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1 Introduction

Let 3, (n > —p) denote the class of all meromorphic functions f(z) of the form:
f(2) zzfp+2ak.zk (peN={1,2,3,...}), (1.1)
k=n

which are analytic and p-valent in the punctured unit disc U* = {z: z € C and
0 < |z] <1} = U\{0}. For convenience, we write X, _,+1 = X,,.

If f(z) and g(z) are analytic in U, we say that f(z) is subordinate to g(z)
written symbolically as follows:
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f=gor f(z) <g(2),
if there exists a Schwarz function w(z), which (by definition) is analytic in U
with w(0) = 0 and |w(z)] <1 (2 € U), such that f(z) = g(w(z)) (z € U). In
particular, if the function g¢(z) is univalent in U, then we have the following
equivalent (cf., e.g., [5]; see also [10],[11, p. 4])

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

For functions f;(z) € ¥, ., given by
2=z 4 > ariZ (j=1,2), (1.2)
k=n
we define the Hadamard product (or convolution) of fi(z) and fa(z) by

(frxfo)(2) =277+ > arrar22" = (f2 f1)(2). (1.3)

k=n

Now, we define the operator I"(n,\,£) (A > 0,£ > 0,m € Ng = NU{0}) for
a function f(z) € X,,, given by (1.1) as follows:

I (n, X, 0) f( —z_p—&—Z{ (k+p) M] ap*, (1.4)

we can write (1.4) as follows:
LM, X 0 f(2) = (875 % )(2),
where
o (2 —z”+2{ (k+p) +q 2~ (1.5)
It is easily verified from (1.4), that
)\z(I;”(n,)\,ﬁ)f(z))/ = (I (MO f(2) — A+ 01 (n, A, 0) f(2) (A > 0). (1.6)

The operator I;"(n, A, £) was introduced by El-Ashwah [9].
We note that:
(T f(2)

Ip(n. A0 (2) = f(2) and L(n, 1L, 1)f(2) = 7= = (p+ D) (2) + 2/ (2).

Also by specilizing the parameters A, £,m and p, we obtain the following op-

erators studied by various authors:
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(i) 1;"(1,1)f(2) = D] f(2) (see Aouf and Hossen [1]] and Srivastava and Patel
[14]);

(ii) I"(1,0)f(z) = I(m,£)f(z) (see Cho et al. [6,7]);
(iii) I1™(1,1) = I f(z) (see Uralegaddi and Somanatha [16]).

Making use of the principle of differential subordination as well as the linear
operator Iz’,n(n,)\,ﬁ), we now introduce a subclass of the function class %, , as

follows:
Let X7 [\, £,m; A, B] be the class of functions f(z) € X, ,, defined by

21 (A 0 f(2) L L+ Ae
Im(n, A\, 0) f(2) Ty

Yo nll A, m; A, Bl = {f EXpn:—

—1§B<A§1,>\>0,£>0,peN,n>—p,meNo,zeU}. (1.7)

We note that:

(i) For m =0, we note that %7 [(,\,0;1,—1] =37, is the well-known class

pn
of meromorphically starlike functions;

(ii) Form =0, A= 1—2?0‘, 0<a<pand B= -1, wenote that ¥7 [/, \,0;1—
270‘, —1] =35 ,[a], is the well-known class of meromorphically starlike func-

tions of order « (see [2]).

From (1.7) and by using the result of Silverman and Silvia [15], we observe that
a function f(2) is in X5 [6,A,m;A,B] (-1<B<A<1, A>0,¢>0,p¢€
N,m € N) if and only if

AL (A0 f(2)) | p(l— AB)

p(A— B)
N 0Of(z) | 1-B?

1-B?

(z€U). (1.8)

For a function f(z) € ¥,, and v > 0, the integral operator F, ,(f)(z) :
Ypn — pn is defined by

z
14

Foal D) = s [0 (0

0

= Z_p+,§L <V+Z+k> arz® % f(z) (v>0;2€U). (1.9)
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It follows from (1.9) that

2 (I, A, 0) Fup(1)(2) = w1 (n, A 0) f(2)= (v4p) I (n, X, O F, () (2)- (1.10)

The operator F, ,(f)(z) was investigated by many authors (see for example [1],
[17] and [18]).

The object of the present paper is to give some argument properties of mero-
morphically functions belonging to ¥, , and the integral preserving properties in
connection with the operator I)*(n, A, £) defined by (1.4).

Many researches introduced and study the argument properties of meromor-
phically multivalent functions such as Aouf [3], cho et al. [6] and Qing Yang and
Jin-Lin Liu [13].

