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Abstract: This article studies the necessary and sufficient conditions for the
existence of positive equilibrium solutions and positive periodic solutions of prime

period 2 of the following rational difference equation.

o+ an—k
A+ BOmn + lenfl +---+ kanflc

, forn €{0,1,2,...}

Tp+1 =

where the parameters « > 0 and 3, A, By, Bz, ..., Br and the initial conditions
Tk, T_k4l, T—k42, ---, T—_1, To are nonnegative real numbers such that the

denominator is always positive.
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1 Introduction

Most of the dynamical phenomena in the real world involve discrete independence.

Thus, difference equations are appropriate to model such dynamical systems.
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Definition 1.1. [2, 5] A difference equation of order (k+1) is an equation of the

form

Tnt1 = [(Tn, Tn-1,Tn—2, ..., Tn—k),n € {0,1,2,...}, (1.1)

where f is a function which maps I¥*1 into I and I is an interval of real numbers.

Definition 1.2. [2, 6] A solution of (1.1) is a sequence {z,},. _, that satisfies
(1.1) for all n > 0. Moreover, if we give a set of initial conditions z_j,Z_k41,

T_gt2,..., Lo € I, then there exists a unique solution {z,} — , of (1.1).

Definition 1.3. [5, 6] An equilibrium point of (1.1) is a point Z € I that satisfies
the condition z = f(z,%,Z,...,z). That is, the constant sequence {z,} ~ , with
xn, = & for all n > —k is a solution of (1.1), or equivalently z € I is a fixed point
of f.

However, fully nonlinear difference equations are very difficult to study. Many
researchers turn their attention to the rational difference equations which are the
difference equation that the function in Definition 1.1 is in terms of fraction. For
example, in 2001, Kulenovié et al. [8] investigated the global asymptotic stability
of the positive equilibrium of the equation

ATy + /anfl

.ne{0,1,2,..},
A"'xn—l { }

LTn+1 =

where the parameters «, S and A and the initial conditions xz_; and zy are
nonnegative real numbers.
Some rational difference equations with appropriate initial conditions can have

solutions that possess a special behavior. They repeat after several steps.

Definition 1.4. [6] A solution {z,},. _, of (1.1) is called periodic with period p

(or a period-p solution) if there exists an integer p > 1 such that
Tnyp = &y, for all n > —k. (1.2)

A solution is called periodic with prime period p if p is the smallest positive integer
for which (1.2) holds. In this case, a p-tuple

(Tnt1, Tng2, Tng3, s $n+p)

of any p consecutive values of the solution is called a p-cycle of (1.1).
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In 2001, DeVault et al. [4] studied the rational difference equation of order
(k+1) N
PTTn—k
Tpt1 = m,n €{0,1,2,...},
with positive parameters and positive initial conditions and obtained the existence
of period-two solutions. In the same year, Kulenovi¢ and Ladas [7] studied the
second order rational difference equation
a+ BT, +yTp-1

ne{0,1,2,.},
A+ Bay + Coy 1 { }

Tp+1 =

with nonnegative parameters and nonnegative initial conditions. In 2005, Camouzis
and Ladas [1] presented several results, open problem and conjectures on period-
three solutions of the equation

o+ an +YTp—1+ 6$n—2
A+ Bx, +Cxp_1+ Dxy_o

Tn41 = ,n e {0, 1,2, }7

with nonnegative parameters and nonnegative initial conditions.
Recently, Chaihao [3] investigated some behaviors of nonnegative solutions and

periodic solutions of the rational difference equation of the form

Tn—k
T = ,ne{0,1,2,..}, 1.3
"= A Byt Bums T 1 B b 19)
where the parameters A, By, Bi, ..., By and the initial conditions z_j, x_fy1,
T_kt2, ..., T_1, To are nonnegative real numbers such that the denominator in

(1.3) is always positive. She obtained necessary and sufficient conditions for the
existence of nonnegative prime period 2 and 3 solutions.

Our article considers nonnegative equilibrium solutions and periodic solutions
of prime period 2 of a more general rational difference equation than that of
Chaihao [3] which is

o+ an—k
x = ,ne{0,1,2, .. 14
"= A Botn + Brrn bt B by
where the parameters « > 0 and 3, A, By, Bi, ..., Br and the initial conditions
T_k, T_k4l, T—k42, ---, T_1, To are nonnegative real numbers such that the

denominator in (1.4) is always positive.

