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Abstract: Sarrus’ rule is a method and a memorization scheme to compute the
determinant of a square matrix of order 3. In this short note, we introduce Sarrus’

rule-like scheme to calculate the determinant of a square matrix of arbitrary order.
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1 Introduction and Preliminaries

For a nonempty set X, a permutation on X is a bijection from X to X. If X
has n elements, say X = {1,2,...,n}, then the number of all permutations on X
is n!. We write S, for the set of all permutations on X. To express ¢ € S,, with
o(1) = i1,0(2) = ia,...,0(n) = ip, we use the notation o = (i1, 2, -, in).
We note that S, forms the symmetric group of degree n under the function
composition. A subgroup D,, of S,, generated by two permutations (2,3,--- ,n,1)
and (n—1,n—2,---,2,1,n) is called a dihedral subgroup. Indeed,

D, = {(1+i,2+i,- ,n+i):i=01---,n—1}
Un—1+4in—2+44,- ,14+in+i):i=0,1,--,n—1}

where numbers are under modulo n.
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We note that a subset T of S,_; can be naturally embedded in S, by
identifying an element o = (o(1), 0(2), -+, o(n—1)) in T with an element
o= (o(1), 0(2), -+, o(n—1),n) in S,. In particular, the alternating subgroup
A,_q1 of S,_1, which is the set of all even permutations in S,,_1, is regarded as
a subgroup of S, but it is not a subgroup of A4,. From now on by T we denote
the embedded set of T.

Definition 1.1. For a square matrix M of order n over arbitrary field,

aill ai12 . A1n
a1 a22 N agn

M = ,
an1  an2 e Ann

the determinant of M is

det(M) = Z 591(0)016(1)@25(2) * * * Ane(n)
g€eSy,

where S, is the symmetric group on the set {1,2,...,n}.

Finding the determinant of a square matrix is one of the prime topics in Linear
Algebra. Many methods for computing the determinants of square matrices of any
order including Sarrus’ rule and Triangle’s rule for matrices of order 3, Cofactor’s
method, Chio’s condensation method and Dodgson’s condensation method were
introduced (for detail, refer to [1]-[5]). In particular, Sarrus’ rule is a mnemonic
scheme to compute the determinant of a square matrix of order 3 as follows. For

ailr a2 a13
amatrix M = | ag; age aos of order 3, the determinant of M is

det(M) = ai1a22a33 + 12023031 + a13021032

—a12021033 — 413022031 — 11023032

which is obtained by taking the sum of the products along the solid 3 diagonals
minus the sum of the products along the dotted 3 diagonals as we see in the

following figure.
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In this note, we introduce Sarrus’ rule-like scheme generalizing Sarrus’ rule and
computing the determinant of a square matrix of arbitrary order. Moreover, our
Sarrus’ rule-like scheme is simple, usable and practical in the sense that it can be
done by adding or subtracting the products along diagonal entries of n x (2n — 1)
matrices to calculate the determinant of a square matrix of order n.

2 Expression of the Determinant of a Matrix

For a square matrix M = (a;;) of order n over an arbitrary field,

aiq ai12 N A1n
a1 a922 N agn

M = ,
an1  Aap2 N Ann

and an element o € S,,, we define a square matrix M, of order n as follows:

Aio(1) A16(2) -+ Qlo(n)
A20(1)  020(2) -+ Q20(n
M, — 1) (2) (n)
Ano(1) Ano(2) ---  OGno(n)

Definition 2.1. Let M = (a;;) be a square matrix of order n. For an element
o € S, and a dihedral subgroup D,, of S, the Sarrus number s(M,) of M, is

s(My) = Z Sgn(a)ala(l)a2a(2)"'ana(n)
a€oD,
Indeed, using the properties of D,,, the Sarrus number s(M,) of a square
matrix M, of order n can be obtained by Sarrus-like scheme: we write out the
first n — 1 columns of M to the right of the nth column of A, so that we have