2 Main Reuslts

Unless otherwise mentioned,we shall assume in the reminder of this paper that
A>0,0>0,p e Nand m € Nyg. In order to show our main results, we need the

following lemmas.

Lemma 2.1 ([8]). Let h be convex univalent in U with h(0) = 1 and Re {Bh(z) + v} >
0 (8,v€C). If q is analytic in U with ¢q(0) =1, then

’

2q (2) ;
a(z) + Bq(z) +~ < h(z)

implies

q(z) < h(z).

Lemma 2.2 ([10]). Let h be conver univalent in U and \(z) be analytic in U
ReA(z) > 0. If q is analytic in U and ¢q(0) = h(0), then

q(z) + )\(z)zq/ (2) < h(z)

implies
q(z) <h(z) (z€U).

Lemma 2.3 ([12]). Let q be analytic in U with ¢(0) =1 and ¢(z) # 0 in U.
Suppose that there exists a point zg in U such that

7r
larg q(2)| < §a for |z| < |20l (2.1)
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and

Then we have

where

and
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larg q(z0)| < ga 0<a<l). (2.2)
Zoq'(zo) .

=ika, 2.3

q(z0) 23)

k> s(a+l)  wh _ (2.4)
> i(a =) when argq(zo) = 3% .

>t ) wh () = 5 (25)
Z 5 a a when  argq(zo) = 204, .

q(z0)* = £ia  (a>0). (2.6)

At first, with the help of Lemma 2.1, we obtain the following theorem.

Theorem 2.4. Let h be convex univalent in U with h(0) = 1 and Re{h} be
bounded in U. If f(z) € £, satisfies the condition

then

Proof. Let

2Ty (n, A, 0) f(2))

L

By using (1.6), we have

q(z) — (

2(L" (n, A, 0)f(2))

ply (0, X, 0) f(2)

’

Atp

pI;T)n(nv A0 f(2)

%Ig”l(n,)\,ﬁ)f(z)

=< h(z),

< h(z)

for Iglea(}(Re h(z) < (/\;—p> (provided 1)'(n, A, £)f(z) #0 in U ).

).

pI(n, A 0) f(2)

(2.7)

Differentiating (2.7) logarithmically with respect to z and multiplying by z, we

get

2q (2)

—pq(z) + (£ +p)

+4q(z) = -

2L (n, A 0 £(2))

’

=< h(2)

pIgTJrl(nv A, E)f(z)

(z€U).
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L

From Lemma 2.1, it follows that ¢(z) < h(z) for Re{—h(z) + <)‘;_p>} >

0 (z € U), which means

zeU

£
for maxReh(z) < (/\;-p> . O

Using Lemmas 2.1 and 2.2 and Theorem 2.4, we now derive the following
Theorem.
p(A—B)

¢
Theorem 2.5. Let f(z) € ¥, and choose £ and A such that X > 5B

where —1< B< A<1 and pe N. If

- (_za;"“(n, AOSG) 7)
1A D9 (2)

<%5 (0<y<p0<d<1)

for some g € 5, (£, \,m +1; A, B), then

<Z(I;”(n,w)f(Z))’ )
arg — —’y

I (n, X, 0)g(2)

where a(0 < o < 1) is the solution of

2 inI(1—t(A B
§=a+ =—tan! BT ?Asir;)z( (4.5)) , (2.8)
T A (1_2) + acos 5 (1 —t(A, B))
when
2 A—B
t(A,B) = Zsin"! | o . ) . (2.9)
< G - B (- 4B)
Proof. Let

a(e) = - <z(1;1(n,x,e)f(z))

T\ I 02 ”) (et

By using the identity (1.6), we have

(p =)z ()T (n, A, 09(2) + (p = V)a(2)2(I;" (0, A, 0)g(2)) + 721" (n, A, £)g(2))
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1

N (ﬁ +p) AL A0S (2) = 32 (A 0 ()

Dividing (2.10) by I*(n, A, £)g(z) and simplifying, we obtain

q(z) +

2q (2) _ 1 (2T A0 f(2)
—r(z) + § +p p—=7 Igﬁ_l(n’ A 0)g(z)

+v>, (2.11)

where

’

)= ZUP.00(2)
rEr= Im(n, A\, £)g(2)

Since g(z) € ¥y ,,(£,\,m + 1; A, B), from Theorem 1, we have

1+ Az

r(z)<p1+Bz

using (1.8), we have

where

—t(A,B) < ¢ < t(A,B),

where t(A, B) is given by (2.9).
Let h be a function which maps U onto the angular domain {w |argw| < gé}

with h(0) = 1. Applying Lemma 2.2 for this h with A(z) = we

—r(2)+ 5 +p’
see that Reg(z) > 0 in U and hence ¢(z) #0 in U.

