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Abstract: Let Xy be a non-constant random variable with finite variance. Given
an integer k > 2, define a sequence {X,} ~, of approximately linear recursions
with small perturbations {A,},2, by

k
Xny1 = Zame + A, foralln>0
i=1
where X, 1,..., X, are independent copies of the X,, and an1,...,an are
real numbers. In 2004, Goldstein obtained bounds on the Wasserstein distance
between the standard normal distribution and the law of X,, which is in the form
C~™ for some constants C' >0 and 0 <y < 1.

In this article, we extend the results to the case of two effects by studying a
linear model Z,, = X,,+Y,, for all n > 0, where {Y,,} _, is a sequence of approx-
imately linear recursions with an initial random variable Y, and perturbations
{An}, 2, Le., for some £ > 2,

‘
Vi1 =Y bnjYu;+ A, foralln>0
j=1
where Y,, and Y, 1,...,Y, ¢ are independent and identically distributed random
variables and by, 1,...,b, ¢ are real numbers. Applying the zero bias transforma-

tion in the Stein’s equation, we also obtain the bound for Z,. Adding further
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conditions that the two models (X,,A,) and (Y,,A,) are independent and that
the difference between variance of X,, and Y,, is smaller than the sum of variances

of their perturbation parts, our result is the same as previous work.
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1 Introduction and Main Theorem

Let Z be a standard normally distributed random variable and Xy a non-constant
random variable with finite variance. For a positive integer k > 2, we consider a se-
quence {X,,}°°; of approximately linear recursions with perturbations {A,}22 ,,
k
Xnt1 = Zan,anﬂ‘ + A, foralln>0
i=1
where the X, and X, 1,...,X,  are independent and identically distributed
random variables and ay 1,...,an ; are real numbers. For all integers n > 0, we
introduce some notation for the model (X, a,,A,),

2 = 2 . |an,il®
n,t
)‘a,n = Zan,iv Pa,n = Z 3
=1 1=1 a,n

, Var(X,) = a%n

and
%, = X, — EXn.
OX,n

Arising originally from statistical physics, the approximately linear recursions
are special type of hierarchical strucutres and often applied to the conductivity of
random mediums. A natural way in the classical probability theory is to study
limit theorems for the distributions of these models. A strong law of large numbers
for the hierarchical structure was obtained by [6, 4, 3]. The central limit theorem
for recursions was first introduced by [7] and the bounds to normal approxima-
tion based on the Wasserstein distance were obtained by [2]. The following two

conditions were used in the last work.

Condition 1.1. For each i = 1,...,k, the sequence {a,,;}5>, converges to some

real number a; satisfying that at least two of the a;’s are nonzero. Set \2 =
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Zk a?. There exist 0 < dx,2 < da,2 < 1 and positive constants Cx 2, Ca 2

i=1"1

such that for all n >0,
Var (X,,) > C% 222" (1 — 6x.2)",
Var (An) < CR A2 (1—6a2)"".

Condition 1.2. With 6x 2, da2 and A, as in the Condition 1.1, there exists
0x,4 >0 and da,4 > 0 such that

(1*5A2)(1+5X_4)3 (15A4)2
_ ) ) <1 d = —== <1
DxX.A2 (1- 5X72)4 and ¢x A4 1 oxz

and positive constants Cx 4, Ca 4 such that
E (X, — EXn)4 < C§(,4)\§n 1+ 5X,4)4n )
E (A, — EA) < CA N (1—6a0)"".
Recall that the Wasserstien distance or L!-distance between two laws F and

G is given by
IF=Gll = [ 10 -G at

— 00
For any random variable X, the law or cumulative distribution function of X is
denoted by L(X).

Theorem 1.3. [2] Under Conditions 1.1 and 1.2, there exist constants C' > 0
and v € (0,1) such that

H.c()?n) . c(Z)H1 < oy,

In this article, we extend the bounds to the case of two effects. Let {Z,}52,
be a sequence of linear model with two effects given by

Zn=X,+Y, foralln>0

where Yj is a non-degenerated random and for some integer ¢ > 2,

¢
Yoy = Z bn,jYn; +A, foralln>0
j=1
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where b, 1,...,b, ¢ are real numbers, Y, 1,...,Y, , are independent copy of the
Y, and A, is a small perturbation. Note that the perturbations A, and A,
always depend on X,, and Y,,, respectively. From now on, we assume that random
variables from two models of recursions (X,,A,) and (Y,,A,) are independent

for all n > 0, and denote

k 14
2 _ § : 2 § 2 _ 2 2 _ 2
)‘n - a’n,i + bn,jv Var (ZTL) - UXJL + GY,n =0n
j=1

i=1

and
~ Z,— EZ,
Ty = ———.

