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Abstract : This paper proposes a decomposed
MAR(1) model for generating simultaneously
seasonal flows at several sites. The proposed
DMAR(1) model generally applies an MAR(1)
model to each sub-matrix of standardized
principal components of normalized flows. The
model can reproduce adequately the basic
statistical properties and drought related
statistics of historic flows at monthly and annual
levels. In this paper, the model has been shown
its performances of sufficiently describing the
flow statistics at tri-monthly time scales with
three monthly-flow series [P.12 (Ping River),
Y.1C (Yom River) and SK (Nan River)]. It can
be thus concluded that the DMAR(1) model is
viable for the multi-site multi-season problem.
In addition, the uncertainties of the basic flow
statistics are analyzed.

1. Introduction

Generation of multi-site multi-season
flows is usually necessary for design and
operational studies of water resource systems
(e.g., design of reservoir storage capacities,
estimation of optimal operating policies, and
calculation of long-term deficit risks in water
supply and hydroelectric generation). A
number of stochastic models have been
proposed in water resource literature in order to
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multivariate autoregressive (MAR) models
{e.g., [1] and [2]}, and the multivariate
autoregressive and moving average models
{e.g., [3] and [4]} have been widely used.
Generally, these models can preserve the basic
statistical properties (mean, variance, and the
first few lags of temporal and spatial
correlations) of the historic flow data
considered. Unfortunately, the accuracy of the
models is limited to the time scale of the data
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used. That is, the inference and deduction
based on these models must be restricted to the
particular aggregation level of the flow data
from which these models are developed. For
example, if observed monthly flows are used,
the monthly basic properties will be preserved
but the historic statistics at successive
aggregation (e.g., seasonal and annual) levels
are not reproduced. The inadequate
representation of the aggregate flow properties
may cause an inaccurate estimation of system
responses; such as storage capacities, operating
policies, and deficit risks; and consequently
lead to serious errors in the design and
planning of the reservoir system {[5] and [6]}.
To reproduce the basic flow statistics at
various time intervals, full disaggregation
models {e.g., [7] and [8]} have been proposed.
The models disaggregate higher-level (e.g.,
annual) flows, generated using a suitable
stochastic model (e.g., ARMA), to lower-level
(seasonal) flows. The historic basic statistics of
the higher-level (aggregate) flows are assured
by the stochastic model used, while the
statistical ~properties of the lower-level
(disaggregate) flows, and between the flows at
the two different levels are guaranteed by the
disaggregation structure. However, when
dealing with the multi-site flow generation, the
application of the full disaggregation models
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The number of parameters required in these
disaggregation models may exceed easily the
number of available information because, in
addition to the basic statistical properties of
each individual flow series, the spatial
correlation  structure between the flow
processes at different locations must be taken
into  consideration.  Several condensed
disaggregation models {e.g., [9], [10] and [11]}
have been thus proposed for simulating
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simultaneously multi-site multi-season. flows.
In general, these models can preserve the basic
statistical properties at the two particular levels
(e.g., monthly and annual time intervals)
considered. Unfortunately, the generated
monthly flows do not preserve the observed
basic properties at the intermediate (partial)
aggregation levels (e.g., bimonthly, tri-
monthly, quarterly and semi-annual time
scales).

This paper thus proposes a decomposed
MAR of order one, DMAR(1), model for
generating simultaneously multi-site multi-
season flows. The DMAR(1) model generally
fits a traditional MAR(1) model [1] to each
considered matrix of standardized principal
components (SPC) of observed flow data [12].
The model has been previously shown to be
capable of preserving the observed basic and
drought related statistics at considered and total
aggregation time levels (monthly and annual
time intervals). Its assessment in the present
paper has indicated that the proposed model
can reproduce adequately these flow
characteristics of the observed flows at partial
(tri-monthly) aggregation time intervals. It can
be hence concluded that the DMAR(1) model
is feasible for the multi-site multi-season
problem.

