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Abstract 
This study describes the three-point bending deformation characteristics of the bent part  of an aluminum alloy 

sheet (A1050P). The elasto-plastic states in the bent zone of the worksheet at bending angles of 0°–90° were simulated 
using the finite element method (FEM). To develop a simulation bending model, a three-point bending experiment was 
conducted using a 0.39-mm-thick aluminum sheet. The bending load resistance and deformation profile of the bent part 
in the FEM model were compared with the experimental results, and the initial punch indentation depth (dP) was varied 
within a certain range. The FEM model was developed and simulated using isotropic elasto-plastic solid properties. When 
simulating the three- point bending process, the modification of the plastic coefficient appears to be the primary 
characteristic that closely matches the experimental results. Through the FEM simulation of the worksheet, the following 

results were obtained: (1) The contract friction force (c) between the worksheet and the channel die was greater than 
that between the punch and the worksheet.  This may be due to the boundary conditions of the three- point bending 
apparatus.  ( 2)  The pressure dependency of the friction coefficient is important.  Further investigation into this pressure 
dependency, specifically the relationship between contact pressure and frictional resistance, should be considered.  ( 3) 

The corner radius of the channel dies had a greater impact on the maximum principal compressive stress (P2max) than 

the maximum principal tensile stress (P1max), primarily because of the abrasive forces encountered during the three-point 
bending process.  The peak maximum ratio of P2max by P1max

 was approximately 1.12–1.27.  An appropriate round edge 
of the corner die is important.  ( 4)  The number of nonlinear elasto- plastic states at the bending zone appeared to be 
three.  The different separations in the three states may be due to the three different stress distribution patterns.  ( 5) 
Regarding springback, for large ( deep)  deformations, Gardiner’ s model closely matched the simulation model.  This was 
confirmed by comparing the undefined V- notch with the applied V- notch.  However, for small ( shallow)  deformations, 
further investigation is required through experimentations. 
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1. Introduction 

The aluminum alloy sheet A1050P is extensively 

used in semiconductor packages because of its 

beneficial characteristics, including its low price, high 

strength, high plasticity, good formability, lightweight 

material, electrical conductivity, corrosion resistance, 

and good thermal conductivity.  The three- point 

bending test is one of the most important material 

testing methods for determining the mechanical 

performance of materials during the manufacturing 

process.  The bending method has recently been 

discovered to bend any shape of precision parts, such 

as lead frames for LSI chips and integrated circuits. 

One of the most important steps in the bending 

process is to estimate the bending deflection, 

bending strength, bending fatigue, sheet thickness, 

sheet setting condition, die angle, die opening, and 

punch radius [1-3]. Furthermore, the springback effect 

was studied.  [ 4- 14] .  The influence of the punch tip 

radius and bending angle on the spring- forward 

behavior of Al– Mg– Si alloys during the V- bending 

process was investigated [ 4] .  The springback 

phenomena associated with metal sheets during 

deformation have been studied using V- die punches 

with appropriate dimensions [ 5] .  The three- point 

bending test, including the springback stage, was 

systematically examined through numerical 

simulations.  For comparison, two elasto- plastic 

constitutive models were introduced in the finite 

element code [ 6] .  A newly proposed elasto- plastic 

constitutive model was used that considers initial and 

induced anisotropies, combined nonlinear isotropic 

and kinematic hardenings, and isotropic ductile 

damage.  To examine the springback phenomena in 

nonproportional strain paths, three- point bending 

tests were conducted [7]. The validation of Gardiner’s 

theoretical model was compared with the simulated 

springback responses [8]. The effectiveness of using a 

tip- bottomed punch to reduce springback in ultra-

high- strength steel was investigated [ 9] .  The 

springback problem in sheet metal press- brake air 

bending aims to predict the punch displacement 

required to achieve the desired bending angle [ 10] . 

The vertical displacements and springback factors, 

along with the total equivalent plastic strain and 

equivalent von Mises stress, were also presented [11]. 

