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Abstract: Chuang and Takahashi [3] recently proved three weak convergence the-
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||.
Let C' be a nonempty subset of H. An element = € C is called a fized point of
a mapping T : C — H if x = Tx. The set of all fixed points of T is denoted by
Fix(T).
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Our work is inspired by the recent work of Chuang and Takahashi [3]. They
proved three weak convergence theorems for a family of firmly nonexpansive map-
pings. Their results are interesting because their iterations are established with
generalized parameters. In the previous work of Mann [8], the parameter is taken
in [0, 1] while Chuang and Takahashi’s work allows the wider interval of parame-
ters in [0,2]. We continue the study of these works and extend the class of firmly
nonexpansive mappings to that of k-demicontractive mappings where k < 1.
Note that every firmly nonexpansive mapping with a fixed point is just (—1)-
demicontractive. Hence our work includes theorems of Chuang and Takahashi as
a special case. We also discuss the 1-demicontractive case. This class is very
interesting and beyond the scope of the work of Chuang and Takahashi. We use
two techniques in the work of Kraikaew and Saejung [7] in this situation. Some
numerical results are also presented and discussed.

2 Preliminaries

Throughout this paper, we use — and — for the strong and weak convergences,

respectively. We write x,, = x for the statement x, = x for all n > 1.

Definition 2.1. [4] Let C be a nonempty subset of H and k be a real number.
We say that a mapping T : C — H is k-pseudocontractive if | Tz — Ty||* <
llz—y||>+k||(I-T)x—(I-T)yl|]? for all x,y € C. If T is 1-pseudocontractive, then
it is simply called pseudocontractive. If T is k-pseudocontractive where k < 1,
then it is usually called strictly pseudocontractive. If T is 0-pseudocontractive,
then it is called nonexpansive. If T is (—1)-pseudocontractive, then it is called

firmly nonexpansive.

Definition 2.2. [4] Let C be a nonempty subset of H and k be a real number.
We say that a mapping T : C — H is k-demicontractive if Fix(T) # 0 and || Tx —
p||? < ||z —pl||? + k||x — Tx|]? for all p € Fix(T),x € C. If T is 0-demicontractive,
then it is called quasi-nonezpansive. If T is (—1)-demicontractive, then it is called

quasi-firmly nonexpansive.

Remark 2.3. 1. Every k-pseudocontractive mapping with a fixed point is k-
demicontractive.

2. Let C be a nonempty, closed and convex subset of H. If T : C' — H is

quasi-nonexpansive, then Fix(T) is closed and convex.
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Lemma 2.4. Let C be a nonempty subset of H. Let T : C — H be a k-
demicontractive mapping. Let S := (1 — a)I + oT where « is a nonnegative real
number and I is an identity mapping. Then for all x € C and p € Fix(T),

ISz —p|* < [lz = plI* — a(1 = k — )|l — Tz|*.
In addition, if « €]0,1 — k[, then Fix(S) = Fix(T) and S is quasi-nonexpansive.
Proof. Let © € C and p € Fix(T). We have
ISz = p|* = (1 = a)(z = p) + a(Tz — p)||*

= (1= a)llz —p|* +alTz - p|* = a(l - a)||z - Ta|?

<llz = pl* - a(l = k - a)|la - Txz|*.
If & €]0,1— k[, then Fix(T) = Fix(S) and S is quasi-nonexpansive. O

The following conditions are studied in [3].

Definition 2.5. Let C' be a nonempty subset of H. Let {T}, : C' — H}S2, be a
sequence of mappings and T be a family of mappings from C into H. Suppose
that (N, Fix(T},) # 0. We say that

1. {T,,}52, satisfies the resolvent property if there exists a nonexpansive map-
ping T': C — H and Fix(T) = (,—, Fix(7,,) and there exist ng,k > 1 such
that ||z — Tz| < k|lx — Tpz|| for all x € C and for all n > ny. In this
situation, we also say that {7,,}°2, satisfies the resolvent property with a

nonexpansive mapping T .

2. {T,,}52, satisfies the AKTT-condition if the following two conditions are
satisfied:

(a) Y02 sup || Th+12 — Thz|| < oo for each nonempty and bounded subset
z€B

B of C'. (In particular, the sequence {T,z}5  is Cauchy for all z €
C.)