On

The bound for linear recursions with two effects is derived by adding further as-
sumption that the difference between variances of two models (X,,, A,,), (Ya, Ayn),

is smaller than variances of perturbations, the following is our main theorem.

Theorem 1.4. With constants dx,2, 0x,4, 0a2 and dyz2, d0ya, da2 as in Con-
dition 1.1 and 1.2 for the models (X,,A,) and (Yn,A,), suppose that

(1—6a2)(1406x.4)
(1—90yz2)(1— 5X,2)3

(1—=6a2)(1+6y4)’

<1
(1—-90x2)(1— 5Y,2)3

<1l and Yy xa=

Yx,yA =

and that

< Var (A,) + Var (Ay,)
max{\Z A7}

a,n’

|Var (X,,) — Var (Y,,)]

then there exist constants C' >0 and v € (0,1) such that

HK(ZL) - E(Z)H < oy,

1

2 Auxiliary Results

Before proving the main theorem, we present some results for the models (X, A,,)
and (Y, A,). For all n >0, let

We begin with the bounds of rx, and ry,,.
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Lemma 2.1. With constants 6x 2, a2 and dyz2, 0p2 as in Condition 1.1 for
the models (X, A,) and (Yn,Ay), and suppose that

Var (A,,) + Var (A,,)
B <
[Var (X,,) — Var (Y,,)| < max{\2 )‘i,n} ’

a,n’

then for an integer p > 1, there exists a positive constant C,, such that
1—6a2\" 1—8x2\"
(RS ey ’ ,
‘TX’" - ’p{<1—5x,2> i (1—51/,2
1—0a2\" 1—8x2\"
P 1‘ <c, ’ 2)
’ry’" B ’p{(1—5x,2) " <1—5Y72

Proof. Following the argument of [7, Lemma 6], we consider the variances of linear

and

model of recursions

Var (Zn+1)
= )\i’n\/ar (Xn) + )\%’nVar (V) + Var (A,,) + Var (A,)
= ,\ia;n + )\in {Var (Y,,) — Var (X,,)} + Var (A,,) + Var (A,,) ,

2
Un+1

The triangle inequality yields

On+1 < Ipoxn+ \/)\122,77, |Var (Y;,) — Var (X,,)| + v/Var (A,,) + Var (A,,)
AnOxm +2¢/Var (A,) + Var (A,,).

IN

Also, we note that

A2 n0Xm ori1 — Ao {Var (Y,,) — Var (X,,)} — Var (A,,) — Var (A,,)
Usz + )\z’n |Var (Y,,) — Var (X,,)| + Var (A,,) + Var (A,,),

IA

which implies that

)\nO'Xm, < On+1 + \/)\12)’” |Var (Yn) — Var (Xn)| —+ \/V&I‘ (An) + Var (An)
MO x.m +2v/Var (A,,) + Var (A,,).

N



Bounds to the Normal Approximation for Linear Recursions with Two Effects 39

Then there exists a constant C,.; such that

|>\nUX,n - Un+1|

I7xn — 1
On+1
< 2y/Var (A,,) + Var (A,,)
a On+1
<
QCAQ 1—§A2 20&2 1—5/\72)”
< T T n+1
Cx Mg (1 —6x 2) Cy2Mp (1 = dy2)
< O, 1—-da2 1—8x2\" .
- 1-— (5)( 2 1—- 5Y,2

Now, since

1) =|(r—1+1)" i()

and the assumption that 0 < dx 2 < da2 <1 and 0 < dy,2 < dp2 < 1, there are

constants C,, such that

1—6a2\" 1—8x2\"
P _ < ; 5
"Xin 1’_Cr’p{<1—5x,2> +(1—51/,2) }

and similarly, we can see that

1—6a2\" 1—6x2\"
.1 < ’ )
to-t=en{(5522) + (1=52) |

forall p=1,2,3,.... O

For all n >0, let
Un = UX,n + UY,n

where

k

)4
Qn,i Xn1 - Ean bn j Yn i — E}/n j
Uson = 3 5 (PR ) U =325 (B2 ).

i=1 n j=1 THom

Next, we follow the proof of [1, Lemma 4.1] to prepare an inequality for the

Wasserstein distance between laws of U,, and its zero bias transformation.



