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Abstract: The concept of p—filters is introduced in an Almost Distributive
Lattice(ADL) and studied their properties in terms of dual annihilator filters of
an ADL. Observed that the set of all dual annihilator filters of an ADL forms
a complete Boolean algebra. Derived equivalent conditions for every filter of an
ADL becomes a dual annihilator filter by assuming the property that every proper
filter is non co-dense. Also, observed that p is homomorphism of F(L) in to
I(A*(L)). Characterized p—filter in element wise and verified that every minimal
prime filter of an ADL is a u—filter. Finally, we proved that the intersection of
all prime p— filters is the set of all maximal elements of an ADL.
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1 Introduction

U. M. Swamy and G. C. Rao [5] have introduced the notion of an Almost Dis-
tributive Lattice (ADL). An ADL (L, V, A,0) satisfies all the axioms of distribu-
tive lattice, except possibly the commutativity of the operations A and V. It is
known that, in any ADL the commutativity of V is equivalent to that of A and
also to the right distributivity of V over A. In [4], M.S. Rao and Badawy, Abd El-
Mohsen introduced the notion of p—filters and then characterized with the help of
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co-annihilator filters. It is proved that the class of all u—filters of a lattice forms
a complete distributive lattice. An isomorphism is obtained between the lattice
of u—filters of a distributive lattice and the lattice of all co-annihilator filters. In
this paper,we extended this concept of p—filters to an Almost Distributive Lat-
tice(ADL), analogously and studied their properties in terms of dual annihilator
filters of an ADL. Derived equivalent conditions for every filter of an ADL becomes
a dual annihilator filter by assuming the property that every proper filter is non
co-dense. Characterized p—filter in element wise and verified that every minimal

prime filter of an ADL is a p—filter.

2 Preliminaries

First, we recall certain definitions and properties of ADLs that are required in the

paper. We begin with ADL definition as follows.
Definition 2.1. [5] An Almost Distributive Lattice with zero or simply ADL is

an algebra (L, V,A,0) of type (2,2,0) satisfying:
lL.zVyAhz=(xNz)V(yAz)

222N (yVz)=(@Ay)V(zAz)
3(xVyhy=y

4. (zVy) Nz =z

5.xV(zAhy) ==

6.0Nz=0

7.2V0=uzx, for all z,y,z € L.

Example 2.2. Every non-empty set X can be regarded as an ADL as follows.
Let z¢ € X. Define the binary operations V,A on X by

r if x#x if x#x
rVy = # Zo s Ay = Yy # To
y if x=uxp ro if = =ux.

Then (X, V,A,xzg) is an ADL (where z is the zero) and is called a discrete ADL.

If (L,Vv,A,0) is an ADL, for any a,b € L, define a <b ifand only if a =a Ab
(or equivalently, a Vb =b), then < is a partial ordering on L.

Theorem 2.3. [5] If (L,V,A,0) is an ADL, for any a,b,c € L, we have the

following:
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).
).
).
).

.aVb=asaAb=D

.aVb=bsaANb=a

. A s associative in L

.aANbAc=bAaAc

.(avb)Ac=(bVa)Ac

.aANb=0&bAa=0
.aV(bAe)=(aVb)A(aVc)

.an(aVvb)=a, (aAb)Vb=band aV (bha)=a

a<aVband aNb<bd

aNa=a and aVa=a

OVa=a and aN0=0

Ifa<c, b<c thenaNb=bAa and aVb=bVa
aVb=(aVb)Va.

It can be observed that an ADL L satisfies almost all the properties of a dis-

tributive lattice except the right distributivity of V over A, commutativity of V,

commutativity of A. Any one of these properties make an ADL L a distributive
lattice. That is

Theorem

equivalent:

2.4. [5] Let (L,V,A,0) be an ADL with 0. Then the following are

—_

(L,V,N,0) is a distributive lattice
aVb=bVa, for all a,be L

aANb=bAa, for all a,be L
(anbyve=(aVe)A(bVc), forall a,b,c € L.

wW

=~ \S)
D = —

As usual, an element m € L is called maximal if it is a maximal element in

the partially ordered set (L,<). That is, for any a € L, m < a = m = a.