2n — 1 columns in a row. Then we add 2n products of n diagonal entries by two



4 Chamchuri J. Math. 9(2017): Y. Kim and N. Pipattanajinda

ways, one is right-to-left and another is left-to-right, where each product has a sign

depending on n. If n is even, the sign changes alternatively starting from sgn(o),

and if n is odd, the first n products are —sgn(c) and the rest are sgn(c). For
ailr a2 ais

instance, for 0 = (2,1,3) € S3 and a matrix M = | ag; a2 a3 |, we have

azi asz ass

Alo(1) Q1o(2) Q10(3) ai2 a1 as
s(My) = s A25(1)  A20(2) (20(3) =S| a2 a2 a3
A3s5(1) A30(2) 0A30(3) a3z2 as1 a3z

= sgn(2,1,3)a12az21a33 + sgn(1, 3,2)ar1a23a32 + sgn(3,2, 1)aizazzas;
+sgn(3,1,2)aizaziasz + sgn(2,3, 1)ai2azzaszr + sgn(l, 2, 3)ar1a22a33

= —012021033 — A11023032 — 013022031 + 13021032 + 412023031 + A110A22G33-
which is also obtained by Sarrus-like scheme:

Qi2 A1 @3 Q12 A1l
aze g1 Gy Gga G2l

axz azy a3z (32 431

where we note that the sign of the first 3 products are 1 = —sgn(2,1,3) and the
rest are —1 = sgn(2,1,3).

ail ai2 @13 a4

21 G22 0A23 Q24

Let M = and o = (2,1,3,4) € S4. Then

a31 asz2 a3z 34

A41 Q42 Q43 Q44
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a12 ai1r a13 Qa4

G22 a21 G23 (24

a3z 31 a3z Aa34

G42 Q41 (43 Q44

= sgn(2, 1, 3, 4)&12&21&33@44 + sgn(l, 3, 4, 2)(111(123&34&42
+sgn(3,4,2,1)a1za24a32a41 + sgn(4,2,1,3)a14a22031 043
+sgn(4, 3,1, 2)0,14&23(L31a42 + sgn(?, 4,3, 1)a12a24a33a41
+sgn(1, 27 4, 3)&11&22@34@43 —+ 5971(3, 1, 2, 4)(1130,21@32(144

= —012021033044 + 011023034042 — 013024032041 + 014022031043

—014023031042 + 12024033041 — 011022034043 + 013021032044
which is also obtained by Sarrus-like scheme:
@iz Qi1 i3 G4 Q12 Q11 413
a2 G213 Gga Qg2 Q21 Q23
asy Gs1 az3 U3y aAzz 431 A33
ag2 Q41 43 (44 G4 (41 (43
— + — + - + — +

where we note that the sign changes alternatively starting from —1 = sgn(2,1,3,4).

Let D,, be a dihedral subgroup of S,,. We now consider a set of all left cosets

of D, in S,, as follows:
Sn/Dy = {aD,|la € S,}

Then S, is partitioned into left cosets of D, in S,,. We note that each coset has

exactly 2n elements, namely,

aD, = {a(l+4+4,2+4i,---,n+4):i=0,1,---,n—1}
Wan —14+in—2+4,---,1+in+i):i=0,1,--- ,n—1}

and so there are cosets.

(n—1)!
2
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Theorem 2.2. Let M be a square matriz of order n. Then
det(M) = s(M,)
oeT
where T is a set of coset representatives of D, in S,.

Proof. Let D,, be a dihedral subgroup of S,, and let T" be a set of left coset

representatives of D,, in S,. Then S, is disjoint union of all left cosets, that is,
Sn = UUETUD7L'

Hence, we have

det(M) = Z Sgn(a)ala(l)a2o(2) ©Gpo(n)
o€ESy

= > > s9n(0)101)820(2) *** Ano(n)

o€T a€oD,,

= ZS(MU),

oeT

where T is a set of coset representatives of D,, in S,. O

We note that D3 = S3 and so there is only one coset of D3 in S3. Thus every
element in S3 is a coset representative of D3 in Ss3. Therefore, if M is a square
matrix of order 3, det(M) = s(M,) for every o = (1,2,3) € S3. In particular, if
o=1(1,2,3), det(M) = s(M,) by Sarrus’ rule.

3 The set of coset representatives
We now find the set of representatives of all left cosets of D,, in S,.

Lemma 3.1. Let n be a positive integer of the form 4m or 4m + 3. Then D, N
A, ={1}.

