows that aa € I. Since A is commutative so I is an ideal of A. O
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