(b) The mapping T : C — H given by Tz := lim,, o, T,z for all z € C
satisfies the property Fix(T) = (), Fix(T},).

In this situation, we also say that ({T},}22,,T) satisfies the AKTT-condition.

3. ({Tn}5e,, T) satisfies the NST-condition if
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(a) Fix(T) = Npey Fix(T) € N2, Fix(T,).
(b) For each bounded sequence {z,}52; C C, lim,_ o0 ||2n — Thzn| = 0
implies that lim,, o |2, — T2,]| =0 forall T € T.

Remark 2.6. 1. If {T},}22, satisfies the resolvent property with a nonexpan-
sive mapping T, then ({T},}52,,{T'}) satisfies the NST-condition.

2. If ({T,}52,,T) satisfies the AKTT-condition , then ({T,,}22,,{T}) satisfies
the NST-condition.

Proof. Let {z,}52; be a bounded sequence in C such that lim, o ||2n —

Thnzn|l = 0. Since ({T},}22,,T) satisfies the AKTT-condition, lim,, s sup{||7Tz—

Tnz|| : z € {z,}} = 0. In particular, lim, o |72y, — Ty 2n|| = 0. This im-

plies that
limsup ||z, — Tzp|| < lim ||z, — Thzn| + lim || Thz, — Tz, = 0.
n—oo n—oo n—oo
Hence lim, o ||2n — T2n|| = 0. O

Let C be a nonempty, closed and convex subset of H. Then for each x € H,
there is a unique element Z € C' such that

lz — 2| = min [l — y]].

Set Pox = Z. The mapping Pg is called the metric projection from H onto C.

Lemma 2.7. [10] Let C' be a nonempty, closed and convexr subset of H. Then,
forallz e H and y € C, y = Pox if and only if (y—x,z—y) >0 forall z€ C.

The following is the most general result amongst the three weak convergence
theorems of Chuang and Takahashi [3].

Theorem 2.8. [3] Let C' be a nonempty, closed and convex subset of H. Let
{T,, : C — C}52, be a sequence of firmly nonexpansive mappings. Let T be a
family of nonexpansive mappings of C into itself, which satisfies NST-condition.

Let {an}S2, be a sequence in ]0,2[. Let {x,}52, be a sequence in C defined by

x1 € C arbitrarily chosen,

Tnt1 = Po (1 — ap)zn + anThx,) Yo > 1.

If liminf,, o an(2 — o) > 0, then z, = T, where T € (), Fix(T},).
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We recall the following facts which are of interest and play an important role

in this paper.

Lemma 2.9 (Opial’s property). Let {z,}52, be a sequence in H such that x, —
x €H. Then

liminf ||z, — 2| < liminf ||z, — y||
n—oo n—oo
for all y € H with y # x.

Definition 2.10. Let F' be a nonempty subset of H. A sequence {z,}52, in H
is Fejér monotone with respect to F if ||xpy1 — pll < ||Jzn — p|| for all n > 1 and
peF.

Lemma 2.11. [11] Let F be a nonempty, closed and convex subset of H and
{xn}22, be a sequence in H. If {x,}52, is Fejér monotone with respect to F,

then {Prxp, o2, is convergent.

Lemma 2.12. Let {an}52 1, {bn}32,, and {c,}52, be sequences of nonnegative
real numbers such that any1 < an — ¢yby for all n > 1 and liminf,, . ¢, > 0.

Then lim,,_, - a, exists and 22021 bn, < 00. In particular, lim, .. b, = 0.

Proof. The proof of this lemma is rather simple but it is given here for the sake

of completeness. Note that a1 < a, for all n > 1. Thus lim,_, a, exists.
k
n=1

Moreover, cpb, < a, — ap+1. This yields > Cnbn < a1 —agpy1 < az. So

S22 L enbn < ag < 0o. Since liminf, . ¢, > 0, there are an integer ng > 1 and

n=1
a positive real number b such that b < ¢, for all n > ng. Thus bzzo:no b, <
> ey Cabn < 00. Then Y7 b, < oo and hence lim,, o b, = 0. O
3 Results

Definition 3.1. Let C' be a nonempty subset of H. A mapping T : C — H
satisfies the demiclosedness property if @ = Tx whenever {z,}22 is a sequence
in C' such that z, -~z € C and z,, — Tz,, — 0.