The tool path geometry and friction- induced effects 

on sheet materials were employed to reduce 

springback, and the optimization of the sheet metal 

bending process was examined [12]. The decrease in 

the amount of springback with increasing plate 

thickness was also investigated [13]. The double-bend 

technique effectively reduced springback [14]. 

The effects of different hardening models, such 

as isotropic, kinematic, and combined hardening 

rules, on various uncoupled ductile fracture criteria 

were explored using both experimental and 

numerical methods [ 15] .  The effects of plate 

thickness and punch radius were investigated [16-17]. 

The effects of the friction coefficient on tension and 

compression stresses were investigated [ 16] .  The 

elasto- plastic behavior of aluminum sheets was 

simulated under nonlinear conditions [18].  

Several studies have experimentally and 

numerically investigated the three-point bending test 

of aluminum sheets [ 7- 8,19- 21] .  The mechanical 

behavior of the material on various strain paths, 

including tension in straight and notched samples and 

equi-biaxial tension, was examined up to the point of 

necking and final rupture [ 19] .  The effects of roll 

distance and crack initiation on the bending curve 

shape were investigated [20]. The bending process of 

specimens with various punch radii in a three- point 

bending test was investigated [21]. 
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Numerous studies have investigated the 

formation process of the aluminum alloy sheet 

A1050P.  The effects of the thickness of aluminum 

sheets and friction on the load characteristics of a 

crushed center bevel cutter indented onto an 

aluminum sheet were previously explained [22]. The 

relationship between the thickness of the wedged 

sheet and the tip thickness of the crushed cutter was 

also investigated [ 23] .  The critical conditions for 

cutting aluminum sheets were investigated [24] . The 

sensitivity of crack propagation in an aluminum 

worksheet during wedge shearing was studied [ 25] . 

The impacts of various rolling parameters on the void 

volume fraction and void shape in aluminum were 

investigated [26]. The dislocation density at the mid-

thickness of an aluminum alloy was estimated [ 27] .  

A feasibility study was conducted to investigate the 

friction coefficient between tools and aluminum 

sheets and to analyze the maximum principal tensile 

and compressive stresses [28]. 

However, to date, the deformation of nonlinear 

elasto-plastic states at the center of the bent zone of 

the aluminum alloy sheet A1050P has not been 

reported.  Therefore, in this study, the simulation 

bending model was compared with the experimental 

results to verify the bending load resistance and 

deformation profile of the worksheet.  Here, the 

simulation model was analyzed at bending angles of 

0°– 90°, which corresponded to a punch indentation 

depth dP =  0– 2. 0 mm.  In addition, the P1max 

( maximum principal tensile stress)  and the P2max 

( maximum principal compressive stress)  were 

estimated via finite element method ( FEM) 

simulation.  The springback effect on the worksheet 

( nonmodified shape versus the modified shape such 

as a V- notch)  was considered in the FEM simulation. 

Finally, the simulation model was validated using 

Gardiner’s model. 

 

Table 1  In- plane tensile properties of aluminum sheet 
( A1050P)  [ 25,28]  and mechanical conditions of 
aluminum sheet for simulation model. 

In-plane tensile properties of A1050P 

Thickness t [mm] 0.39 

Young’s modulus E [GPa] 78.6 

Yield Stress Y [MPa] 140 

Ultimate tensile strength  B [MPa] 150 

Plastic coefficient, F [MPa] 90 

Work hardening exponent, n 0.46 

Mechanical conditions of aluminum sheet for 

simulation model 

Worksheet thickness t [mm] 0.39 

Young’s modulus E [GPa] 78.6 

Poisson’s ratio 0.2 

Yield Stress Y [MPa] 140 

Ultimate tensile strength B [MPa] 150 

Plastic coefficient, F [MPa] 170 

Work hardening exponent, n 0.46 

Friction coefficients, dt  0.2 

Span length of the dies SL [mm] 4 

dt denotes the friction coefficient between the deformable 

body and tools (punch and dies). 

