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Abstract: This paper proposes to study the effect of the insert design on behavior

of granular flow during silo discharge. The mathematical model based on the

principle of linear momentum and angular momentum for the motion of granular

during silo discharge is presented. Discrete Element Method is applied to obtain

the solution of the model. The silo with an inverted cone insert is used in this

study. The impact of three different vertex angles of the insert including 30◦, 60◦

and 90◦ and four locations of the insert on flow pattern, velocity and wall pressure

of granular flow during discharging process are investigated. The results show that

the mathematical model can capture the granular behavior in the silo. The vertex

angles and positions of the insert have significant effects on the flow pattern, the

velocity field and wall pressure in the silo.
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1 Introduction

A silo is a bulk storage container for the transport of industrial goods such as

sand, soybean, nuts, rice, coffee, cornflakes, powders etc. There are many types of

silo such as bin, hopper and tank used in industries for different purposes serving

different types of industries. Capacity of the silo can vary from less than 1 tons

to 100,000 tons, so the silo design must be considered to meet the requirement of

structural safety and well-functioning. Understanding of granular behavior, wall

pressure and other factors affecting the flow in a bin storage during discharge

process is essential.

Over a last century, the granular behavior in the silo has been extensively

studied. There are two different ways of study including experimental model and

numerical model. The first study was done by Roberts in 1882 (see [15]). He

calculated pressure distribution in a rectangular silo using a mathematical expres-

sion. Janssen (see [9]) and Reimbert (see[14]) proposed a mathematical formulae

to calculate pressure inside the silo. However, the simplistic research procedures

cannot be used to correctly describe behavior of the granular in the silo because

there are many factors such as properties of granular material, silo geometry, dis-

placing insert and surface friction of the silo wall. During the discharging process,

when the outlet is opened, fine particles start to flow under gravity from silo. To

describe this complex situations, numerical techniques have been developed for

investigation of granular behavior and pressure in the silo. Two numerical tech-

niques including Finite Element Method (FEM) and Discrete Element Method

(DEM) have been employed to cope with a variety of issues during the discharge

process. In FEM, the granular material is assumed as a continuum. The math-

ematical models of granular flow based on FEM give approximate solutions for

prediction of complex phenomena such as pressure distribution in the bin storage,

pressure on the wall and flow pattern (see [6], [18] and [20]). However, this method

neglects the discontinuity of granular mass and cannot simulate some conditions

such as the collision of particles. Another method for simulating of movement of

particulate particles is the DEM (see [5]). The method allows managing variables

controlling the behavior of granular materials.

Recently, many researches have used the DEM to describe the pressure dis-

tribution (see [3] and [7]), the flow pattern (see [4] and [8]), the flow rate (see

[1] and [12]), the segregation and the arching problem (see [11] and [13]) during

the discharge process. It is noted that there are two main flow patterns including
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the funnel-shaped flow and the bulk flow occurred during silo discharge. In the

funnel-flow situation, granular material in the middle part of the silo and above

orifice flows out from the silo but the material along the wall remains stationary.

In other situations, all material is in motion. The flow patterns depend on the

properties of granular material and the silo construction. Generally, an insert is

placed in the silo for improving the flow pattern, eliminating stagnant zone (see

[2] and [17]) and decreasing flow pressure (see [16] and [19]) and discharge rates

(see [10] and [19])).

In this paper, a Discrete Finite Element Model is proposed to investigate effects

of vertex angle and the position of an inverted-cone-shaped insert on the granular

behaviors. The mathematical model of particulate flow is presented in section

2. By Numerical solutions including flow pattern, velocity field, and pressure are

presented in section 3. Finally, the conclusion is given in section 4.

2 Mathematical Model

The mathematical model based on the principle of linear momentum and angular

momentums is established to compute the velocities and positions of all particles.

When force and moment act on the particle i , translational/rotational motion

may occur. The governing equations describing movement of the particle i are

given as follows:

mir̈i(t) = mig+ Fi(t), (1)

Iiθ̈i(t) = Mi(t), (2)

where mi and Ii denote the mass and the moment of inertia of the particle i , g

is gravititional force and ri(t), θi(t) represent vectors of the position and angular

rotation at the centre of the particle i , respectively. Fi(t) and Mi(t) are the

total force and torque acting on the particle i at time t , respectively.

The equation describing the total force is defined by

Fi(t) =

Np∑
j=1, j ̸=i

Fi,j +

Nw∑
k=1

Fi,wk
, (3)

where Np and Nw are respectively the number of contact particles and walls
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acting on the particle i . Fi,j and Fi,wk
are determined by

Fi,j(t) = Fijn(t)n+ Fijs(t)s, (4)

Fi,w(t) = Fiwn(t)n+ Fiws(t)s, (5)

where Fijn is the normal force and Fijs is the shearing force acting on the parti-

cle, Fiwn and Fiws are the forces in the normal and tangential directions of the

wall contact plane, repectively. n and s are the unit vectors in the normal and

tangential directions of the contact plane.

