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1 Introduction and Preliminaries

The theory of composition operators establishes a contact with ergodic theory,
entropy theory and classical mechanics. Also it touches differentiable dynamics
and the theory of distributions. Unilateral shifts, bilateral shifts and translations
on the space L? are well known examples of composition operators. The study of
composition operators was started by E. Nordgren [11] on spaces of analytic func-
tions in 1968. Schwartz [12] wrote his Ph.D. dissertation in 1969 on composition
operators on HP-spaces. After that, the study of composition operators is consid-
ered by several mathematicians in several directions. Composition operators are

discussed over Hardy spaces by many mathematician, we refer [3] and [4]. For the
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study of these operators over Bergman spaces and Dirichlet spaces, we refer [9-10]
and the references therein. For the study of composition operators on various func-
tion spaces, we suggest the references [1], [2], [6], [13] and the references therein.
Recently the appearance of composition operators is seen in the study of Toeplitz
and Hankel operators in [6] and [8]. It is shown in [6] that composition operators
provide a bridge between the classes of A— Hankel operators and (A, u)—Hankel
operators.

A new dimension is added to the theory of composition operators after the
appearance of weighted Hardy spaces. Weighted Hardy spaces have the capacity
to cover the classical Hardy, Bergman and Dirichlet spaces for the specific choices
of the weights (see [16]). Zorboska [17] in the year 1989 initiated the study of com-
position operators on the weighted Hardy spaces. In the present paper, the study
of composition operators is made in the connection of the notion of derivatives in
the weighted Hardy spaces.

Let (8,)n>0 be a sequence of positive real numbers with Sy = 1. Let f(z) =
ZZO:O anz", a, € C, be the formal power series (whether or not the series converges
for any values of z). For 1 < p < oo, define [|flls as |[fl[i = Y02 lanl?BE.
The collection of all f(z) = > 7 janz" (formal power series) for which | f||% =
Yoo lan|PBE < o< is denoted by HP(f).

Then HP?(fB) is a Banach space under the norm || f[[j = 07 [fa[? 85 < oo.
For p = 2, the space H?(3) is a Hilbert space with norm induced by the inner
product defined as (f,g) = > oo anb,B2, where f(2) =Y 0 a,2" and g(z) =
oo o bnz™ are elements of H?(3). The set {e,}n>0, where e,(z) = 2—:, forms
an orthonormal basis for the space H?(3). Symbol H>(S) denotes the set of
formal power series ¢ such that ¢(H?(3)) € H?(3). Weighted shift operators
and multiplication operators are studied in detail in the work of Shields [16]. We
refer to [16] as well as the references therein, for the details and applications of

these spaces.

The study of composition operators from Lebesgue spaces has been lifted to var-
ious other function spaces like, Lorentz space, Orlicz space and Lorentz-Karamata
spaces in the recent years ( see [1-5] and [7]). In the pursuance, in the present
paper, the notion of composition operators is extended to k'"—order generalized
composition operators in the weighted Hardy spaces H?(3) and some properties
of these operators are described. By operator we mean a bounded linear mapping
on H?(B) and we reserve the symbol B(H?(3)) to denote the collection of all
bounded operators on H?(3).
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2 Generalized Composition Operator

In this section, we introduce the notion of generalized composition operators. To
begin with, we introduce the notion of derivatives in weighted Hardy spaces, which

coincide with classical derivatives in the Hardy spaces.

Definition 2.1. For a natural number m and an element f of H?(3) with ex-
pression f(2) = >0 anz", we define f(™) as

oo

’Il' n—m
f(m)(z) = Z m%z )

n=m
and call it as the m!"—derivative of f.

The product of two functions f,g € H?(8), denoted by f - g, is given by

(f - 9)(2) = > pey k2™, where ¢ = Zf:() atbp—t, f(2) =20 ganz" and g(z) =
>0 o bnz™. For a positive integer m, by f™ we simply mean f- f----f (m times).
If no confusion arises, we simply write fg for f-g. For m = 1, f™ is simply
written as f. For ¢(z) = >.° ja,2z" € H*(3) and g € H?(j3), the composition of

¢ and g is denoted by ¢ o g and given by (¢ o g)(z) = ¢(g(2)) = D ang™(2).