Proof. We write D,, = {1,a,a?,--- ,a" 1, b,ab,--- ,a" b} where a = (2,3,--- ,n,1)
and b= (n—1,n—2,---,2,1,n). We note that every a’(# 1) and a’b(# b) does
not fix n and so such element does not lie in A/n: where every element fixes n.
Now we can regard b as an element of symmetry group of a regular n-gon, indeed,

a reflection with respect to an axis passing through a vertex corresponding to n
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n—2 n—1
— or —5— transpo-

sitions if n is even or odd respectively. That is, b is a product of anz =2m+1

and the center of a regular n-gon. Hence, it is a product of

transpositions if n = 4m or 4m + 3, and so it is an odd permutation in S, _.
Therefore a’(# 1),a’b do not lie in A,,_;. O

Lemma 3.2. For a positive integer n of the form 4m or 4m + 3, the set of all
left cosets of Dy, in Sy, is

Sp/Dy = {aDp|o € A,_1}

Proof. We simply get

— DA —1)!
|DnAn_1| = L/\l‘ = QHM =n!
|Dp N Api] 2
by applying Lemma 3.1. Hence, S, = DHAIL:. O

Example 3.3. As for 54, the alternating subgroup As of S3 is
A3 = {(17 27 3)7 (27 37 1)7 (37 17 2)}

amd
A3 ={(1,2,3,4),(2,3,1,4), (3,1,2,4)}.

Thus Sy is partitioned into 3 left cosets:

(1,2,3,4)Dy
= {(1’ 2737 4)’ (2737 47 ]‘)’ (3747 17 2)’ (47 17 2’ 3)7 (47 3? 2? 1)7 (37 27 174)7 (27 174) 3)7 (1747 37 2)}

(2,3,1,4)Dy
= {(2,3,1,4),(3,1,4,2),(1,4,2,3),(4,2,3,1),(4,1,3,2),(2,4,1,3),(3,2,4,1),(1,3,2,4) }.

(3,1,2,4)Dy
= {(3’ 17 274)7 (17 2747 3)7 (2747 3’ 1)’ (4737 1’ 2)7 (47 2’ 17 3)7 (3747 2) 1)7 (1? 374) 2)7 (27 1) 374)}

By Lemma 3.2, we have that A/n: forms the set of representatives of all left

cosets of D,, in S,,. Hence, we have the following.
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Theorem 3.4. Let M be a square matriz of order n = 4m or 4m + 3. Then
det(M) = Y s(M,).
UEA/n—\l

We note that the determinant of a square matrix of order n = 4m or n = 4m+3

is the sum of w Sarrus numbers of matrices of order n. In particular, if n = 3,

then det(M) = s(M(;,2,3)) = s(M), which is depicted as follows:
air a2 @13 G411 Q12
asy a22 a23 a21 a22

as1  Gzx as3 A3 032

- - =+

ai1 ai2 a13 a4

Example 3.5. We now find the determinant of M = a1 G2 G2 A2

asy ag2 a33 as4

G41 Q42 Q43 (44

We note that 21; ={(1,2,3,4),(2,3,1,4),(3,1,2,4)} and by Theorem 3.4,

det(M) = Z $(My) = s(M(1,2,3.4)) + $(M231,4)) +5(M3,1,2.4))

0612\3

where s(M1,2.3.4)),5(M(2,3,1,4)) and s(M31,2,4)) are obtained by Sarrus-like scheme
as follows. (i) s(M1,2,3.4)) is

CL11_7 11127 ai3 :@147: :{111 ai2 77@13
a1 76’1’22_ Cl23 6124 021 77@2‘2: a23
asy :@35 a33 @34 @31 1767532_7 as3
794'1; 94’2': ;@45 a44 :'a'41_7 :a427 :(1'4;37
-+ =y o -

= (11022033044 — (12023034041 + 413024031042 — 014021032043

+a14a23a32a41 — A11A24033042 + 012021034043 — Q13022031044
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(ll) S(M(2737174)) 1S

ai2 i3 a1 G4 Q12 @13 411
a2 (23 Gzl Gga Qg2 (A3 21
asz asz3 asz1  Gsq  dz2 A3z A31
aq2 Q43 (41 Qg4  Gq2 Q43  Gq1
+ -+ - S
= 012023031044 — 013021034042 + 011024032043 — 014022033041
+a14021033042 — A12024031043 + 013022034041 — Q11023032044