If there exists a point zg € U such that the conditions (2.1) and (2.2) are
satisfied, then by Lemma 2.3, we have (2.3) under the restrictions (2.4), (2.5) and

(2.6).
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At first, suppose that q(z9)= =ia (a > 0). Then we obtain

e |1 (AT A0 G)
o= U BT 0gz)

Zoq, (20)

= arg —
—r(zo) + § +p

q(z0) +

= ga +arg (1 +iak(pe'2¥) 1)

= ia + tan~? aksin 3(1 — 2
D) p+ akcos 5(1— )
sinZ(1—t(A,B
> Za 4 tan™! T B aAH;Q( o =30
2 SOBE) | eos5(1-4(4,B)) 2

where 6 and t(A, B) are given by (2.8) and (2.9), respectively. This is a contra-
diction to the assumption of our theorem.

Next, suppose that p(zo)i = —ia (a > 0). Applying the same method as the
above, we have

- l 1 <ZO<I;”“(n,A,e>f<ZO>> ﬂ>

p=7\ L' (n.X0g(x0)
inZ(1—-t(A B
Tt [ _asmE0-tAD)
2 %—i—acosg(l—t(A,B))
™
=—=4
2 )
where 0 and t(A, B) are given by (2.8) and (2.9), respectively, which contradicts
the assumption. Therefore we complete the proof of Theorem 2.5. O

Taking A =1, B=0 and § =1 in Theorem 2, we have the following corollary.

Corollary 2.6. Let f(z) € X, If

ke {z(f;"“(n, A 0OF(2))
I, A, 0)g(2)

}>7 0<y<p)

for some g € ¥, ,, satisfying the condition

’

(I (n, N, 0)g(2))
I (n, A, 0)g(2)

Q

+p| <p,
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then

) }>v (0<y<p).

Taking A =1, B =0 and g(z) = & in Theorem 2.5, we have the following
corollary.

Corollary 2.7. Let f(z) € Xy, . If
jarg [ (I A D F() =] < F0 0y <p0<o<),

then

_ptlm L ™
arg[ L) (0, A ) f(2)) 7” < 2(5 .
Taking m =0 and § =1 in Corollary 2, we have the following corollary.

Corollary 2.8. Let f(z) € ¥,,,. If

—redt 2@+ (1454 30) @] 2 02a<),
then
—Re {z’”‘lf/(z)} >y
By the same techniques as in the proof of Theorem 2.5, we obtain
Theorem 2.9. Let f(z) € X,,. Choose A and { such that

p(A—B)

>
- 1+8B

A
7 (-1<B<A<1; peN).

If

<g5 (y>p;0<6<1)

are <z([gl+1(n,)\,£)f(z))' +7>
I (n, A, 0)g(2)

for some g € ¥y | [(,\,m + 1; A, B], then

arg(z(fﬁ(nM)f(z)) H)

where a (0 < a < 1) is the solution of the equation given by (2.8).




Argument Estimates Of Certain Meromorphiclly Mulivalent Functions Assoicated With The
Multiplier Transformation 75

Theorem 2.10. Let h be conver univalent in U with h(0) = 1 and Reh be
bounded in U. Let F,,(f)(z) be the integral operator defined by (1.9). If f € ¥, .,
satisfies the condition

’

AP 00()
pI;)nJrl(nv A0 f(2)

=< h(z),

then

’

AU (A O Fp(f)(2))
Pl (n, A O Fyp(f)(2)

for maxReh(z) < ”p# (provided I,)'(n, A, €)F, ,(f)(2) #0 in U ).

zeU

< h(z)

Proof. Let

’

21" (n, A O Fy p(£)(2))
Py (n, A O F,p(f)(2)

q(z) = —
Then, by using (1.10), we have

L PmA0fG)
I X\ O F (1))

Taking logarithmic derivatives in both sides of (2.12) and multiplying by z, we

pa(z) — (v +p) = (2.12)

get
2q (2 zlmn,/\,éfz,
Q() q(z) (p( )())

e B e Bk (e Y W) TS M)

Therefore, by using Lemma 2.1, we have

’

I (A ) F(F)(2))
T A DE, (G e

for ma(}(Re h(z) < VTTP (provided I]*(n, A\, £)F, ,(f)(z) # 0 in U). This com-
zE
pletes the proof of Theorem 2.10. O