40 Chamchuri J. Math. 8(2016): M. Tuntapthai

Lemma 2.2. For all integers n > 1 and the zero bias transformation U}, )?T*L,

17; of the U, )?n, 17”, respectively, we have

1£U) = LW, < [[£0%0) - £E)| + | £Fa) - £F)

n

‘1'

Proof. Set m =k + (. Let

(Xni — EXyi) Joxm fori=1,...,k

& =
(Yn,i—k_EYn,i—k) /UY,n fori=k+1,...,m

and

i fori=1,....k
Qp g =

bpi—r fori=k4+1,...,m.

Note that U, 41 is a sum of independent random variables and can be written

as
m

Uny1 = Z O;\n’i&‘-

=1 "

Let I be a random index independent of all other variables and satisfying that

PI—'—ai’i for i =
(_Z)_AT Orz—l,...,m.

By the result of [1, Lemma 2.8], the random variable

Qn, 1

Upi1 = Unt1 — 3 (&1 —¢&1)

has the U, ;1 -zero biased distribution. By taking the dual form of the L!-distance

discussed in [5], we can see that
|£Wns1) = LW, = nf BIX = Y| < B|Upis - U]

where the infimum is taken over all coupling of X and Y having the joint distri-
bution with £(U,+1) and its zero bias distribution.

Let Vi,...,V,, be independent uniformly distributed random variables on
[0,1]. For ¢ = 1,...,m, let & be the zero bias transformation of &;. Let F¢
and Fg- be the distribution functions of £ and £*, respectively. Set

(&,¢&0) = (Fal(Vé),FEEl(V})) foralli=1,...,m.
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By the results of [5], we obtain that

Hz(f(n) — LX) fori=1,.k

e - @),

Elg =& =
fori=k+1,...,m

Now, we obtain

[£(Uns1) = LU
< E ’Un+1 - U:;Jrl‘

. Ei“;:"'mi—fm(l:i)
= Z‘a’” Elg - €|
nz|
- 3 ok -

3
>‘a,n Pa,n

X
e - ez

n

Z Boall | e5,) - 207;)

3
)‘b,n Pb,n
3
>\n

|| - e,

L(X,) — L(X)) L(Y,) — L(Y;))

n

1

+
1

IN

3 Proof of Main Theorem

Proof of Theorem 1.4. By the results of [1, Theorem 4.1], we can calculate the

bound on L!-distance by using the zero bias transformation as follows

Hc(Zn)_c(Z)H < 2HL(ZL)—£(2;§) (3.1)

1 1

Moreover, we can use equivalent forms of the L'-distance found in [5] and given
by

= sup |Eh(Z,) — EW(Z})

1 heLip

|ez) - ez

= sw |Bf"(Z,) - Ef(Z})
fEFac

where Lip = {h: R = R: |h(x) — h(y)| < |z —y| for all z,y € R}
and Fqc = {f: R — R: f is absolutely continuous, f(0) = f'(0) =0, f' € Lip}.
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Now, we present some facts about the Stein’s method for normal approxima-
tion. For each f € F, define h: R — R by

h(w) = f'(w) = wf(w).

By the characterization of normal distribution, Eh(Z) = 0. Also, we observe that
w?
W)l = |f"(w) - wf'(w) - fw)] < 1+u+

and hence

[h(w) — h(u)] =

w 1
/ h/(t)dt‘ <|w—u|+ 3 |w® —u?|.
From the definition of zero bias transformation and that Var ( n+1) =1, we have
|Bf (Zos) — BF (23|

= ‘Ef’(ZnH) - EZn-‘rlf(ZTH-l)’

= ‘Eh(ZnJrl)‘
< |BW(Zu11) = BRUns1)| + | BL(Uns)|
~ 1
< B |Zawi —Unn| + 5B| 2240 — Ui | +1Bh(Uns)|
= Bu+|Ef (Unt1) = Ef (Uny)]
< Bt [[£Uns1) = LUz,
< Bt | £En) - £ + || - @) (3:2)
where we apply Lemma 2.2 in the last inequality and denote for all n > 0,
By = E|Zp1 — Un+1’ n 2E 3. -UB, ‘ (3.3)

By (3.1) and taking the supremum of (3.2) over f € Fqc, we obtain
|eu) - 2@, < 2|eun) -2,

28, + 2 H,/:(f(n) —L(XF)

IN

A

2 Hz:(?n) LY

E
Applying the Condition 1.1 and 1.2 for the models (X,,A,) and (Y,,A,) in
Theorem 1.3, there exist positive constants Cx oA, Cypa and vx.a € (0,1),
vv.p,a € (0,1) such that for all n >0,

n

&) - £(X2)