(iii) s(M(3,1,2,4)) is

iy @11 012 G4 G111 G
a23 76’1’21_ a22 a24 a23 77@2’1: @22
as3 :@317 032 @34 @33 :il31_7 as2
:@4'3; aq1 : 77@4'2: (144 71@437: :Cl4177 161427
+ -+ -+ -+ -
= 13021432044 — A11022034043 + Q12024033041 — A14023031042

+a14a22a31043 — A13024032041 + Q11023034042 — Q12021033044

Let n be a positive integer of the form 4m + 1 or 4m + 2. We consider a
subgroup H = {1,t} of S,_; where t = (n —1,n —2,---,2,1). We note that
there are exactly two elements in D, fixing n, namely, 1=(1,2,---,n) and
(n—1,n—2,---,2/1,n), which means D,, N Sn . = H. We show that a set of
all coset representatives of H in Sn,l is a set of all coset representatives of D,
in S,. It is clear that [S, : D,] = [S/n: . H] = w Let s and s’ be coset
representatives of two distinct left cosets of H in 5{”: If D, = sD,, then

" lies in D,, and S/n_\l, and so s'H = sH , a contradiction. When we consider
H ={1,t} of S,,_1, each coset aH is of the form:

aH = {a,at}
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where
a = (a(1)7 04(2), U ,a(n - 1))7
at = (a(t(l))7 O‘(t(2))7 T ao‘(n - 2)’ a(t(n - 1)))
— (a(n—1)a(n—2), a(2),a(1)).
We write

T(n)k = {(k,a2, - ,an-1) € Sp—1 : an_1 > k},

where 1 < k < n-—2and [T(n)g] = n—=3)!-(n—k—1). Welet T(n) =
T(n)1 UT(n)2U---UT(n)p—2. Then

n—2 n—2 (’I’L— 1)'
T(n)] =Y [Tl =Y (n=3)!-(n—k—1) = 3
k=1 k=1

and T'(n) forms a set of all coset representatives of H in S,,_;. Hence, the em-

—

bedded set T'(n) of T'(n) in S, forms a set of all coset representatives of D,, in

S,,. For instance, for Sy,

T(4)1 = {(173’4’2)7(1’4’3’2)7(1’2’473)7(1’4)2?3)7(1727374)? (1)37274)}7
TA4): = {(2,1,4,3),(2,4,1,3),(2,1,3,4),(2,3,1,4)},
T4); = {(3,1,2,4),(3,2,1,4)}.
Hence,
T(4) = {(173’4’2)7(1’4’372)7(1’27473)7(1’47273)’ (1727374)7 (1737274)7

(2,1,4,3),(2,4,1,3),(2,1,3,4),(2,3,1,4),(3,1,2,4), (3,2,1,4)}.

T(A) = {(1,3,4,2,5),(1,4,3,2,5),(1,2,4,3,5),(1,4,2,3,5), (1,2,3,4,5), (1,3,2,4,5),
(27 1,4, 3, 5), (2,4, 1,3, 5), (2, 1,3,4, 5), (2,37 1,4, 5), (3, 1,2,4, 5), (3, 21,4, 5)}

forms a set of all coset representatives of Dy in S5. Therefore, the determinant of

a square matrix of order 5 is
det(M) = > s(M,)
061/"_(4\)

which is the sum of 12 Sarrus numbers of square matrices of order 5.
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Theorem 3.6. Let M be a square matriz of order n =4m+1 or 4m+ 2. Then
det(M) = Y s(M,)

o€T(n)

—

where T'(n) is defined above.

We note that the determinant of a square matrix of order n = 4m+1 or 4m+2

. —1) .
is the sum of % Sarrus numbers of matrices of order n.

If n=4m+1 or 4m + 2, we can embed a matrix M of order n into a matrix
M of order n+2 or n+ 1 with det(M) = det(M) where

M 0 0 Mo
M = 0 1 0 or[ 1
0 1
0 0 1

By Theorem 3.4,

det(M) = det(M) = Y S(M\U) or 3 s(Z/\J\U)

Uem UEAAW,

When we compute the determinant of a square matrix of order n, we need
find n! terms of products of n entries of a matrix by definition if we are not using
elementary row operations and basic properties of determinants. At this point
of views our Sarrus-like scheme gives concrete and usable ways to find n! terms
of products only by adding or subtracting the products along diagonal entries of

matrices.
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