2. DMAR(1) Model
Let X=[X31] be an pxnw matrix of

multi-site seasonal-flow data for year v, season
T and site s (p = the total length of available
flow records in years, ® = the number of
seasons and n = the number of considered
sites). If the seasonal flow data X do not
conform to normal distribution, the flow
records X shall be normalized into the p X nw
matrix of Y using lognormal transformation by

Y =In(X-A) | (1)

where 4 -={4/| is the p X nw matrix of lower
al 4

bounds for  three-parameter  lognormal
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distribution. The lower bound parameter a; is
estimated as [13]

2
) Max (xf,T)Min (xf;-;) - [Med (xf,r):l
) Max(xf,.c)+Min (xf,.r)—ZMed (xﬁ.c)

(2)

az

in  which  Max(.), Min(.) and Med(.)  are,

respectively the maximum, minimum and

median of xy;forv=1,2,...,p.

The proposed model has aimed to
describe the within-the-year and over-the-year
correlations (R andR,) of Y. One simple
solution is to apply an MAR(1) model [1] to Y
directly. Unfortunately, the total number of
parameters of the application is often large for
the small number of sites considered or even
excessive for the large number of the locations.
To overcome the referred problem, the multi-
site and multi-season flow matrix Y is, hence,
transformed to its pxr (r = the rank of Y)

matrix Z of SPC using the well-known singular
value decomposition (SVD) technique of
matrices {[14], [15] and [16]} as

- =1
VA =YA(6”2) for r £ nw, (3)

z=\[pn

in which ¥ is the pxnw standardized flow
matrix of Y [i:(y-}?)/sy in which ¥ and Sy=

forr< p.

the matrices of means and standard deviations
of v], © is the rxr diagonal matrix of
eigenvalues, A is the nwxr matrix of
associated eigenvectors of R, and ITis the pxr
matrix of corresponding eigenvectors of a row-
product matrix R’. The correlation matrix R is
preserved through the following characteristic
equation:

RA=A© 4)

The adequate reproduction of the
correlation matrix R, is, hence, achieved by
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describing three (r/3)x(r/3) block-diagonal
sub-matrices of M, (M, = the lag-one
correlation matrix of Z). That is, the matrix Z is

separated

px(r/3) partitioned matrices of successive SPC
zJ for j = 1, 2 and 3 (Z:Z];ZZ:Z3).
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Otherwise, z! and z2 will contain the first two
sets of (r/3) consecutive SPC while z* will

include the rest. Each matrix z/ is then fitted
using an MAR(1) model [1] as

z{=2] @/ +U§ (5)

where z{ is the 1x(r/3) row vector of z/, @/
is the (r/3)x(r/3) matrix of parameters, and
vy is the 1x(r/3) row vector of residuals with

zero means and G/ variance covariance
properties. The parameter matrix &/ is
estimated by

¢ a=1 . . .
o/ =(Mi) " mf=1Imi =m} (6)

in which M/ and m/= the r/3xr/3 lag-zero
and lag-one correlation matrices of z/, and
I’ = the identity matrix of size r/3xr/3. The

variance covariance estimates G/ of maximum
likelihood method are expressed as [17]

G/ = (l/p)(Uj)TUj (7

Notice that the MAR(1) model of z/
[DMAR(1)] is feasible since the matrix z/ has
the number of rows p which is always greater
than the number of columns r/3. The total
number of parameters (k) for the decomposed
model is(2/3),2, excluding Y and Sy , while the

degrees of freedom (df) left for calculating G/
are p—(r/3) [11].
3. Assessment of the DMAR(1) Model
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Three series of natural monthly flows at
stations P.12 (the Ping River), Y.1C (the Yom
River) and SK (the Nan River) in the Chao
Phraya River Basin were considered. The total
period of the flow records is 46 years (1955 —
2000). Figure 1 presents the locations of the
selected gauging stations.

The DMAR(1) model [(1)-(7)] was
applied using the chosen flow-data set. One
hundred samples of synthetic monthly flows
with the same size as that of the historic sample
considered were generated simultaneously. The
basic flow characteristics (e.g., mean, standard
deviation, coefficient of skewness, and season-
to-season correlation and cross-correlation
coefficients), and the related drought statistics
(i.e., average and maximum drought durations,
and average and greatest drought magnitudes
against a truncation level b in which
b=0.75X3, X5, and 1.5X7) of every synthetic
flow sample were computed at partial (e.g., tri-
monthly) time scales. Then, for each
considered observed property h, the average
value p and standard deviation ¢ of & (/= the
generated statistics of #) were estimated from
those of the one-hundred generated samples.
They were used to construct the assessment

interval [pxo] of i {[11] and [18]} for

assessing the MAR(1) performance of
reproducing h. For instance, if the historic flow
characteristic & is contained in the interval, it
will be inferred that the model can adequately
preserve the flow property h.