1 < CX,a,A (’YX,a,A)n
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and

| -2

‘1 < Cypa (Yyvp0)"

We remain to show that 3, < Csvj for some Cs > 0 and 75 € (0, 1) and the proof
is completed by choosing C' = C'x 4, A+Cy,p.a+Cps and v = max {yx a,A, Yv.b,A, Y5} -

Recalling the definition of rx,, 7y, and Ux,, Uy, in Lemma 2.1 and 2.2,

respectively, the linear model of recursions can be written as

~ Ini1— EZ,
i1 = %
_ XnJrl - EXnJrl + Yn+1 - EYnJrl
Un+1 On41
n P Ean A'rL - EAn
_ o ¥, (Fni B}
In+1 |52 OX,n OX,n
n — EY, ; A, — EA,
UY Zb i < ,J) +
Jn+1 Jy.n gy,n

= 7ﬂX,nUX,nqtl + rY,nUY,n+1 + Fn

where I'y, =T'x An + Ty an,

A, — EA A, — EA
FX,A,n _ OX,n ( n n) and FY,A,n _ gy,n < n n)

On+1 JX,n On+1 UY,n

Using Conditions 1.1 and 1.2 for the models (X,,A,) and (Y, A,), the result of
[7, Lemma 6] gives that the limits

. OX.n OYy,n
lim and lim ———
n—00 A(1,0 cee /\a,n—l n—00 )\b 0- Ab,n—l
exist in (0, 1), so we have
. OX.n+l . Oyn+l
lim =t — A and lim —ontl Ap-
n—=o0 Oxn n—oo 0y n

Therefore, there exist positive constants Cr x a2 and Cr y a2 such that

2 2n
OXmn Var (A,,) 1—0ap2
ET2 ; < 2 %2
XAn S <O’X’n+1) Var (X,,) C I.X,A,2 1—0x,2

2 2n
Oyn Var (A,,) 1—90A0
ET? J < )
Y,An = <UY,n+1) Var (Yn) O JY,A L2 1 — 5Y,2
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Moreover, there exist positive constants Cr x a4 and Cry a4 such that

4 4 4n
OXx.n A, — EA, 1—-0a4
ET% A < (UX +1> ) < ox > < Cf x,au (1_5)(2
4 4 4n
oy, A, — EA 1—6a4
ETY 5, < (UY i1> E < "UY ”) < Ctyna <1_5Y2

By independence for X, ;’s and Y, ;’s, there exist positive constants Cy x and
Cy,y such that

N X, —EX,\?
EU%py1 = )\Q’E( - ) <1
M Y, — BY,\’
2 b,n n n
B = SpE(E500) <1
k 4 4 4n
Qp, 4 X, — FEX, 1+ (SXA
EU;"“ = SZ /\4E( Ox.n > SCé’x(léxz

&
S
3
t
I

£ 14 4an
by Y., — FY, 146
’ SZ JE( > < Gl <1+§:2>

,’I’L

From Lemma 2.1 and Condition 1.1 and 1.2, the following results will be often
used for all n >0 and p=1,2,3,

[ = 1] < Crp (B2 + %) (3.4)

B =1 < Crp (B2 + Bn2) - (3.5)

Now, considering the first term of £, in (3.3),

E ‘Zn+1 - Un+1‘
- E|(TXn_ )UXnJrl+(TYn_1)UYn+1+FXAn+FYAn|

< lrxn =1 EU}Z(TL+1+‘TY"_1|\/EU12/n+1+\/EFXAn+\/EFYAn
) )
< 200 (¢§(,A,2 + ¢7}l/,A,2) +Cr x,a2 1-%2 +Cryaz As2
1-— 5X,2 1-— 5y72
< Co(dxna+d¥an)-
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For the second term of 3, ,
E ‘Ziﬂ - Uﬁ—s-l’
= F ‘(TX,nUX7n+1 +rynUyns1 + r,)” — U2+1‘
= F ‘(TX,nUX,nJrl + TY,nUY,nJrl)S +3 (TX,nUX,nJrl + TY,nUY,n+1)2 Fn

+3(rxnUxns1 +7ynUyns1) T2 + T2 — USH

IN

3 3 2
E ‘(TX,nUX,n—i-l + TY,nUY,n—ﬁ-l) - n+1‘ + 3E ‘(TX,nUX,n-&-l + TY,nUY,n—i-l) Fn