Theorem 2.11. Let f(z) € ¥, ,, and choose a positive number v such that v >

i:[—g—p, where —1 < B< A<1 and pe N. If

A ANf(2)
CE\ T T I 0z

<§5 0<y<p0<ds<1)
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for some g € ¥y, [¢,\,m; A, B], then

g [ BENOPLNE) |7
I (n, A )G p(9)(2) 2"
where F, ,(f)(z) is the integral operator given by (1.9),
v b
Cupl9)(2) = o /t -lg(t)dt (v >0) (2.13)
0
and a (0 < a < 1) is the solution of the equation
_ asin Z(1 — t(A, B,v))
§=a+ =tan! 2 2.14
™ { (”p)(lzli)gp(AfB) + acos 3(1—t(A, B,v)) (2:14)
where 4 )
2 . _ p(A—-B
A,B,v) = =sin"! 2.1
om0 = 2o | e (219
Proof. Let
1 (2 (n, X OF, ,(f)(2)
o) = — (:1( )Eyp(f)(2)) L (e,
p—=7 Ip (na sz)GV,P(g)(Z)

Since g € X5 ,, [¢, A\, m; A, B], from Theorem 2.10, G, ,(9)(2) € X5, [¢, A\, m; A, BJ.
Using (1.10), we have

(P =R (0, A, G p(9)(2) = (v + D)1 (0, A O Fy p () (2)

= _Vl;n(na )\,Z)f(z) - 7151(7% /\’e)GV,P(g)(Z) .

Then, by a simple calculation, we have
(0 =) {20 (2) + a(2) [=7(2) + v + D} + 7 [=7(2) + v + 9]

_ A0 fR)
Ly (.2 )G p(9)(2)

where

’

2(1;"(n, A\, )G p(9)(2))

7”(2) = I;)”(n, A7€)Gy7p(g)(z)

Hence, we have
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' 1 z(I™(n, N\ 0) f(z '
o) + zq (z) _ (;:n( )f(2)) I
—r(z)+v+p  p—v\ I;(nA0)g(2)

The remaining part of the proof is similar to that of Theorem 2.5 and so we omit
it. O

Taking m =0, A=1, B =0 and § = 1 in Theorem 2.11, we obtain the

following result.

Corollary 2.12. Let v >0 and f(z) € £, ,. If

Re{zgf(g)} >y (0<y<p)

for some g € ¥, ,, satisfying the condition

’

zg (2)
9(2)

Re{zF””’(f)(z)}>7 0<~vy<p),

where F, ,(f)(2) and G, p(g)(2) are given by (1.9) and (2.13), respectively.

+p <p,

then

Taking m =0, B — A and ¢(z) = Zip in Theorem 2.11, we obtain the following
corollary.

Corollary 2.13. Let v >0 and f(z) € £, ,. If

arg(—2"*1f ()= )| <56 (0<y<p0<d<1

then

Jarg(—27*1F, L (£)(2) = 9)| < Sar

where F, ,(f)(2) is the integral operator given by (1.9) and a(0 < oo < 1) is the
solution of the equation

2
6a+tan1< a )
™ vV+p

By using the same method as in proving Theorem 2.11, we have
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Theorem 2.14. Let f(z) € ¥,, and choose a positive number v such that v >

%,p where —1 < B<A<1 and p e N. If

<g§ (v>p0<d<l)

Z(I;T(n’ A, Z)Fl’ﬁﬂ(f)(z)), ™
e < I7(m, 2\, )G (9)(2) ”) S2

where F, ,(f)(2) and G, p(g)(2) are given by (1.9) and (2.13), respectively, and
a (0 < a <1) is the solution of the equation given by (2.14).
Finally, we derive the following theorem.

p(A—B)
1+B

Theorem 2.15. Let f(z) € ¥, ,,. Choose X and { such that £ > , where

—1<B<A<1and peN. If

I AOf(2)
arg I\ 0g(z)

<g5 0<y<p0<d<l

for some g € 5 | [(,\,m; A, B], then

(AT OELDE)
T 0G0

T
< =6,
2

where F, ,(f)(2) and G, ,(9)(2) are given by (1.9) and (2.18), respectively, with
1

V= —.

A

Proof. From (1.9) and (1.10) with v = 27 we have I (n, A, 0) f(z) = I (n, X O F, 0 (f)(2).
Therefore,

’

(I, M0 f(2) 2T+ (n, A O F,,(f)(2))

I A 0g(2) I (A 0)Gp(9)(2)

and the result follows. O
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