Theorem 2.5. [5] Let L be an ADL and m € L. Then the following are equiva-

lent:

1). m is mazrimal with respect to <
mVa=m, forallae L
mAa=a, forall a € L

a VvV m is mazimal, for all a € L.

[\

= W
D O —

As in distributive lattices [1, 2], a non-empty subset I of an ADL L is called
an ideal of L if avb € I and aAx € [ for any a,b € [ and z € L. Also, a



56 Chamchuri J. Math. 10(2018): N. Rafi and R.K. Bandaru

non-empty subset F' of L is said to be a filter of L if aAb € F and zVa € F
for a,b € F and z € L.

The set I(L) of all ideals of L is a bounded distributive lattice with least
element {0} and greatest element L under set inclusion in which, for any I,J €
I(L), INJ is the infimum of I and J while the supremum is given by IV J :=
{aVvb|aelbe J}. A proper ideal P of L is called a prime ideal if, for
any x,y € L, t ANy € P= x € Por y € P. A proper ideal M of L is said
to be maximal if it is not properly contained in any proper ideal of L. It can
be observed that every maximal ideal of L is a prime ideal. Every proper ideal
of L is contained in a maximal ideal. A proper filter G of L is called a prime
filter of L if, for any z,y € L, ctVy e G = xz € G or y € G.nFor any subset

S of L the smallest ideal containing S is given by (S] := {(V s;)) Az | s; €

S,z € Land n € N}. If S = {s}, we write (s] instead of (S]_ Similarly, for

any S C L, [S):={xV (A si) | si €Sz €L andn € N} is the smallest
i=1

filter containing S. If S = {s}, we write [s) instead of [S). The set F'(L) of all

filters of L forms a bounded distributive lattice, where F'N G is the infimum and

FvG={aAb|a€cF, beG} is the supremum in F(L).

Theorem 2.6. [5] For any x, y in L the following are equivalent:

1. (] € (o)
. yhrx=x
3).yvae=y
9. ) € [2)

For any x,y € L, it can be verified that (z]V(y] = (xVy] and (z]A(y] = (zAy].
Hence the set PI(L) of all principal ideals of L is a sublattice of the distributive
lattice I(L) of ideals of L.

Theorem 2.7 ([3]). Let I be an ideal and F a filter of L such that INF = (.
Then there exists a prime ideal P such that I C P and PN F = 0.

3 pu—filters of ADLs

In [4], the concept of u—filters is introduced and studied their important prop-
erties. In this paper, extended the notion of pu—filters to an ADL, analogously.
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Observed that the set of all dual annihilator filters of an ADL forms a complete
Boolean algebra. Equivalent conditions are established for every filter of an ADL
becomes a dual annihilator filter by assuming the property that every proper filter
is non co-dense. Characterized p—filter in element wise and verified that every
minimal prime filter of an ADL is a u—filter. Finally, we proved that the intersec-
tion of all prime p—filters is the set of all maximal elements of an ADL. Though
many results look similar, the proofs are not similar because we do not have the
properties like commutativity of V commutativity of A and the right distributivity
of V over A in an ADL.

We begin with the following definition.

Definition 3.1. For any subset S of an ADL L with maximal elements, define
ST ={z € L | sVuzis amaximal element, for all s € S}.

Here we say that St is a dual annihilator of S. For S = {z}, then we denote
simply (z)* for ({z})T. It is clear that LT = Mnaz.c1e, Where Mopaz erp is the
set of all maximal elements of an ADL L, for any maximal element m of an ADL
L, we have m™ = L and it is easy to verify that S¥ is a filter of an ADL L.

The following result is a direct consequence of definition.