We say that a family 7 mappings from C into H satisfies the demiclosedness
property if T satisfies the demiclosedness property for all T' € T .

Lemma 3.2. Let C be a nonempty, closed and convex subset of H. Let {T, :
C — H}IS2, be a sequence of mappings. Let T be a family of mappings of C into
H satisfying the demiclosedness property. Assume that ({T,}52,,T) satisfies the
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NST-condition. Let {x,}2, be a sequence in C. If lim, oo ||xn — p|| exists for
all p € o, Fix(T,) and lim, s |25, — Tpxn|| = 0, then x, — T for some
T e, Fix(T,).

Proof. First, we show that all weak cluster points of {z,}52; belong to the set
N2, Fix(T},). To see this, let {z,,}72; be a weakly convergent subsequence of
{zn}52 ;. (Such a subsequence exists because {x,}52; is bounded.) We assume
that z,, — u for some v € C. Let T € T. Since ({T,}52,,7T) satisfies the
NST-condition, lim, e ||[2n — Tzy|| = 0 and hence limy_o0 ||2n, — Tzpn, || = 0.
Since 7 satisfies the demiclosedness property, u € Fix(7). This implies that
u € Fix(T) =N, Fix(T,).

Finally, we show that the whole sequence {x,}22; converges weakly to some
element in the set (2, Fix(7,). To see this, it suffices to prove that the set of
all weak cluster points of {z,};2; is a singleton. Suppose that {z.,;}32; and
{zp, }72, are two subsequences of {z,}52,; which converge weakly to u and v,
respectively. From the first part of the proof, we obtain that u,v € (., Fix(T},).
In particular, both limits lim, o ||€, — u|| and lim,, . ||z, — v|| exist. Suppose
that u # v. By Opial’s property, we obtain the following contradiction:

liminf ||z, —ul < lim [|zm,; —v|
J—>0o0 Jj—o0
el 1. —_
Jm |z, — o]
< lim iz, — ]
k—o0
= liminf ||2,,; — ul|.
j—00

So u=wv. Hence z,, = T for some T € (), Fix(T},), as desired. O

3.1 k-demicontractive mappings where k£ < 1

Theorem 3.3. Let C' be a nonempty, closed and convex subset of H. Let {T,, :
C — M}, be a sequence of k., -demicontractive mappings where k, < 1 for all
n>1. Let T be a family of mappings of C into H satisfying the demiclosedness
property. Assume that ({T,}52,,T) satisfies NST-condition. Let {a,}52, be a
sequence in ]0,1 — ky[. Let {z,}52, be a sequence in C defined by

x1 € C arbitrarily chosen,

Znt1 = Po (1 — ap)z, + apnTha,) Vo> 1.
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If liminf, oo 0, ((1 — k) — ) > 0, then x, = T for some T € (),—, Fix(T},).

Moreover, T = lim,—00 P> | Fix(T,,)%n -

Proof. Let p € (., Fix(T,,). Let S, := (1 — a,)I + o, T, for all n > 1. By

n=1

Lemma 2.4, we get the following statements:
|7n41 _pH2 < [|Snzy —p||2 < lzn —p||2 —an((1 = kn) — an)l|2n — TnanQ,

Fix(S,) = Fix(T,), and S, is quasi-nonexpansive for all n > 1. By Lemma 2.12
with a, = ||z, — pl|?, bp = ||Tn — Thzn|? and ¢, = a,((1 — k) — @), we get
that lim,— e ||z — p|| exists and lim,— oo || — Thzyn|| = 0. By Lemma 3.2, we
have x, — T, where T € () —, Fix(T},).

Note that {z,}32, is Fejér monotone with respect to (), Fix(7,). Since
Fix(T,) is closed and convex for all n > 1, it follows that ())—, Fix(T,) is closed
and convex. By Lemma 2.11, {Pn=_ pix(1,)%Tn}ne converges to a point ¢ in

n=1

N2, Fix(T,). It follows from Lemma 2.7 that

(#n — Pree | Fix(1n)%n, PR, Fix(1,)Tn — T) > 0.

n=1

Since z;, =T and Pn=  Fix(1,)Tn — ¢, We have

(Tn — Py Fix(T,)%n> P Fix(1)Tn — ) = (T —q,q — ) = —||T — ¢q||* > 0.
This implies that = ¢. Hence lim;, o P>  Fix(7,)%n = T O
Set k, = —1 in Theorem 3.3, we obtain the following corollary.