For the total torque, we denote

Mi(t) =

Np∑
j=1, j ̸=i

ri × Fi,j +

Nw∑
k=1

ri × Fi,wk
. (6)

Let vi(t) = ṙi(t) and ωi(t) = θ̇i(t) for i = 1, 2, 3, ..., Np .

Then, we obtain a system of first order ordinary differential equations

ṙi(t) = vi(t),

θ̇i(t) = ωi(t),

v̇i(t) = g+Fi(t)
mi

,

ω̇i(t) = Mi(t)
Ii

.

(7)

The above system is extended to describe the movement of all particles, and

becomes

ψ̇(t) = ϕ(t), (8)

ϕ̇(t) = F (t), (9)

where ψ(t), ϕ(t) and F (t) are vectors defined as

ψ(t) = [r1(t) θ1(t) ... rNp(t) θNp(t)]
T ,

ϕ(t) = [v1(t) ω1(t) ... vNp(t) ωNp(t)]
T ,

F (t) = [g+F1(t)
m1

M1(t)
I1

g+FNp (t)

mNp

MNp (t)

INp
]T .

(10)

To find the numerical solution, the central difference scheme is applied to equa-

tions (8) and (9). Over the time interval ∆t = [tN− 1
2
, tN+ 1

2
] , equation (9) yields

ϕN+ 1
2 − ϕN− 1

2

∆t
= FN . (11)

Thus,

ϕN+ 1
2 = ϕN− 1

2 + FN∆t. (12)
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Over the time interval ∆t = [tN , tN+1] , further application of the central

difference scheme to equation (8) at time tN+ 1
2
gives,

ψN+1 −ψN

∆t
= ϕN+ 1

2 , (13)

or

ψN+1 = ψN + ϕN+ 1
2∆t. (14)

By substituting equation (12) into equation (14), one can obtain new transla-

tional and rotational displacements at time t = N + 1 as follows

ψN+1 = ψN + ϕN− 1
2 ·∆t+ FN · (∆t)2. (15)

The new translational and rotational velocities, vi(t) and ωi(t), at t = N +1

are determined by
d

dt
(ψN+1) = ϕN+1. (16)

3 Numerical Results

In previous section, we present the mathematical model based on the Discrete

Element formultion. The model allows to analyse the effect of the vertex angles

and the positions of an inverted-cone-shaped insert. In our simulation, the silo is

made of steel-sheet with 30◦ of hopper angles (α). The height and width of the

silo are 0.7m and 0.4m , respectively. The outlet width is 0.08m . To investigate

the pressure along the bottom wall, pressure distribution on the hopper bottom

is recorded at 10 positions at s1 to s10 as shown in Figure 1(b). Figure 1(a) and

1(c) show the geometry of the silo with an inverted-cone-shaped insert and the

four locations of the insert above the orifice, respectively.

For the study of the effect of the insert geometry, we consider the vertex angle

and the position of the insert. The inverted-cone-shaped insert is placed at 0.06m

above the orifice. The vertex angles (θ ) of the insert are 30◦, 60◦ and 90◦ and the

length of insert base (r ) is 0.04m . To investigate the effect of insert position, the

insert with 60◦ of the vertex angle is placed at four levels including levels A, B, C

and D which are 0.04m, 0.06m, 0.08m and 0.1m above the orifice, repectively.

At the point A, the insert body is in the hopper region. At points B and C, the

insert is placed in the transition region between the hopper and the bin. At the

point D, the whole insert is located in the bin regime. The number of particles
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(a) (b) (c)

Figure 1: Geometry of silo: (a) a cylinder-hopper silo with an inverted-cone-shaped

insert, (b) wall segments of the silo bottom and (c) the insert positions at A, B,

C and D.

in the simulation is totally 4, 000 particles. The particles are spherical shape

with two different diameters including 0.006m and 0.0075m . The parameter

values for calculation of the velocity field and pressure field are presented in Table

1 and the properties of the granular solids including normal contact stiffness,

normal damping constant, tangential contact stiffness and frictional coefficient are

presented in Table 2 .

3.1 The Effect of vertex angles of an inverted-coned-shaped

insert in the silo

In this section, the effect of vertex angle on flow behavior is investigated. The

computed flow patterns, velocity fields, and wall pressure distributions are pre-

sented in Figures 2, 3, 4, 5, 6, 7, 8 and 9. To investigate the flow pattern during

silo discharge, all particles in the silo are allowed to flow through the outlet under

gravity at t ≥ 0 s . To analyze the flow pattern of the granular material in the

silo during discharge process, we introduce two different colors highlighted to the

granular material as shown in Figure 2(a).