In Section 2, the necessary and sufficient conditions on the existence of the pos-
itive equilibrium solution are presented. In Section 3, the necessary and sufficient
conditions on the existence of the positive prime period 2 solution is given. Finally,
some discussion on future research and conclusion of our project are provided in
Section 4.
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2 Equilibrium Solution

In this section, we establish the existence of positive equilibrium solution of (1.4).

Some numerical examples are also provided. First, let
b=By+Bi+By+---+ B, >0.

Theorem 2.1. (1.4) has a positive equilibrium solution if and only if b >0 or
(b=0and 0 < B < A).

Proof. Assume that there is a positive equilibrium solution, namely, ..., ¢, ¢, ¢, ...
of (1.4). Since from the definition, b > 0, we only need to check the condition
when b= 0. Then, for n =0, it follows from (1.4) that

_ o+ Bo _a+pe
¢= A+ Byp+ B1¢d+ Bagp+ Bzp+ -+ Brp  A+bp
That is, ¢((A — ) + bp) = . Since ¢ > 0 and « > 0, when b =0 will give that
0<pB<A.
Conversely, assume that b >0 or (b=0and 0 < 3 < A).
Case 1 b > 0. Then, choose
¢_—(A—B)+ (A—B)? + 4ba
2b '
Since /(A — )2 +4ba > |A— | > A— and b > 0, we have ¢ > 0. Now, by

direct calculation, we can show that

bp? + (A~ B)p —a =0,

which imples that

¢:a+ﬂ¢: a+ Bo
A+bp A+ Bop+ Bip+ Bap+ Bsp+ -+ B

Thus, ¢ is the positive equilibrium solution of (1.4).
Case 2 b=0 and 0 < 8 < A. Then, choose

¢ =

o
A-p
Since a > 0 and A — 8 > 0, we have ¢ > 0. By direct calculation, we have
(A — B)¢ — a =0 which implies
a+ B¢ o+ B¢
A+0(¢)  A+(0)9+ (0)p + (0)¢+ (0)d + - + (0)¢

Thus, ¢ is the positive equilibrium solution of (1.4).

o=
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Example 2.1 Consider the difference equation of order 5

34+ 22,4

nef0,1,2,.. 2.1
4+ Tp—1+ Tpn—2+ Tp_3+ 51’7174 { } ( )

Tp+1 =

with the initial conditions z_4 = x_3 =x_9 =x_1 = 19 = % In this example,
k=4, a=3,=2, A=4and b=0+1+1+1+5=_8. This falls into case 1

of Theorem 2.1. Then, (2.1) has an equilibrium solution of the form ..., %, %, %,
as in Figure 1.
in
Lo}
ngt
D6t
04t
0zt
L - o 5 fed
5 10 15 20
Figure 1: Equilibrium solution of Example 2.1
Example 2.2 Consider the difference equation of order 5
3+ 2z,
Tyt = #,n €{0,1,2,..} (2.2)

with the initial conditions z_4 = x_3 =z_9 =x_1 = 19 = % In this example,
k=4,a=3, =2and A=4 and b= 0. This falls into case 1 of Theorem 2.1.

Then, (2.1) has an equilibrium solution of the form ..., %, %, %, ... as in Figure 2.
Example 2.3 Consider the difference equation of order 5
34+ 2x,—
Toir = + 2 nef0,1,2,..} (2.3)

2+ Tpn—1+Tn—2+ Tp_3+ 24xn—4

with the initial conditions z_4 = x_3 =2x_9 =x_1 = 29 = % In this example,

k=4, a=3,=2=Aand b=0+14+1+ 1+ 24 = 27. This falls into case 2

of Theorem 2.1. Then, (2.1) has an equilibrium solution of the form ..., %, %, %,

as in Figure 3.
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Figure 2: Equilibrium solution of Example 2.2

Figure 3: Equilibrium solution of Example 2.3

3 Period-Two Solution

In this section, we establish the existence of positive periodic solution with prime

period two of (1.4). Some numerical examples are also provided. First, let

bOZBo+BQ+B4+..‘ andblzBl+B3+B5+...‘



Necessary and Sufficient Conditions for Existence of an Equilibrium and a Periodic of Prime
Period 2 Solution of a Certain Rational Difference Equation 7

Theorem 3.1. Let k be an even integer. Assume that 8 > 0. Then, (1.4) has

no positive solution of prime period two.