Lemma 3.2. Let L be an ADL with maximal elements and S, T be any non-empty
subsets of L. Then the following conditions hold:

(1). [S)NST = Miaz.ent
(2). SC S+t

(8). If SCT, then TT C St
(4). ST+ =8+,

Lemma 3.3. Let L be an ADL with mazximal elements. For any two filters F

and G of L, we have the following conditions:
(1). (FVG)r=FTnG*

(2). F* =L iff F = Myqz.cnt

(3). FNG = Mmag.ar iff FFCGT.

Proof. 1. Clearly, (FVG)T C FTNG™T. Let x € FTNG™. Then zVy is maximal,
for all y € F and x V z is maximal, for all z € G. Let t be any element of L.
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Now (zV (yAz)) At =t, since x Vy and = V z are maximal elements of L.
Hence = V (y A z) is a maximal element of L, for all y A z € FV G. That implies
x € (FVG)". Therefore FTNGT C(FVG)T. Thus (FVG)T = FTNGT.

2. Assume that F'* = L. Then 0 € F'*. That implies 0 V z is maximal, for all
x € F. Hence every element of F' is a maximal element. Therefore FF C M 04 et
Thus F = Mpaz.cir- Conversely, assume that F' = Maz.c:- Let x be any
element of L. Then x V y is maximal, for all y € F. That implies € F7.
Therefore F'+ = L.

3. Assume that FNG = Myap.cit- Let x € F. Then z V y is maximal, for
all y € G. That implies x € GT. Therefore F' C G*. Conversely, assume that
FCGT. Let z € FNG. Then x € F and = € G. By our assumption, we have
z € GT. It implies that z V y is maximal, for all y € G. Since =z € G, we have
xzV x = x is maximal. Therefore © € M40t and hence F NG C Maz.clt-
Thus F NG = Maz.elt- O

Corollary 3.4. Let L be an ADL with mazimal elements. For any x,y € L, the

following conditions hold:
(1). If x <y then a+ Cy*
(2). (wAy)T=atny"
(8). x+t =L iff v is a mazimal element.
we have the following definition.

Definition 3.5. Let L be an ADL with maximal elements. A filter F' of L
is said to be a direct factor of L, if there exists a proper filter G such that
FNG = Mmaw.elt and FFVG=L.

Theorem 3.6. Let L be an ADL with mazimal elements. For any x € L, x+ is
a direct factor of L if and only if x+ VvV x™T = L.

Proof. Assume that z+ is a direct factor of L. Then there exists a proper filter G
of L such that 2 NG = Mypez.er and 27 VG = L. Since 2 NG = Mopap.cir, We
have G C T and hence z* V2Tt = L. Conversely, assume that z+ vzttt = L.
We have to show that 2T Na™F = Myazer. Let t € zt Nztt. Then t € ot
and ¢t € 7. By our assumption, we have ¢ is a maximal element. Therefore
2T Naztt = Myee.er and hence 7 is a direct factor of L. O
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Definition 3.7. Let L be an ADL with maximal elements. A filter F' of L is
called a dual annihilator filter if I = F*+ or equivalently, ' = S¥*, for some
non-empty subset S of L.

Tt is easy to verify that the set DA(L) of dual annihilator filters of an ADL L
forms a complete Boolean algebra.

Definition 3.8. Let L be an ADL with maximal elements. A filter F' of L is
said to be co-dense if F* = Mnap.cit-

We have the following result.

Theorem 3.9. Let L be an ADL with mazimal elements, in which every proper

filter is mon co-dense. Then the following conditions are equivalents:
(1). Every filter is a dual annihilator filter

(2). Every prime filter is a dual annihilator filter

(3). Every prime filter is minimal

(4). Every prime filter is mazimal.

Proof. (1) = (2) : Clear

(2) = (3) : Assume that every prime filter is a dual annihilator filter. Let P be
a prime filter. Then by our assumption P = P*+. Suppose P is not minimal.
Then there exists a prime filter @ such that @ C P. Choose an element = € P
such that z ¢ Q. Since x € PT", we have that = V a is maximal, for all a € P™.
Since a € P, we get that @V b is maximal, for all b € P. That implies z V a is
maximal and hence zVa € Q. Since z ¢ @, we get that a € @ C P. That implies
Pt C P. So that Pt = Pt NP = M,,4e.cis- That implies P™" = L and hence
P = P*t = L, which is a contradiction. Therefore P is minimal.