 

2. Materials and experimental methods 

2.1 Materials 

In the three- point bending experiment, a 

commercially pure aluminum alloy sheet (JIS-A1050P) 

with a thickness of 0.39 mm was used [25]. The tensile 

properties of the aluminum sheet in the transverse 

direction are shown in Table 1.  The work hardening 

characteristics related to the stress– strain of the 

material were approximated by the power law 

expression  =  F n, where F represents the plastic 
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coefficient, , denotes the equivalent plastic strain, 

and n represents the work hardening exponent. In this 

study, we mainly discuss the cross- direction of 

material behavior.  

 

 
Fig. 1 Schematic of the experimental apparatus used in 
three-point bending tests [28]. 

 

2.2 Experimental method 

To validate the simulation results, out- of- plane 

three- point bending experiments were conducted 

following the standard test ( based on ASTM- D790- 3, 

2003)  [ 29] , as shown in Fig.  1.  The specimens were 

prepared as five square sheets, each with a length of 

Lw =  20 mm ( longitudinal direction) , a width of Ws = 

20 mm ( transverse direction) , and a thickness of t = 

0. 39 mm.  The span length of die SL was 4 mm, and 

the corner radii rc of both sides were 0. 6 mm.  The 

punch thickness tp was 1.9 mm, and the punch radius 

rp was 0. 95 mm.  The upper crosshead had a 

punch/ indenter mounted on a load cell.  The 

aluminum sheet was placed on the die on both sides. 

The punch indentation depth dP moved downward 

with a velocity V = 0.1 mm.s−1.  The punch direction 

angle    was set to 90° with respect to the cross-

direction of the worksheet, as shown in Fig.  2.  The 

bending force bf and dP
 were automatically measured 

using a load cell and linear gauge sensor.  The 

specimen, both sides of the die, and the tool surface 

were washed with alcohol before the three- point 

bending test.  The specimens were tested five times. 

The deformation profile of the bending part was 

observed by a charge- coupled device camera during 

the bending of the aluminum sheet. 

 
Fig. 2 Punch direction of specimen [28]. 

 

3. FEM simulation analysis of three-point bending 

process 

The FEM simulation model accounts for the 

experimental observations explained in the previous 

section and estimates the behavior of the three-point 

bending mechanism in the bending stage of an 

aluminum sheet (JIS-A1050P). The simulation model 

was applied.  The following actions were performed 

and discussed:  (1)  The FEM simulation models were 

compared with the experimental results described in 

Section 2. 2 for a punch indentation depth dP =  0– 2 

mm.  The plastic coefficient is listed in Table 1.  The 

modification of the plastic coefficient was compared 

with the experimental result.  The contract friction 

force c of the worksheet and tools was investigated. 

( 2)  The friction force between the worksheet and 

tools was investigated.  ( 3)  The P1max ( maximum 

principal tensile stress)  and the P2max ( maximum 

principal compressive stress) were examined. (4) The 

nonlinear elasto- plastic states were investigated in 

the center zone. (5) To reduce the springback, the V-

notch shape was compared with the nonmodified 



 วารสารวิศวกรรมศาสตรและนวัตกรรม  ปที่ 18  ฉบับที่ 1 ประจําเดือน มกราคม – มีนาคม  2568 38 

shape.  ( 6)  The simulation model was validated by 

comparing its springback ratio with that predicted by 

the theoretical model (Gardiner’s model). 
 

3.1  FEM simulation method in three- point 

bending process 

The general- purpose finite element code 

MSC. MARC was used to simulate the three- point 

bending process. The updated Lagrange method and 

a large strain state were used to analyze a two-

dimensional model ( plane strain) .  The Newton–

Raphson method was used to solve the nonlinear 

equilibrium equations in the structural analysis of the 

worksheet [ 30] .  Fig.  3 shows the FEM model of the 

bending stage based on the experimental bending 

stage ( Section 2. 2) .  The simulation model was the 

same as the experiment model, as illustrated in Fig. 