Corollary 3.4. Let C be a nonempty, closed and conver subset of H. Let {T,, :
C — M}, be a sequence of quasi-firmly nonexpansive mappings. Let T be a
family of mappings of C into H satisfying the demiclosedness property. Assume
that ({Tn}224,T) satisfies NST-condition. Let {a,}>2, be a sequence in ]0,2][.
Let {z,}52, be a sequence in C defined by

x1 € C arbitrarily chosen,

Tpni1 = Po (1 — ap)zn + anThx,) Yn > 1.
If iminf, o (2 — @) > 0, then z, — T for some T € (\,—, Fix(T,,) and
Z = limy, 00 P> | Fix(T,) Tn -

Remark 3.5. Our Corollary 3.4 improves Theorem 3.3 of [3] in the following

ways.
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(a) Since every firmly nonexpansive mapping with a fixed point is quasi-firmly

nonexpansive, Corollary 3.4 deals with a wider class of mappings.

(b) The family 7 in our Corollary 3.4 is more general than the family 7 of
nonexpansive mappings in Theorem 3.3 of [3]. In fact, it is known that

every nonexpansive mapping satisfies the demiclosedness property.

(¢) All mappings in Theorem 3.3 of [3] are self-mappings while in our Corollary
3.4 they are nonself.

(d) We obtain a further information about the weak limit T of the sequence

{zn}5Z. In fact, we can conclude that T = lim, o0 P> pix(7,)Tn -

n=1

From Remark 2.6 and Theorem 3.3, we obtain the following two corollaries

which improve Theorems 3.1 and 3.2 of [3], respectively.

Corollary 3.6. Let C' be a nonempty, closed and convexr subset of H. Let {T, :
C — H}2, be a sequence of k, -demicontractive mappings where k, < 1 for all
n > 1. Assume that {T,}5°, satisfies the resolvent property with a nonexpansive
mapping T. Let {a,}22, be a sequence in 0,1 — k,[. Let {x,}>2, be a sequence
in C defined by

x1 € C arbitrarily chosen,

Znt1 = Po (1 —ap)z, + anTha,) Vn> 1.

If liminf, oo (1 — k) — ay) > 0, then x, — T for some T € (-, Fix(T},)

and T = hmn_,oo szozl Fix(Tn)fEn .

Corollary 3.7. Let C' be a monempty, closed and conver subset of H. Let
{T, : C — H}SL, be a sequence of k,-demicontractive mappings where ky, < 1
for all n > 1. Assume that ({T,}32,,T) satisfies the AKTT-condition and T
satisfies the demiclosedness property. Let {a,}22, be a sequence in ]0,1 — k,][.
Let {,}72, be a sequence in C defined by

x1 € C arbitrarily chosen,

i1 = Po (1 — ap)zy + anTha,) Yo > 1.

If liminf, o0 o ((1 — k) — @) > 0, then x, — T for some T € (), Fix(T},)

and T = limy, 00 P> Fix(T,)%n -

n=1
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3.2 1-demicontractive mappings

Definition 3.8. Let C be a nonempty subset of H and let L be a positive real
number. A mapping T : C — H is L-Lipschitzian if |Tz — Ty|| < L||z — y|| for
all z,y e C.

It is known that the sequence {x,}22 ; defined in Theorem 3.3 fails to converge
even T, = T where T is 1-demicontractive and L-Lipschitzian (see [2]). We
modify the iteration in Theorem 3.3 to obtain two weak convergence theorems,
that is, Theorems 3.10 and 3.12. We now restrict ourselves from the nonself
mappings to the self ones. The first result is based on the Ishikawa iteration [5].
The following lemma is modified from [7].

Lemma 3.9. Let C be a nonempty, closed and convex subset of H. Let T : C —
C be an L-Lipschitzian and 1-demicontractive mapping. Let «, 8 € [0,1]. Define
the mappings S and U by S := (1 —a)]+oT and U := (1 - B)I + STS. Then
for all x € C and p € Fix(T),

Uz = pll* < [l = plI* + ap(L?a® + 20 = D) |z — Tx||* + (B — a) o — T'Sw||*.