(3) = (4) : Clear

(4) = (1) : Assume that every prime filter is maximal. Let F be a filter of L.
Clearly, F C F**. Suppose that F™+ ¢ F. Choose an element z € F™* such
that = ¢ F. Since x ¢ F, there exists a prime filter P such that FF C P and
x ¢ P. That implies PT C F'* and 2% C P. By our assumption, P is maximal.
Since = ¢ P, we get that PV [r) = L. That implies (P V [z))" = Mpaz.cit-
That implies P N[z)T = Mnaz.cit- Since x € Ft1, we have FTt+ C z*. That
implies F™ C x*. That implies Pt N FT C P* N [2)* = Mynaz.cit- That implies
that PT™ N F* = Myaz.er and hence Pt = M,qz.01¢, since Pt C FT. That
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implies P+ = L, which is a contradiction. Hence x € F. Therefore F++ C F.
Thus Ft+ =F. O

Lemma 3.10. Let L be an ADL with mazimal element. For any two filters F,G
of L, (FNG)™ = FttnG++.

Proof. Clearly, (FNG)tTT C Fr*NGTF. Let x € FT* NGTF. Then x € FTF
and z € GTT. Let y € (FNG)*. Then yV z is maximal, for all z € FNG. That
implies yV (f Vg) is maximal, since z = fVg, for some f € F' and g € G. So that
yV f € G and hence y V f V z is maximal. Since 2 € G**, we have z Vy € F'T.
That implies z V y is maximal, since € F*T. Therefore x € (F N G)*" and
hence (FNG)T™ = FT* NG . O

Corollary 3.11. For any z,y € L, (zVy)tT =att nytt.

Proof. Clearly, a7 Ny™ C (xVy)TT. Let t € (zVy)*T+. Then £V s is maximal,
for all s € (xVy)T. Let a € 2T Ny*. Then zVa is maximal and aVy is maximal
and hence aV zVy is maximal. Therefore a € (zVy)™. So that ¢V a is maximal,
since t € (xVy)T. That implies t € z7TNy™". Thus (zVy)T™T =2t Nyt O

The following two result are verified easily.

Theorem 3.12. Let L be an ADL with mazimal elements. If AT (L) = {z*T |z €
L} then A1 (L) forms a distributive lattice with respect to the operation N and U
defined by a™T NVTT = (aVb)™ and a™T LULTT = (a™NOT)T = (a Ab)TT.

Theorem 3.13. Let L be an ADL with mazimal elements. Then f: L — A1 (L)
by f(x) = 2% is a dual homomorphism.

Definition 3.14. Let L be an ADL with maximal elements.
(1). For any filter F' of L, define u(F) = {a** |z € F}
(2). For any ideal I of At (L), define w(I) ={z e L |z+t eI}
We prove the following result.

Lemma 3.15. Let L be an ADL with maximal elements. Then the following
conditions hold:

(1). For any filter F of L, u(F) is an ideal in AT (L)

(2). For any ideal I of AT (L), S (I) is a filter of L
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(8). w and & are isotones.

Proof. 1. Clearly, p(F) is a non-empty set. Let 7, y*+ € u(F). Then z,y € F.
Since F is a filter of L, we have z Ay € F. That implies that (z Ay)*t+ € p(F).
Since zT T Uy™ = (z Ay)*tT, we have 27T Uyt € u(F). Let 27+ € pu(F) and
r*+ € AT (L). Then z € F and hence = Vr € F. That implies that (z VvV r)*+ €
w(F). Therefore 2T+ Nrtt € u(F), since (zVr)™t =zt Ny™*. Thus u(F) is
an ideal of A1 (L).