1.  The worksheet was considered a square 

deformable body with a length of deformable body 

Ld = 20 mm and a thickness of t = 0.39 mm. The four-

node plain- strain quadrilateral element was used to 

model the worksheet.  An isotropic elasto- plastic 

model was used to simulate the bending process 

using the in- plane tensile testing properties in the 

cross- direction [ 25] .  The mesh model comprised a 

full model.  A mesh independence study on the 

simulation model was conducted in three cases:  In 

the case of coarse mesh ( i) , the total number of 

elements in the worksheet was 1,170, and the total 

number of nodes was 1,410.  In the case of medium 

mesh ( ii) , the total number of elements in the 

worksheet was 5,850, and the total number of nodes 

was 6,510.  In the case of fine mesh ( iii) , the total 

number of elements in the worksheet was 11,700, 

and the total number of nodes was 12,688. Therefore, 

the ratio of fine to medium mesh was approximately 

2, and the ratio of medium to coarse mesh was 

approximately 5. 

In all cases, the deformable body of the 

worksheet was presumed to be an isotropic, elasto-

plastic material conforming to the isotropic hardening 

power law = Fn. The plastic coefficient F = 90 MPa 

[25] (based on Table 1), the modification of the plastic 

coefficient F = 170 MPa (1.89 times F = 90 MPa from 

Table 1), and n = 0.46 were selected, as described in 

Section 2. 1.  In the simulation model, all elements 

were assumed to have no fracture or crack during the 

bending process.  Therefore, the Coulomb friction 

model was assumed for each contact surface, and the 

friction coefficients between the deformable body 

and punch- dies dt were initially assumed to be 0. 2 

[25]. The punch and dies were defined as rigid bodies. 

The upper punch was moved downward, while both 

sides of the lower dies were fixed on the vertical and 

horizontal axes ( x, y-axis) .  To prevent any tangential 

slip between the worksheet and tools ( punch and 

dies)  during the simulation, the worksheet was fixed 

on the horizontal axis (x-axis), as shown in Fig. 3. Each 

punch step was appropriately performed with 200 

total increments to simulate the bending process 

during the three- point bending simulation.  The 

simulation model was completed with a successful 

exit number of 3,004. There were 228 (coarse mesh), 

261 ( medium mesh) , and 319 ( fine mesh)  Newton–

Raphson iteration cycles; 15 ( coarse mesh) , 46 

( medium mesh) , and 84 ( fine mesh)  contact 

separations; 0 cutbacks; no remesh; an analysis time 

of 20 s for each mesh type; compute wall times of 80 

( coarse mesh) , 378 ( medium mesh) , and 713 ( fine 

mesh) .  These statistics were cumulative for all load 

cases. 
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Fig. 3 Schematic of bending process for simulation model 
[28]. 

 

4.  Results and discussions 

4.1 Experimental results of three- point bending 

process 

Fig.  4 shows the relationship between the 

bending force bF and the punch indentation depth dP. 

The bending force response was recorded at dP = 0–

2 mm.  Here, the bending force bF tends to increase 

with the punch indentation depth dP.  The linear 

elastic zone for the deflection of the worksheet was 

detected in the early stage at dP =  0– 0. 14 mm. 

Conversely, the plastic deformation zone was 

detected in the range of 0.14 < dP < 2.0 mm. Figs. 5 

( a) – ( e)  show the representative side- view 

photographs of the normal bending specimens during 

the three-point bending test with respect to dP values 

of 0, 0.5, 1, 1.5, and 2 mm. Fig. 6 shows the effect of 

the generated kinetic friction force at the interface 

between the worksheet and channel die in the three-

point bending test at dP =  0– 2 mm.  The worksheet 

was abrasive by the channel die in the three- point 

bending test, and the surface between the punch and 

worksheet was not investigated in the experiment 

because digital microscopes are difficult to record 

with. Therefore, to compare the contract friction force 

c and punch indentation depth dP with the 

simulation results, the kinetic friction forces between 

the worksheet and tools ( punch and worksheet; 

channel die and worksheet) were demonstrated. 
 