Definition 2.2. Let k¥ > 1 be a fixed natural number. If ¢ is a formal power
series such that the mapping f +— f*) o ¢ for each f € H?(B) is continuous on
H?(B3), where f) denotes the k*"—order derivative of f, then this mapping is
denoted by Cy and is called a k*"—order generalized composition operators on
H?(3) induced by ¢.

If k=1, then Cy is simply called a generalized composition operator, which
are discussed in [15].

The following examples verify the existence of generalized composition opera-
tors on H?(3).

Example 2.3. Consider H?(3), where (3,) is an increasing sequence. Let ¢(z) =

Z and k > 1 be a fixed integer. Then we find that for each f € H?*(8) with

f = Z:,O:O a’ﬂzn;

o0 o0
_ A4k
1F* 0 pllF = 11Y . anane™ *||3 = Hzign antk2" 1%

n=k n=0

o0
= Z Ai\ﬂwk?ﬁi
n=0
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On Ltk
2’71

we can find a natural number m and a positive real number p such that A2 < p?
for n < (m —1) and A2 < 1 for n > m. This along with the fact that (3,)
is an increasing sequence provides that > " AZ|anx[*82 < (p* + 1)[|f]|3 and
hence we have ||[Cyrfllg < (p+ 1)|f|ls for each f € H?(B). Thus ¢ induces a
generalized composition operator Cy ) of kth—order on H2(B).

where for each n >0, A, = . As A, tends to zero as n approaches to oo,

Example 2.4. Let the sequence (3,) be defined as Sy =1 and 8,11 = "T'Hﬁn for

n > 0. It is a decreasing sequence and a simple computation shows that ¢(z) = s

induces the generalized composition operator of order one.

Example 2.5. Let k > 2 be a fixed natural number. Let (3,) be a sequence with
Bo =1, Bpyp = 2FDOED 4R 5 g all > 0 and Bls, 1 < i < k—1 are
such that (3,) is neither an increasing sequence nor a decreasing sequence. For
#(z) = 5, it can be shown by calculation as in the case of Example 2.3 that Cy

is a generalized composition operator of k**— order.

Example 2.6. Let k£ > 1 be a fixed natural number. Let (3,) be a sequence
with By = 1, and kBpir < Bnantr <1 for n >0 and Bls, 1 <i< k-1 are
any positive real numbers. Consider ¢(z) = az, where a € C. Then for ¢ to
induce the operator Cy on H?(8), there exists a positive integer M > 0 such
that Heﬁf_&k o¢|lg < M which implies ||‘;:—I:Bna"en||g < M for each n > 0, which
gives |a| < 1. Further if |a| < 1 then [|Cyrfl|3 = [ 2024 ancna™ 2" 7|3 =
5% o lan sk Planx2laPn82 < 732 anf?82 = | f]2. Hence we conclude that
#(z) = az induces Cy on H?*(B) if and only if |a| < 1.

An important aspect in the study of composition operator is to discuss its
continuity, which is described on LP spaces in [14] by Takagi and Yokouchi. The
same result is extended to Orlicz spaces by Cui, Hudzik and Kumar in [5]. In next
result, we discuss the continuity of generalized composition operator of k" —order
on weighted Hardy spaces and obtain the following.

Theorem 2.7. Suppose a formal power series is such that {¢™ : n > 0} is an
orthogonal family in H?(8). Then the mapping Cy . : (f — f*® o¢) on H?(B) is
bounded if and only if there exists a real number M > 0 such that ||¢"]|g < MS”—L’Z
for each n > 0.

Proof. Let Cy . be a bounded operator and suppose that ||Cy x fllg < M| f||s for
all f € H?(B), for some M > 0. In particular, ||Cy renllsg < M for each n > 0.
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This provides that for each n > k,

16" g = [ Coun(3- 15 = 1Ckenllp < M.

ﬁ P

As a consequence, ||¢"]|g < Mg"—:z for all n > 0.

Conversely, if there exists a real number M > 0 satisfying [|¢"||g < M g”—i]’z
for all n > 0 then for each f =" f.2" € H*(f),

”Ctﬁ,kf”% = <Z fnan(ﬁnih Z fpap¢pik>

n==k p=k

= Z |falPan®llo" "5 < M| 113

This completes the proof. O

It can be verified that the product of two generalized composition operators
need not be a generalized composition operator. For, we take ¢(z) = z* for integer
k > 1 and show that for no ¢ € H*(3) and p > 1, C¢ w = Cup. Let ¢(2) = 2*.
Then C3 . (exy1) = (kDM and C3 r(ex) = 0. But

Br+1
0 ifp>k+1
Cyplext1) = .
p+1)! ifp=k+1
and
KL
= ifp=k
Cypler) = ﬁ? "
,%,; if p<k.