In addition, if 0 < B < a <

nonexpansive.

ﬁ, then Fix(U) = Fix(T) and U is quasi-

Proof. Let © € C and p € Fix(T). Then

[Tz = pl* = [I(1 = B)(z — p) + B(T'Sz — p)||?
= (1= B)llz —pl* + BITSz — pl* = (1 = B)Bllx — TSz|*.

Since T is 1-demicontractive, | TSz —p||* < [|Sz—pl|* + Sz —TSz|?. Note that

1Sz = plI*> = ||(1 = a)(z — p) + a(Tz — p)||?

1—a)||lz—pl?+a|Tz —p|*> - (1 — a)al|z — Tz|?

1—a)llz —p|? + allz — p|? + allz — Tz|]* - (1 — a)aljz — Tz|?
= ||z —p|* + o®|la — Tz|%;
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and
|Sz — TSz||? = ||(1 — a)(x — TSz) + a(Tx — TSz)|?
= )|z — TSz||? + a|Tx — TSz||> — (1 — a)allz — Tx|?
< a)l|lz — TSz||? + aL?||z — Sz||* — (1 — a)aljz — Tz|?

(
1
1—
1 —a)||lz — TSz||? + * L[|z — Tz|* — (1 — a)a|z — Tz|?
1 —a)|lz —TSz||? + a(L*? + a — 1)||z — Tz||.

(
(
(
(

So |TSz —p|2 < ||z — p||? + a(L20? + 20 — 1) ||z — Tx||? + (1 — a)||z — TSz||%.
We get that

Uz —pll* < |lz = pl|* + aB(L?a* + 20 = 1) ||z — T||* + B(B — a) ||« — T'Sz||.

If 0< B <a< ==, then L0 + 2o — 1 < 0. This implies that Fix(T) =
Fix(U) and U is quasi-nonexpansive. O

Theorem 3.10. Let C be a nonempty, closed and convex subset of H. Let {T), :
C — C}52, be a sequence of L-Lipschitzian and 1-demicontractive mappings. Let
T be a family of mappings of C into itself satisfying the demiclosedness property.
Assume that ({Tnh}o2,,T) satisfies NST-condition. Let {an,}52, be a sequence
in ]0,1/(VLZ+141)[ and {B8,}5, be a sequence in ]0, ). Let {2,}5, be a
sequence in C defined by

x1 € C' arbitrarily chosen,
Yn = (]- - an)xn + OénTnxna
Tpy1 = (1= Bn)xn + BnTayn Yn > 1.

If liminf, o B,(1 — 20, — L?a2) > 0, then x, =T for some T € (-, Fix(T},)
and T = lim,,_soo Pnoo Fix(Ty)%n -

et
Proof. Let p € (o, Fix(T,). Let S, := (1—ay)I +a,T, and U, := (1—5,)] +
Bn TSy for all n > 1. Note that y,, = Spx, and z,41 = U,z, for all n > 1. By
Lemma 3.9, |Upz,, —p||* < ||z, — p||* + B2(L%02 + 2a, — 1) ||z, — Thzy ||* and U,
is quasi-nonexpansive and Fix(U,,) = Fix(T},). Thus

1 Zn+1 —p||2 < |lwn — p||2 + ﬁi(LQQZ + 2ap, = 1)||lzn — Tnxn”Q-

Note that L2a2 +2a, —1 < 0 for all o, € ]0,1/(VL? + 1+ 1)[. By Lemma 2.12,
we get that lim, . ||x, — p|| exists and lim,_ ||z, — Thzy|| = 0. By Lemma
3.2, we have z,, = T for some T € (", Fix(T,).
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Since Fix(U,) = Fix(T},,) and U, is quasi-nonexpansive, Fix(7T},) is closed and
convex for all n > 1. So (2, Fix(T},) is closed and convex. Note that {z,}32 is
Fejér monotone with respect to (-, Fix(7},,). The rest of the proof is essentially
the same as that of Theorem 3.3, so it is omitted. O

Next, we use the extragradient technique of Korpelevi¢ [6] for this situation.
We observe the following inequality which plays an important role in the next

theorem. Note that this result is more general than the one in [7].