 
 

Fig. 4 Relationship between bending force bF and punch 
indentation depth dP in experiment for dP = 0–2 mm [28]. 
 

      

    

 
 

Fig. 5 Representative side views of bending deformation 
profile in three- point bending test at punch indentation 
depths dP= 0 [28], 0.5, 1 [28], 1.5 and 2 mm [28]. 
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Fig. 6 Effect of abrasive zone between worksheet and 
channel die during three-point bending test at dP = 0–2 mm 
 

4.2  Bending load response of aluminum sheet in 

simulation model versus experimental results 

As described in Section 3.1, the simulation results 

were compared to the experimental results ( Fig.  7) . 

Fig.  7 shows the relationship between the bending 

force bF and the punch indentation depth dP of the 

aluminum sheet.  The experimental results are 

presented in Fig. 4. Regarding the mesh independence 

study, the cases of medium mesh ( ii)  and fine mesh 

( iii)  fairly matched the experimental results, with 

small variations for dp < 1.0 mm. However, the coarse 

mesh (i) exhibited significant fluctuations for dp > 0.9 

mm.  To reduce the computation time, the medium 

mesh was used to analyze the simulation results. 

Consequently, for the modified plastic coefficient 

F =  170 MPa, the simulation results relatively 

matched the experimental results. Conversely, for the 

nonmodification of plastic coefficient F = 90 MPa, as 

shown in Fig.  7 ( iv) , the simulation results did not 

match the experimental results. Therefore, based on 

the power law expression = F n, a factor of 1. 89 

times F =  90 MPa ( Table 1)  was significant in 

confirming the experimental results.  
 

 
 

Fig. 7 Relationship between bending force bF and punch 
indentation depth dP in three- point bending process 
( comparison of simulation results with experimental results) 
for dP = 0–2 mm. (i) For coarse mesh, the material properties 
are based on the data presented in Table 1 ( with the 
modification of plastic coefficient F =  170 MPa) .  ( ii)  For 
medium mesh, the material properties are based on the data 
presented in Table 1 ( with the modification of plastic 
coefficient F =  170 MPa) .  ( iii)  For fine mesh, the material 
properties are based on the data presented in Table 1 ( with 
the modification of plastic coefficient F = 170 MPa) .  ( iv)  For 
medium mesh, the material properties are based on the data 
presented in Table 1 ( without modification of plastic 
coefficient F = 90 MPa) [25]. 
 

4.3  Evaluation of kinetic friction force in 

worksheet under bending state  

As mentioned in Section 4.1, the simulation 

results are presented in Fig. 8. The kinetic friction 

forces of the worksheet and tools (punch and 

worksheet; channel die and worksheet) were 

compared. The contract friction force c was derived 

from the equation P = dt·Ws, where P represents the 

pressure force, dt denotes the friction coefficient 

between the deformable body and tools, and Ws 

denotes the width of the specimen. Consequently, 

the contract friction force c between the channel die 

and worksheet tends to increase as dP increases, 

whereas the c between the punch and worksheet is 

almost independent of dP. This result indicates that 
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the simulation results of c between the channel die 

and worksheet agree with the experimental result, as 

shown in Fig. 6. In other words, an abrasive contact 

area formed between the channel die and the 

worksheet. When the c between the punch and 

worksheet increased slightly, c(Peak) was 

approximately 0.16. In contrast, when the c between 

the channel die and worksheet increased for 0.05 < 

dP ≤ 2.0 mm, c(Peak) was approximately 1.03. 
 

 
 

Fig. 8 Relationship between contract friction force   c and 

punch indentation depth dP for worksheet and tools ( punch 
and worksheet; channel die and worksheet) in the simulation 
results of three-point bending process for dP = 0–2 mm.   
 