These computations ensure that C’;k # Cy p for any p.

We can also verify that the adjoint of a generalized composition operator is not
a generalized composition operator from the observation that (C;; w€k,€0) = 0 for
¢ € H*(B) and (Cy ek, eo) = k! for ¢ € H(3).

Motivated by the paper of Zorboska [17],we have derived the condition for
the compactness of the k**— order generalized composition operator on weighted

Hardy spaces.

Theorem 2.8. Let ¢ = > >~ $p2" is such that {¢™ : n > 0} is an orthogonal
family in H%(B) and induces the k'"— order generalized composition operator
Cyx € B(H?(B)). Then Cyy is a compact operator if and only if %Hqﬁ”*kHﬁ —0
as n — oco.
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Proof. Let Cyp ) be a compact operator on H?(3). As e, — 0 weakly, we have
Cy.xen — 0 as n — oo. This implies that %H(ﬁn_ken_k) o¢llg =0 as n — co.

Conversely, assume that ¢ satisfies g—zﬂqﬁn’k\\ s — 0 as n — oo. Then for
€ > 0, there exists a positive integer no(> k) such that %Hq&"’kﬂg < € for all
n > ng. Define a sequence (A,,) of compact operators on H?(3) as A,,f =
S o BufnCoren for f =30 Bnfuen € H?(B). Then

o0
1Coif = AmflF =11 D faBnConrenll
n=m-+1

o0
1> anfad™ "3
n=m-+1

o0

Yo anlfalPle" I

n=m-+1

Now for m > no, |Corf — AmfllF < 200 2B82|fn|?. Therefore, ||A,, —

n=m-+1 €
Co.rllg < € for all m > ng. Hence Cy j is compact. O

Definition 2.9. Let (f,) be a sequence of positive real numbers with fy = 1. If
the mapping f — D,k f be continuous on H?(f), where

Dor(f) = 3 Leamtn,

o In

Yo = (n+1)(n+2)...(n+ k) and f(z) = Y.~ fnz"™ then D,y is called an
anti-differential operator of order k on H?(3).

Existence of anti-differential operators can be seen in abundance.

Example 2.10. Let 8 = (,,) be a decreasing sequence of positive real numbers
with B = 1. Then for f(z) = Y02, fuz™ € H2(B), | Dai (N3 = | o 22277513

2
oo Lab B2, < ||F]3- Hence D,y € B(H?(8)).

Example 2.11. Consider the sequence (), where Sy = 1 and 5, = 27% for

n =mk +i. A simple computation verifies that D, € B(H?(8)).

Theorem 2.12. Let (53,) be a sequence such that Doy € B(H?(B)). Then D,

is compact if and only if g"—:’“ — 0 as n — o0.

Proof. For D, being compact, || D, renllg = 0 as n — oo, which gives || ;":k g —

0 as n — oo. Hence g”'—:’“—>0 as n — 0.
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For the converse, assume that the sequence (f,,) satisfies g"% — 0 as n — oo.

Now define a sequence of operators (4,,) as
m
Anf =Y faDaiz"
n=0

for f € H?(B). Now from the given condition for ¢ > 0, we find a positive integer
ng satisfying ZT;S < € for all n > ng. Now for m > ng, it can be shown that
[Amf — Darfll3 < €[ fII3. As a consequence ||[Ay, — Do illp < € for all m > ng.

Hence D, is a compact operator. O

Remark 2.13. Suppose the sequence f = (f,) is such that ¢(z) = z induces
Csr on H?(B). A simple computation provides that Cys Dy f = f for each
feH*p).

If the sequence 8 = (B,) is such that ¢(z) = z induces Cyj on H?(B) then
both Cy . and D, are non compact operators on H2(B).

Let (8,) be a decreasing sequence of positive real numbers with Sy = 1. Then
from Theorem 2.8, it can be verified that D, j is a compact operator and hence

#(z) = z can not induce generalized composition operator on H?(j3) of k!*—order.
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