Lemma 3.11. Let C' be a nonempty, closed and convex subset of H. Let T : C —
C be an L-Lipschitzian and 1-demicontractive mapping. Let o € [0,1]. Define
the mappings S and U by S := (1 —a)l +oT and U := Po(I — oS + oTS).
Then for all x € C and p € Fix(T),

Uz = pll* < [l = pl* = (1 = @1 + L)*)o? |z — Tz,

In addition, if o € ]0 [, then Fix(U) = Fix(T) and U is quasi-nonezpansive.

1
N
Proof. Let x € C and p € Fix(T).

Uz —p|* < |z — aSz + oTSz — p||* — |lz — aSz + oT Sz — Uz|?

=z —p—a(Sr—TSz)|? - |lx — Uz — a(Sz — TSx)|?
= ||z —p|* = |z — Uz|?* + 2a(p — Uz, Sz — T'Sx).

Since T is 1-demicontactive, (p — Sz, Sx — T'Sz) < 0. So

(p—Uzx,Sx —TSx) = (Sx — Ux, Sz — TSxz) + (p — Sz, Sx — T'Sx)
< (Sx—Ux,Sx — TSx).

Note that ||z — Uz||? = ||z — Sz||* + 2(z — Sz, Sz — Ux) + ||Sz — Uz||*. Then

Uz —p|? < ||z — p||* = ||z — Sz||*> — 2(x — Sz, Sz — Ux) — ||Sz — Uzl
+2a(Sx — Uz, Sx — T'Sx)
= ||z —p||? — ||z — Sz||*> — || Sz — Uz
+2(Sz — Uz, a(Sx — TSx) — (x — Sx)).
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We consider

2(Sx — Ux,a(Sx — TSx) — (x — Sx))
=2a(Sx —Ux,Sx — TSz — (x — Tx))

< 20a||Sz — Uzx||||Sx — TSz — (z — Tx)||
< 20||8x — Uz| (| — Sz + | Tz — TSa])
<2a(l+ L)||Sz — Uz||||z — Sz

< ||Sz — Uz|?* 4+ o*(1 4 L)?||z — Sz||*.

We have that
Uz —p|* < |z —pl* = (1 = ®(1 + L)?)||z — Sz
= |l —plI> = (1 = o*(1 + L)*)a?(|z — Tz|*. (1)

If « €]0,1/(1+ L)[, then 1 —a?(1+ L)? > 0. From (1) , we get that Fix(T) =
Fix(U) and U is quasi-nonexpansive. O

Theorem 3.12. Let C be a nonempty, closed and convex subset of H. Let {T) :
C — C}52, be a sequence of L-Lipschitzian and 1-demicontractive mappings. Let
T be a family of mappings of C into itself satisfying the demiclosedness property.
Assume that ({T,,}22,,T) satisfies NST-condition. Let {a,}52, be a sequence in
10,1/(1 + L)[. Let {z,}32, be a sequence in C defined by

x1 € C arbitrarily chosen,

Yn = (1 - an)xn + an,Tn:Cn7

Tn41 = PC(xn — QnYn + anTnyn) vn > 1.
If liminf,, oo (1 — (1 + L))oy, > 0, then x, = T for some T € (), —, Fix(T},)
and T = llmn*)oo Pﬂ;’ozl FiX(Tn)mn .
Proof. Let p € N,—, Fix(T,,). Let S, := (1 — a,) + o, Ty, and U, := Po(I —
an)Sp + a1, Sy, for all n > 1. Note that y, = Spz, and x,411 = Uyz, for all
n > 1. By Lemma 3.11, we get that ||Upz, — p||> < ||z —pl? — (1 —2(1 +

L)*)a2 ||z, — Thz,||? and U, is quasi-nonexpansive and Fix(U,,) = Fix(T},). Thus
lns1 = plI* < [l = pII* = (1 = ol (1 + L)) oqllzn — Town ™.

By Lemma 2.12, we get that lim,, o ||z, —p]|| exists and lim,_, o ||2n—Thzn| = 0.