4.4  Simulated bending profile and deformation 

characteristics of bending zone  

Figs. 9 (a)– (e) show sectional views of the 

matching profile between the simulation results as 

contour band diagrams (first principal tensile stress 

P1) versus the experimental results for dP = 0.01–2.0 

mm. The simulation results relatively matched the 

experimental results. Consequently, the gray band 

(P1 > Y = 140 MPa) along the center of the bent 

zone in Figs. 9 (b)– (e) indicates a high-tensile state, 

except in Fig. 9 (a) at dP = 0.01 mm. According to these 

figures, the high-tensile state seems to occur in a bent 

zone at dP > 0.01 mm and appears to be slightly 

expanded in the lateral direction when dP increases 

from 0.02 to 2.0 mm.  
 

 

 

 

 
 

Fig. 9 Representative side views of bending deformation 
profile in three-point bending process for punch indentation 
depths dP of (a) dP = 0.01 mm, (b) dP = 0.1 mm, (c) dP = 0.5 
mm, (d) dP = 1.0 mm, and (e) dP = 2.0 mm. The matched 
profile between the simulation results (left) and the 
experimental results (right) for the first principal tensile stress 
P1 
 

Fig.  10 shows the relationship between the 

bending angle BA and the punch indentation depth 

dP. The simulation and experimental results exhibited 

similar tendencies. 
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Fig. 10 Relationship between bending angle BA and punch 
indentation depth dP. The simulation results (based on before 
the withdrawal of the punch and after the release of the tool) 
versus the experimental results for the dP states 
 

Fig. 11 shows representative side views of the 

contour band diagrams for dP = 1.0 and 2.0 mm. From 

this figure, the following characteristics were revealed: 

(1) A high-tensile/compressive state, indicated by the 

light-gray and gray bands (P1 and P2 > ±140 MPa), 

was observed along the center of the bent zone. (2) 

The stress distribution on the compressive state zone 

of the contact body (punch versus worksheet and die 

versus worksheet), indicated by the dark blue and 

light-blue bands (P2 > −84, −112 MPa), as shown in 

Fig. 11, appeared to be located at the corner die and 

punch. The compressed state of the worksheet and 

die was greater than that of the worksheet and punch.  

Fig. 12 shows the norms of P1max (maximum 

principal tensile stress) and P2max (maximum 

principal compressive stress) at the bending positions 

at dP = 0.01– 2.0 mm. The P1max and P2max of each 

dP were measured in the surface layer by the 

simulation. The representative norms of P1max and 

P2max are represented by different colors. For the 

simulation results, the red line indicates P1max, and 

the blue line indicates P2max. Consequently, they 

were classified into two stages: in the first stage, P1max 

and P2max significantly increased for dP < 0.1 mm, 

whereas, in the second stage, P1max and P2max 

slightly increased for 0.1 < dP ≤ 2.0 mm. However, a 

comparison of P1max and P2max showed that P2max 

was significantly higher than P1max for 0.01 ≤ dP ≤ 2.0 

mm. The ratio of P2max by P1max for 0.01 < dP ≤ 2.0 

mm was approximately 1.12– 1.27, primarily due to 

the strain restriction on the inner side of the bent 

body, as depicted in the representative cases of dP = 

1.0 and 2.0 mm in Fig. 11. According to the simulation 

results presented in Fig. 12, the peak maximum of 

P1max was 288 MPa at dP = 1.0 mm, whereas the peak 

maximum of P2max was 323 MPa at dP = 1.0 mm. 
 

  

  

 
Fig. 11 Representative side views of contour band diagram 
of bending deformation profile in three-point bending process 
when comparing P1 (first principal tensile stress) and P2 
(second principal compressive stress) for punch indentation 
depths dP of (a) dP = 1.0 mm (P1), (ax) dP = 1.0 mm (P2), (b) 
dP = 2.0 mm (P1), and (bx) dP = 2.0 mm (P2). Figs. 11 (a) and 
(b) were copied from Figs. 9 (d) and (e). 
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Fig. 12 Magnitude of P1max and P2max principal stress on 
worksheet surfaces (dP = 0.01–2.0 mm) 

 

Figs. 13 (a)–(e) show contour band diagrams with 

the magnitude of the equivalent stress at the bending 

zone during the bending process of the worksheet 

when observing the elasto- plastic state of the first 

state (shallow indentation cases, dP = 0.08–0.12 mm). 