2. Let I be an ideal of At (L). Clearly, % (I) is a non-empty set. Let z,y € % (I).
Then o™+, y*+ € I. That implies 27 Uy*+ € I and hence (x Ay)T+ =27t U
y*+ e I. Therefore z Ay € & (I). Let 2 € %(I) and r € L. Then 2+ € I. That
implies T+ N7t € I and hence (zV r)tT € I. Therefore Vv & € 7 (I). Thus
(1) is a filter of L.

3. Let F' and G be two filters of L such that FF C G. We have to prove that
w(F) C u(G). Let o+ € u(F). Then 2z € F C G. That implies 27 € u(G).
Therefore u(F) C u(G). Let I,J be any two ideals of A+ (L) with I C J. We
have to show that & (I) € & (J). Let € 57 (I). Then #t+ € I C J and hence
2 € 7 (J). Therefore & (I) C & (J). Thus p and T are isotones. O

Note that it is easy to verify that the set (A7 (L)) of all ideals of A" (L) forms

a distributive lattice.
Theorem 3.16. The mapping p is a homomorphism of F(L) in to I(A*(L)).

Proof. Let F,G be any two filters of L. We have to prove that p(F VvV G) =
w(FYU p(G) and p(FNG) = w(F)Nu(G). Clearly, u(F)Up(G) C u(FVG). Let
Tt € u(FVG). Then zt+ = y™*, for some y € FVG. Since y € FVG, we have
y = fAg, forsome f € F and g € G. Now, t+ =yt+ = (fvg)tT = fTTugt™ e
w(FYUp(G). Therefore p(FVG) = p(F)Uup(G). Clearly, u(FNG) C u(F)Nu(G).
Let x € u(F) N u(G). Then x € F and z € G. That implies © € F N G. That
implies 2t € pu(F N G) and hence pu(F N G) = p(F) N u(G). Thus p is a

homomorphism. O

Lemma 3.17. For any filter F of an ADL L, the mapping F — wu(F) is a

closure operator on F(L), that is
(1). F C Sau(F)

(2). Tu(Ep(F) = TalF)
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(3). If F C G then tu(F) C Tu(G).

Proof. 1. Let @ € F. Then a++ € p(F). Since u(F) is an ideal of AT (L), and
T € u(F), we have z € W u(F). Therefore F C & pu(F).

2. Clearly, i pu(F) € i p(p(F)). Let x € fp(fru(F)). Then a7+ € u(fr u(F)).
That implies 2t = 3™+, for some y € wu(F) and hence 2+t = yt+ e u(F),
since y € S pu(F). That implies = € 5w u(F). Therefore Y& pu(wp(F)) = & u(F).
3. Suppose that F' C G. Then u(F) C u(G) and hence & u(F) C & pu(G). O

Now, we introduce the definition of p—filter to an ADL.
Definition 3.18. A filter F of an ADL L is said to be a pu—filter, if % ju(F) = F.

It is observed easily that the class of all y—filters of an ADL L with maximal
elements forms a complete distributive lattice which is isomorphic to the lattice
of ideals, ordered by set-inclusion, of the lattice 27 (L). The infimum of a set
of p—filters {F;};ca of an ADL is () F;, their set-theoretic intersection. The

i€EA
supremum is §u p( \/ (F})), where \/ F; is their supremum in the lattice of filters
€A €A
of L.

Theorem 3.19. Let F be a filter of an ADL L. Then the following conditions

are equivalent:
(1). F is a u— filter
(2). For any v,y € L, 27 =y* and v € F, then y € F

(38). F={J o**
el

(4). if ¢ € F, then 27+ C F.

Proof. (1) = (2) : Assume that F is a y—filter of L. Let z,y € L with 2+ = yT
and € F. Then = € 7 u(F) and hence zt* € pu(F). That implies yt+ € u(F).
Thereforey € %M(F) Thus y € F.

(2) = (3) : Assume (2). Let z € F. Then [z) C F and hence F = | [z)
zEF

U 2zt Let ye |J ™. Then y € 27", for some x € F. That implies y™*

zeF zEF

2t and hence y* =yt Nt = (yva)TT. Since y vV € F, we have y € F.