Proof. Let k be an even integer. Assume that there is a positive solution of prime
period two, namely, ...,$, ¥, $, 1, ... of (1.4). Since k is even, then z, = T,_.
For n =0, it follows from (1.4) that

6= a+ By
A+ B+ B1¢+ Bot) + B3+ - + Bpap
B o+ pY
A+ (Bo+Ba+--+Bp)p+ (By+Bs+ -+ By_1)¢
B o+ By
A4 boty + b

On the other hand, for n =1, it follows from (1.4) that

b= a+ B¢
A+ Byp+ Bit) + Bop+ Bstp + - - + B
B a+ B
A+ (Bo+By+ -+ Bp)o+ (By+ Bz +--+ B¢
 a+ e
A4 bop+ bty
That is,
Ap + bogdtp + b1¢” = a + B and Ay + body) + b1Y® = a + Bo.
Thus

)

A(p — ) + b1 (¢® — P?) = (Ad + bodtp + b19?) — (AP + bodt) + br9)?)
=—B(¢ — ).

Since ¢ # v, it follows that A+ b1(¢ + ¢) = —f. Since 8, A, b1, ¢ and ¥ are
all nonnegative, this is a contradiction. O

Theorem 3.2. Let k be an odd integer. Assume that by > 0. Then, (1.4) has
a positive prime period-two solution if and only if 0 < A < B, by > by and

2
B—A 4o
( by ) > Bo—by -

Proof. Let k be an odd integer and b; > 0.
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First, suppose that there exists a positive prime period-two solution, namely,
ey &y, 0,1, ... of (1.4). Since k is odd, for n =0, it follows from (1.4) that

b= a+ B
A+ By + Bi¢+ Botp + B3+ - + Big
— o+ B¢
A+ (Bo+Ba+ - +By_1)Y+ (Bi+ B3+ -+ Bi)o
__o+PBs
A+bop + b1
On the other hand, for n =1, it follows from (1.4) that
v= a+ By
A+ Bo¢+ B1Y + Byp+ B+ - - - + By
_ a+ By
A+(Bo+By+:+ 4 Bi1)¢+ (Bi+ Bs + - + Bi)y
__ethY
A+bop+ b1
That is,
Ag + bodth + b1¢? = a + B and AY + bodeh + biyp® = a + By
Thus,

A(¢ =) + b1 (6% — *) = (Ad + bodt) + b1¢?) — (AP + by + b19)?)
= B(¢ — ).

Since ¢ # 1, it follows that

—A
sv=22 (3.1)

Since ¢, ¢ and b; are positive, it implies that 0 < A < 8. On the other hand,

A(+10) + 200ud + bi(6 +2) = (A + bodtb + b16%) + (A + bogrp + b19)
=2a+ B(¢ + ).
The relation ¢? + 9 = (¢ + 1) — 2¢¢) implies
AP+ ) + 20000 + b1 (¢ + )% = 20100 = 20 + B(d + ).

That is,
a  (B=AG+Y) b+
(bo — b1) 2(bg — b1) 2(bg — b1)

oY =
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. _ B=A  (B—A)(¢+Y) _ bi(p+9)?
Since ¢ + ¢ = B 3y T 200=biT Thus,

«
bg — by
Since ¢, ¥, a > 0, this is enough to say that by — by > 0. Now, from (3.1)

2 2
and (3.2), we have <%) =P+ Y%+ ; ab . since (¢ —)? >0, (3.2) implies
o — b1

g—A 2 2a
(b1 > >2qi>¢+b0_b1

P =

(3.2)

4o
by — b1

2
Conversely, let us suppose that 0 < A < B, by > b; and (ﬁfA) > b04f‘b1 .

b1
Choose

_p-A 1 B—A 2 4o
0= 2b, +2\/( b1 ) by — b (33)