The elastic deformation at the center tends to 

decrease as dP increases.  Similarly, the elastic 

deformation was separated for 0.12 ≤ dP ≤ 0.41 mm, 

as shown in Figs. 13 (e) and Fig. 14 (a). 

Figs. 14 (a)–(e) show contour band diagrams with 

the magnitude of the equivalent stress at the bending 

zone during the bending process of the worksheet 

when observing the elasto-plastic state of the second 

state (intermediate indentation cases, dP = 0.41–0.49 

mm) .  Consequently, the recovered elastic 

deformation at the center tends to increase for 0. 41 

< dP ≤ 0.57 mm.  

 

 

 

 

 

 

   

   

  
 

Fig. 13 Contour band diagram of equivalent stress at 
bending zone during the bending process of worksheet when 
observing elasto-plastic state (1st state). The bending profiles 
of the simulation results at (a) dP = 0.08, (b) dP = 0.09, (c) dP 
= 0.10, (d) dP = 0.11, and (e) dP = 0.12 mm. 
 

  

  

  
 

Fig. 14 Contour band diagram of equivalent stress at 
bending zone during the bending process of worksheet when 
observing the elasto-plastic state (second state). The bending 
profiles of the simulation results at (a) dP = 0.41, (b) dP = 0.43, 
(c) dP = 0.45, (d) dP = 0.47, and (e) dP = 0.49 mm. 
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Figs. 15 (a)–(e) show contour band diagrams with 

the magnitude of the equivalent stress at the bending 

zone during the bending process of the worksheet 

when observing the elasto- plastic state of the third 

state (deep indentation cases, dP = 0.57–0.61 mm) . 

The elastic deformation at the center tends to 

decrease as dP increases for 0. 57 < dP ≤  0. 60 mm, 

whereas the elastic deformation was separated at dP 

≥ 0.61 mm, as shown in Fig. 15 (e). 
 

  

  

 
 

Fig. 15 Contour band diagram of equivalent stress at 
bending zone during the bending process of worksheet when 
observing the elasto- plastic state ( third state) .  The bending 
profiles of the simulation results at (a) dP = 0.57, (b) dP = 0.58, 
(c) dP = 0.59, (d) dP = 0.60, and (e) dP = 0.61 mm. 
 

4.5  Effect of springback angle on simulation 

model 

Fig.  16 shows the measurement of the 

springback angle SB after unloading the bending tools 

of the worksheet using the simulation model. Fig. 17 

shows the estimated SB as a function of dP for 

different dP values of 0. 05, 0. 1, 0. 5, 1. 0, 1. 5, and 2. 0 

mm, as predicted using the simulation model.  To 

reduce the effect of SB, a V-notch was applied to the 

lower side of the worksheet, as shown in Fig.  17 ( ii) . 

The ratio of the height of the V-notch (h = 0.18 mm) 

to the worksheet thickness ( t =  0. 39 mm)  was 

approximately 2. 16.  The simulation results were 

classified into two types:  ( i)  the simulation models 

were based on the experimental results, and ( ii)  the 

simulation models were modified by the V- notch on 

the lower side of the worksheet. The results indicate 

that in the case of (i), SB tends to increase with dP for 

0. 05 ≤  dP ≤  2. 0 mm.  In the case of ( ii) , SB tends to 

increase with dP for 0.5 ≤ dP ≤ 2.0 mm. Conversely, in 

the case of ( i) , the characteristic of SB appears to be 

higher than that in the case of (ii) for 0.05 ≤ dP < 1.0 

mm, whereas it tended to be similar in both cases for 

1.0 ≤ dP ≤ 2.0 mm, as shown in Fig. 17. 
 