Therefore FF = |J z7T.
zeF

(3)=(4): Let z€ F and t € 2*+. Then t € |J o™+ = F. That implies t € F.
zeF

N

N
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Therefore 21T+ C F.
(4) = (1) : Clearly, F C $Swu(F). Let # € wpu(F). Then zt+ € pu(F). That
implies 7+ = y™T, for some y € F. By our assumption, y*+ C F and hence
x+t*T C F. Therefore z € F.

O

Corollary 3.20. Let L be an ADL with maximal elements. Every minimal prime
filter of L is a u— filter.

Proof. Let P be a minimal prime filter of L. Let z,y € L with 27 = y™ and
x € P. Since P is a minimal prime filter, there exists an element a ¢ P such
that x V a is maximal. That implies a € 7 = y* and hence a V y is maximal.
Therefore y € P. Thus P is a p—filter of L. O

Corollary 3.21. Let L be an ADL with maximal elements. Every minimal prime

u— filter of L is a minimal prime filter.

Lemma 3.22. Let L be an ADL and m be any maximal element of L. Then {m}
is a p— filter of L.

Proof. Clearly, {m} C wu({m}). Let = € wu({m}). Then z*+ € u({m}). Since
™t € p({m}), we have o7+ = y*+ for some y € {m}. That implies 27 =
m™*T. Therefore z+ = m™* = L and hence z is a maximal element. Thus {m} is
a p—filter of L. O

Lemma 3.23. Let L be an ADL with mazimal elements. For any F and G of
an ADL L, we have wu(FNG) = wu(F) N wu(G).

Proof. Tt is clear that wu(FNG) C 5w u(F) N T u(G). Let z € wu(F)n Tu(G).
Then z € W u(F) and = € 7 u(G). That implies 2t € p(F) and 2t € u(G).
That implies 27+ = y*+, for some y € F and 27T = 271, for some z € G.
Therefore zt+ = y** Nztt = (y VvV 2)™". Since y V2 € F NG, we get that
(yV 2)*t € w(F NG). Implies that 2+t € u(FNG) and hence = € Tu(FNG).
Thus % p(FNG) = u(F) N p(G). m

Theorem 3.24. Let F be a p—filter and I an ideal of an ADL L such that
FNI=0. Then there exists a prime u— filter P such that F C P and PNI = {).

Proof. Consider § = {G | Gisau — filter, F C G and GNI = (}. Clearly,
f € ¥ and hence § is a non-empty set. It is easy to verify that § satisfies

hypothesis of Zorn’s lemma. Then § has a minimal element say M. We prove
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that M is prime p—filter. Let x,y € L such that x Vy € M. Suppose that
x ¢ M and y ¢ M. Then MV [z) C wpu(M V [z)) and MV [y) C % u(y).
Clearly, wpu(M V [z)) is a p—filter of L. Then wu(M V [z)) N1 # 0. Similarly,
we get that (M V [y)) NI # 0. Then then there exist elements s,¢ € L such
that s € Gu(M V [z))N 1T and t € wpu(M V [y)) N 1. That implies sVt € I and
sVt € MV [2)N (M Vy) = Ep((MV[y)N(MV[y))) = @ u(MV[zVy)).
Therefore sVt eI and sVt e (M V[zVy)). Since 2 Vy € M, we get that
sVte wu(M) =M. That implies sVt € M NI and hence I N M # 0, which is
a contradiction. Therefore x € M or y € M. Thus M is a prime p—filter of an
ADL L. O

Corollary 3.25. Let F be a pu— filter of L and x ¢ F. Then there exists a prime
u— filter P of L such that F C P and x ¢ P.

Corollary 3.26. For any pu— filter F' of L, we have F = (\{P | P is a prime p—
filter of L, F C P}.

Corollary 3.27. The intersection of all prime p— filters is equal to Mpaz et
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