The deformation of the interface and velocity field of granular flow in the silo

with three insert-vertex angles of 30◦, 60◦ and 90◦ as shown in Figures 2, 3 and
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Table 1: Parameter values used in the simulation

Parameters Value

Number of particles 4, 000

Particle diameter 0.006m and 0.0075m

Particle density, ρ 1, 033 kg/m3

Silo height, h 0.7m

Silo weight, w 0.4m

Outlet width, d 0.08m

Vertex angle of inverted cone insert, θ 30◦, 60◦ and 90◦

Simulation time step, ∆t 5.2711× 10−6s

Table 2: Properties of particle

Properties Particle-particle Particle-wall

Normal contact stiffness, kn 2.8322× 104N/m 5.6645× 104N/m

Normal damping constant, ηn 1.3048× 102N/m 1.3962× 102N/m

Tangential contact stiffness, ks 2.5740× 104N/m 4.5314× 104N/m

Frictional coefficient, µ 0.33 0.35
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4, respectively. The results indicate that the interfaces of the granular flow are

V-shape and the outflow rates of granular obtained from the models with θ = 30◦ ,

θ = 60◦ and θ = 90◦ of the vertex angle are not different.

The velocity field of granular solids in the silos are illustrated in Figure 5. The

normal pressure acting along 10 segments of the hopper wall and average normal

pressure are presented in Figures 6, 7, 8 and 9. The results show that the silo

with θ = 90◦ of the insert gives the smallest low-speed zone while the one with

θ = 30◦ of the insert gives the largest low-speed zone . For pressure distribution,

the maximum can be found on hopper wall next to the bin wall (section 10).

The lowest and highest average normal pressure appear in silo with θ = 90◦ and

θ = 60◦ of the insert, respectively.

(a) t = 0 s (b) t = 25 s (c) t = 50 s (d) t = 75 s

Figure 2: Flow pattern of granular material in the silo with 30◦ of vertex angle of

the insert at different times.
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(a) t = 0 s (b) t = 25 s (c) t = 50 s (d) t = 75 s

Figure 3: Flow pattern of granular material in the silo with 60◦ of vertex angle of

the insert at different times.

(a) t = 0 s (b) t = 25 s (c) t = 50 s (d) t = 75 s

Figure 4: Flow pattern of granular material in the silo with 90◦ of vertex angle of

the insert at different times.

Figure 5: Velocity field of granular material in the silo with three different vertex

angles (θ) of the insert at t = 40 s : (a) θ = 30◦ , (b) θ = 60◦ and (c) θ = 90◦ .
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Figure 6: Normal wall pressure of granular material in the silo with θ = 30◦ of

vertex angles of the insert during the first 80 s of discharge process.

Figure 7: Normal wall pressure of granular material in the silo with θ = 60◦ of

vertex angles of the insert during the first 80 s of discharge process.



28 Chamchuri J. Math. 8(2016): W. Chuayjan, S. Thongnak and B. Wiwatanapataphee

Figure 8: Normal wall pressure of granular material in the silo with θ = 90◦ of

vertex angles of the insert during the first 80 s of discharge process.

Figure 9: Avearge normal wall pressure along the hopper wall of the silo with

θ = 30◦, θ = 60◦ and θ = 90◦ of vertex angle of the insert during the first 80 s of

discharge process.

3.2 The Effect of position of an inverted-cone-shaped insert

in the silo

In this section, the effect of position of the inverted-cone-shaped insert is inves-

tigated. Four different computational domains of silo have been used to analyze

the flow pattern, the velocity profile, and the pressure distribution. The computed

flow pattern and the velocity field are presented in Figures 10 and 11, respectively.

The results show that the movement interfaces of particles in those four silos are
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V-shape. The silo with the insert located at level D gives the smallest low-speed

zone, but the largest low-speed zone appears in one with the insert located at level

A.

(a) (b) (c) (d)

Figure 10: Discharge pattern at t = 35 s obtained from the silo with an inverted

cone insert placing at 4 different locations above the orifice: (a) level A (0.04m),

(b) level B (0.06m), (c) level C (0.08m) and (d) level D (0.10m).

Figure 11: Velocity field of granular materials at t = 35 s obtained from the

silo with an inverted cone insert placing at 4 different locations above the orifice:

(a) level A (0.04m), (b) level B (0.06m), (c) level C (0.08m) and (d) level D

(0.10m).

The computed average normal pressures are presented in Figure 12. The result

shows that the average normal wall pressure in those four silos with different

positions of the insert seem to be linear increasing. The highest average normal

wall pressure appears in the silo with the insert located at the level A, while the
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lowest wall pressure occurs in the one with the insert located at the level D.

Figure 12: Avearge normal wall pressure along the hopper wall (from point M to

N in Figure 1) during the first 80 s of discharge process.

4 Conclusion

This paper presents the mathematical model and numerical simulation based on

Discrete Element Method to capture the dynamic behavior of granular material

inside the silo. The simulation allows to study the effect of different vertex angles

and positions of the inverted-cone-shaped insert installed in silo. When the insert

is placed in the silo, the flow patterns seem to be mass flow because all particles

are in motion. There is no aching occurred in the simulation. For studying the

effect of vertex angle of the insert, we found that the average normal pressure in

the silo with θ = 90◦ of the insert is lowest, but the pressure in the silo with

θ = 60◦ of insert is highest. For the study of the effect of position of insert in silo,

it is found that the highest pressure appears when the insert is located at level A,

while the lowest pressure occurs when the insert is located at the level D.
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