2
B /82b1A - ;\/<ﬁ blA) - b04—ab1' (3.4)
We will show that {...,¢,¢,$,1,...} is a positive prime period-two solution of
(1.4). Notice that ¢ + 1 = % or A+bi(¢+v)=p. That is,
A — A+ 016% — bi19p? + bodp — bodtp = A(¢ — ) + b1 (¢ + 9)(6 — ¥)
= B(¢—¥)
= 56~ B +a-a

and

Thus,

(Ad + bogtp + b19%) — (AY + bodt) + b1Y)?) = (a + B¢) — (a+ ). (3.5)
Multiplying (3.3) and (3.4), we obtain

oo O e (BoAP  (BoAP
bo—b1  bo—0b1  2b1(bg—b1) 2b1(bo —b1)
2
Since % = ¢ + ¢, we have zb(lﬁ(;oA—);) = (B;(fo)i‘ij)w) and since (B;A> =

(B=A)* _ bi(é+9)® i
(¢ +1)?, we have = = F0— . That s,

_ 204 (B—A)O+1) —bi(+¢)?
2(by — br) '

ol
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By direct calculation, we have
(Ag + byt + b19?) + (AP + bodt) + bi19p?) = (a + B¢) + (a + B¢).  (3.6)

3.6) implies 2(A¢ + by +b1¢?) = 2(a+ B¢) and —2(Ap +

Therefore, (3.5) and (
(a + B). That is,

bogt) + b19p?) = —2

g atBO o atB
A+boyp + b1 A+ Do+ b1ty
Hence, {...,¢,%,¢,1,...} is a positive prime period-two solution of (1.4). O

Example 3.1 Consider the difference equation of order 4

5
Z +2x,_3
ntl = ,ned{0,1,2,.. 3.7
Tt = o3 ae ) (37)
with the initial conditions z_3 =2x_1 = %—i—% % and x_o =g = %—% %. In

this example, k = 3, a:%, =2, A=1,b0=93+0=093 and by =3+0=3.

That means the conditions of Theorem 3.2 are satisfied. Then, (3.7) has a prime

: : 1 1 /1 1 1 /1 1 1 /1 1 1 /1 1
perlod—2 SOhlthn Ofthe form ,g+§ i8°6 2 ﬁ7g+§ 18°6 2 E,g—’-
%1/11—8,% - %\/%8, ... as in Figure 4.

xn

0.25¢

nist

0.10f

Figure 4: prime period-2 solution of Example 3.1
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4 Conclusion and Disucssion

This article considers positive equilibrium solution and positive periodic solution

of prime period 2 of a rational difference equation (1.4) which is

a+ anfk
T = ,neq0,1,2, ...
s A+ Boxp + Bizp—1+ -+ Brrp—k { }
where the parameters o, 3, A, By, Bi, ..., By and the initial conditions z_y,
T_kt1, Toft2, -y T_1, To are nonnegative real numbers such that the denomi-

nator (1.4) is always positive. We obtain necessary and sufficient conditions con-
cerning the parameters of (1.4) for the existence of an equilibrium solution and a

prime period-2 solution as shown in the following table.

Conditions Solution
b>0 “'7¢7¢7¢7"’7
where ¢ = —(A-f)+ V2<bA_ﬁ>2+4ba.
0<fB<Aandb=0 , ey @, 5 b, ..., Wwhere ¢ = 25,
kis odd, 0 < A < 8,by > by and (B;A) > e ey 80, 0y, b, 1, ..., Where
2
_ p=A 1 B=A 4c
¢ = 2b, +3 ( b1 ) - bo—xbl and
_B-A 1 B—A 4
P = 261 2 < b1 ) B bo—abl

Actually, for 3|(k + 1), we have necessary and sufficient conditions for the
existence of a periodic solution of prime period-3 of (1.4) as shown in the following
table.

Conditions Solution
_ _ B-A
(e=0and 0 < A< ) or +0,0,7,0,0,7, ..., where v = 5-=.
(a=0,A=0,bp >0 and by > 0).
(a=0,0< A< B, by > by and by > bs) or ey 0,1,7,0,%,7, ..., where
a=0,0<A<pfand0<by,by <by | =000 4pq o = (B2 bazbo)
20091 52 —0001

However, the results coincide with those obtained by Chaihao [3]. Thus, as for
the future research, one may try to find necessary and sufficient conditions for the
existence of prime period-3 solution of (1.4) of the form ..., ¢, ¥, v, ¢, ¥, v, d, ¥, 7, ...
or the existence of prime period-p solution of (1.4) for a positive integer p > 4.
Also, one can consider the local or global stability of the equilibrium or the prime

period-p solution of (1.4).
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