+3E | (rx nUx 1 + rynUy 1) T2 + E |0,
= Ai+ Ay + As+ Ay

Notice that

A = F ‘(TX,nUX,n-i-l + TY,nUY,n+1)3 — (Ux g1 + UY,n+1)3‘

= E |(r§(,n - 1) U)?)(,n+1 +3 (’I”g(’n?"y’n - 1) U)Q(,n+1UY,n+1

+3 (TXJLT%/,TL - 1) UX,”+1U}2/,7L+1 + (Ti))’,n - ]') U;’,n+1|

< E|(rkn = D) Ui +3E |(rknrvin = rvin + v — 1) Ux i1 Uynt|
+3E |(7“Xx"7“12/,n — X+ X — 1) UX7n+1U12’,n+1’ + B ‘(r%n -1) Uigf,nJrl‘
< E|(rkn,—1)Ukpi| +E|(rS, —1) U, 44|
+3E |(T§(n -1) TYan)Q(,nHUY,nH‘ +3E |(7”Y,n -1) U)Q(,n+1UY,n+1}
+3E | (13, — 1) rxaUx 41U 1| + 3B |(rxn — 1) Ux n1 U 1 |
< |, =1 (BUL)Y 4 |, — 1) (BUE,) Y
+3|r% = 1| ryn BU% 1/ EUZ , + 3rx .0 |15, — 1| \/ EU% , EUY,,
+3|rym — 1| BU% ,\/ BU,, + 3|rx.n — 1|/ EU%  EUS,,
< 810, ,C%, { ((1 —oa2) (1 +fx,4)3>n n ((1 —0p2) (1 + 5X74)z>n}
' (1—-90x,2) (1—0dyz2) (1 —dx2)
18,408, { ((1 ~dan) (Lt mi)" . ((1 —dra) (L+ fy,4>3>”}
’ (1—6x,2)(1—0dyz) (1—6yz2)
+6Cr2 (14 2Cr1) (@ a2+ @5 a2) +6Cr1 (0% A + O 0)
< Cr (% an+d¥an+ U ya+ U8 xA)-
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As a special case of (3.4) and (3.5) when p =1, we can see that for all n >0

rxn <14+Cr1 (QST;(,A,Q + ¢7SL/,A,2) <142C,

Ty,n S 1 + Cr,l (QST)LQAQ + ¢$,A72) S 1 + 207’,1-

So, we have that

As 3E

(rx nUxnt1 + TY,nUY,n+1)2 Tx,an+Tyan)

IN

6E ’(ri,nU.g(,nJrl + T%/,nUXQ/,nJrl) (FX,A,N + FY,A,R)’

6r% i\ BUS i1 BT o + 6750 BUR i/ TS

+6T12/,nEU§2’,n+1 \/m + 67"%,” \/EUénJrl EP%CA,n

(1-6a2) (1+6x0)° )
(1—0x2)"

1-96 " 1-96 "
+6(1+Cr1)Cr x,a <A2> +6(14Cr1)*Cryas ( AQ)

1-— 5)(,2
(1—0p02) (146y4)*\
(1—6ys)*

IN

IN

122 (14 Cp 1) Ct xCr x.a2 (

+12v2 (1 + C’M)2 CayCF,Y,A,Z <
< Oy (Pxnn+d¥an)

and that

As

3E ‘(TX,nUX,nJrl + TY,nUY,n+1) (PX,A,n + 1—‘Y,A,n)Q‘
6E |(rx.nUxnt1 + rvmUyvint1) (P am + % a0)|
6TX;”1 \/EU)Q(,n-i-lEFL}L(,A,n + 6TX;" EU)Q(,n—&-lEF%/,A,n

+6TY,n\/ EU}Q/JH—lEFg(,A,n + 67y, \/EU12/,7L+1EF§1/,A,71

1-— 5A,2 an
< 6(14Cra) (CFx a0+ CF xn0) (1(5)(2)

IN

IN

1— 6/\ 2n
+6(1+Ch1) (Clg‘,Y,A,Q + Clg,Y,AA) < 72)

1-— 6)/,2
Cs (0% a0+ 930 2) -

IA
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Lastly,
Ay < (BT
< 8V (ETY 4, + ETY )"
3/4
1-§ 4n 1.6 4n
< 840 Ct xau ——ad +Clyaa ——Ad
AL = 0x2 RN 1 = by2
< (4 (¢§2§4 + ¢?3’/7,L/<,24> .
. B 3/2 3/2

Setting vs = max { dx,a,2, Bv,a,2: DX A 4> Py .4 20 Vv, Py, x,a ¢ € (0,1)
and Cg = 2Cy 4 4C; + 2C5 + 2C5 4 2Cy, we obtain the claim for 3, . O
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