In the following, the results of
evaluating the DMAR(1) mode] are presented.
Figure 2 shows the historic and generated
means, standard  deviations,  skewness
coefficients, and season-to-season correlation
and cross-correlation coefficients of historic tri-
monthly flows for station P.12. It appears that
the model reproduces the observed flow
statistics adequately. Figure 3 illustrates the
historic and generated drought statistics
(average and longest drought durations, and
average and greatest drought magnitudes) of
P.12 tri-monthly flows at the few different

threshold levels of 0.75X%, X3 and 1.5X7.Itis
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evident that the model is able to preserve the
drought properties satisfactorily.

4, Uncertainties of Basic Statistics of the
Model

Although the DMAR(1) model has
been reduced many parameters, one may wish
to know the variations of basic statistics of the
model. Hence, it was applied to the previously
selected set of the monthly flows from stations
P.12, Y.1C and SK (see Figure 1). Their one-
standard-deviation' intervals of basic flow
properties at the considered monthly level were
then constructed for various sample sizes of
100, 75, 50 and 25 years.

Figure 4 presents the one-standard-
deviation intervals of cross-correlation (P.12
and Y.1C) of all considered sample sizes
[DMAR(1)]. The figure demonstrates that the
uncertainties of the flow statistics generally
vary with sample sizes considered, as expected.
The intervals tend to be large for short sample
size. Moreover, it should be noted that the
basic correlations (month-to-month correlation
and lag-zero cross-correlation) are usually
preserved, like the results of [12]. Only the
historic correlations in March are slightly out
of the assessed intervals.

5. Summary and Conclusions

Generation of seasonal flows at
multiple sites simultaneously that can preserve
adequately the basic and drought properties at
various aggregation levels is fundamental to a
success in design and operational studies of
water resource systems. The present paper thus
proposes an DMAR(1) model for generating
multi-site seasonal flows concurrently. The
proposed model [12] uses the technique of
SVD to transform the normalized flow data Y
into its SPC z, and fits an MAR(1) model to
three equal sub-matrices of consecutive SPC.
The model is basically equivalent to the
MAR(1) model of Y, but has fewer parameters.
Moreover, previous work  [12]  has
demonstrated that the DMAR(1) model can
preserve the flow characteristics at considered
(monthly) and total aggregate (annual) levels.
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In this study, the performances of the
DMAR(1) model for reproducing the referred
flow statistics at intermediate (bi-monthly, tri-
monthly, quarterly and semi-annual) time
intervals are assessed. Hence, the proposed
model has been used to generate
simultaneously three sequences of 29-year
(1969 - 1997) monthly flows [P.12 (the Ping
River), Y.1C (the Yom River), and SK (the
Nan River)]. Results of the assessment based
on the criterion of one-standard-deviation
interval have indicated that the DMAR(1) is
able to preserve the basic flow characteristics
and drought related statistics at the partial (e.g.,
tri-monthly) levels adequately. Thus, it can be
concluded that the DMAR(1) model is feasible
for the multi-site multi-season problem.

The DMAR(1) model 1is further
analyzed the uncertainties of basic flow
properties. The analysis was performed by
applying the model to generate concurrently
the above-mentioned set of the flow records for
several sample sizes (100-, 75-, 50- and 25-
year). The analysis results have indicated that
the uncertainties of the flow statistics are great
for limited sample size.
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Figure 1. Locations of the selected gauging stations.
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Figure 2. Historic and generated basic statistical properties of tri-monthly flows (P.12).
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Figure 3 Historic and generated drought statistical properties of P.12 tri-monthly flows at few

different threshold levels.
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Figure 4 One-standard-deviation intervals of cross-correlations (P.12 and Y.1C) of all considered

sample sizes [DMAR(1)].