By Lemma 3.2, we have z,, — T for some z € (), Fix(T},).
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Since Fix(U,) = Fix(T},,) and U, is quasi-nonexpansive, Fix(7T},) is closed and
convex for all n > 1. So (2, Fix(T},) is closed and convex. Note that {z,}32 is
Fejér monotone with respect to (-, Fix(7},,). The rest of the proof is essentially

the same as that of Theorem 3.3, so it is omitted. O

4 Numerical Results

Finally, we show some numerical results for Theorems 3.10 and 3.12. The following
example is taken from [2]. Let H be the two-dimensional Euclidean space R?. If
r = (a,b) € H, define 1 € H to be (b,—a). Let K := K; U Ky where

Ky ={zeH:|z]| <1/2}and Ko :={x € H:1/2 < ||z| < 1}.
Define T': K — K by

T x+zt if x € Ky,
xTr =
ﬁ—x—i—aﬁ if z € Ks.

Then K is a closed and convex subset of H. Moreover, T is 5-Lipschitzian and
1-demicontractive mapping with Fix(T") = {(0,0)}. For computational purposes,

it is of interest to know

(a) how the convergence behaviour of {x,,}22 ; depends on the choice of {a, }
in Theorems 3.10 and 3.12;

(b) which of the iterations in Theorems 3.10 and 3.12 is more efficient.

To illustrate (a), we discuss Theorem 3.10 with z; = (1,0) and «a, = 8, =
«. To guarantee the convergence of {z,}52,, we are allowed to choose a €
]O, 1/(v/26 +1) [ Figures 1 and 2 show that the larger choice «, the closer the
term z,, is to the fixed point (0,0). For Theorem 3.12, we set ;1 = (1,0) and
a, =a€10,1/6[.

To illustrate (b), let 1 = 2} = (0.1,0) and let {x,}52, and {z],}°2, be
defined by the iterations in Theorem 3.10 with «,, = £, = « and Theorem 3.12
with o, = a, respectively. Note that ]0,1/(v/26 4+ 1)[ € ]0,1/6[. Figure 3 shows
that in this situation the iteration in Theorem 3.12 is more efficient than the one
in Theorem 3.10.
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Table 1: The value of ||z, —(0,0)|| where z,, is defined by the iteration in Theorem

3.10
an = B =«
0.004 0.007 0.080 0.160 0.163

1 1 1 1 1 1

2 9.96e—1 9.93e—1 9.23e—1 8.49e—1 8.46e—1
50 8.38e—1 7.5le—1 4.67e—1 3.6le—1 3.57e—1
100 7.26e—1 6.24e—1 4.09e—1 2.4le—1 2.36e—1
500 5.09e—1 5.00e—1 1.42e—1 9.37e—3 8.46e—3

I
- ~

o
®

Value of ||xn-(0,0)]|

o
o

Figure 1: The behaviour of ||z, —

{an}ny

Iteration number

(0,0)|| in Theorem 3.10 and the choice of

Table 2: The value of ||x, —(0,0)|| where z,, is defined by the iteration in Theorem

3.12
an =
0.004 0.010 0.080 0.160 0.166

1 1 1 1 1 1

2 9.96e—1 9.90e—1 9.29e—1 8.70e—1 8.66e—1
50 8.38e—1 6.88e—1 4.62e—1 3.0de—1 2.91e—1
100 7.27e—1 5.69e—1 3.94e—1 1.62e—1 1.47e—1
500 5.09e—1 5.00e—1 1.10e—1 1.03e—3 6.45e—4
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————— 0=0004
— - a=0010
— —a=0.080

......... @=0.160

Value of [|xn-(0,0)]|

0=0.166

Iteration number

Figure 2: The behaviour of |z, — (0,0)|| in Theorem 3.12 and the choice of

{an}%ozl

Table 3: The values of ||z, — (0,0)| and ||z, — (0,0)]|
oy, = By = o (Theorem 3.10)  «,, = a (Theorem 3.12)

0.160 0.163 0.160 0.166

1 le—1 le—1 le—1 le—1
2 9.92e—2 9.92e—2 9.87e—2 9.87e—2
50  6.72e—2 6.65e—2 5.3%9e—2 5.14e—2
100 4.48e—2 4.39e—2 2.86e—2 2.61e—2
500 1.74e—3 1.58e—3 1.83e—4 1.14e—4

==== a=0.160 in the Ishikawa iteration
—— a=0.163 in the Ishikawa iteration
------- @=0.160 in the extragradient method

— —a=0.166 in the extragradient method

Value of ||xn-(0,0)|| and ||x'n-(0,0)||

Iteration number

Figure 3: Comparative values of ||z, — (0,0)|| and |2}, — (0, 0)]]
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