 
 

Fig. 16 Definition of springback after bending tools 
unloading. Here, A denotes the angle after the release of the 
punch from bent worksheet; B denotes the angle before the 
withdrawal of the punch at each dP; RA denotes the radius of 
curvature after the release of the punch from bent worksheet; 
RB denotes the radius of curvature before the withdrawal of 
the punch at each dP. 
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Fig. 17 Simulated springback angles after bending tool 
unloading. (i) Undefined V-notch (based on the experimental 
result) versus (ii) applied V-notch with respect to dP states 
 

4.6  Initial ( loaded)  radius of curvature of bent 

zone versus worksheet thickness 

Fig.  18 shows the estimated radius of curvature 

before the withdrawal of the punch versus the 

worksheet thickness (RB/ t)  at each dP obtained using 

the simulation model. Consequently, RB/t was varied 

for 0. 1 ≤  dP < 0. 5 mm, whereas RB/ t gradually 

decreased for 0.5 ≤ dP ≤ 2.0 mm. The ratio of 0.5 ≤ 

dP ≤ 2.0 mm to 0.1 ≤ dP < 0.5 mm was approximately 

2.97:4.71.  
 

 
 

Fig. 18 Estimated initial ( loaded)  radius of curvature per 
thickness RB/t as a function of punch indentation depth dP 

 

 

 

4.7  Comparison of Gardiner’ s model with 

simulation model 

According to the springback of the worksheet 

shown in Fig.  16, Gardiner’ s model was used to 

validate the simulation results, as shown in Fig.  19. 

Gardiner’ s model was calculated using Equation ( 1)  

[8] .  The springback in Gardiner’s model is expressed 

solely by the ratio RB/RA. In the equation, E represents 

the Young’s modulus of the material,  Y denotes yield 

stress, and t represents the worksheet thickness. 
 

   B BB

A

3
y y

B 4 3 1
t t

R RRS R E E
       (1) 

           
 

Wang et al.  [ 31] .  demonstrated that the 

penetration of a punch with small stroke variations 

can significantly modify the final angle.  The initial 

( loaded)  radius of curvature RB can be derived from 

the geometry of the tooling, as shown in Equation (2), 

where w represents the approximate half- die width, 

 B denotes the angle of curvature, dP denotes the 

punch indentation depth, and 2

t  denotes the 

worksheet thickness.  
 

B p
2

B 
B

tan +
= sec 1

tw d
R





   (2) 

 

Consequently, the ratio RB/ RA of the simulation 

results was higher than that of Gardiner’ s model for 

0. 1 ≤  dP < 1. 5 mm.  In addition, the ratio RB/ RA of 

Gardiner’ s model was approximately 1. 35– 3. 4 

compared with that of the simulation results. 

However, Gardiner’s model and the simulation results 

were similar for 1.5 ≤ dP ≤ 2.0 mm, as shown in Fig. 

19. 
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Fig. 19 Comparison between theoretical model ( Gardiner’ s 
model)  and simulated springback as a function of punch 
indentation depth dP 

 

5.  Conclusions 

The bending mechanics of a 0.39-mm-thick 

aluminum alloy sheet (A1050P) were evaluated 

experimentally and numerically using a three-point 

bending process. The bending characteristics of the 

bent part such as the bending load resistance, the 

effect of the kinetic friction force, the deformation 

profile of the bent part, P1max (maximum principal 

tensile stress)/P2max (maximum principal compressive 

stress), nonlinear elasto-plastic states, and springback 

angle states were investigated. The results are as 

follows: 

( 1) .  Based on the modification of the plastic 

coefficient in the simulation model, the plastic 

coefficient was assumed to be 1.89 times the original 

value. The modified model was confirmed by a good 

fit between the simulated and experimental bending 

forces. 

( 2) .  The contract friction force  c between the 

channel die and worksheet increased with the punch 

indentation depth dP according to the simulation 

results. 

(3). (3). The geometrical features at the corner of 

the die more significantly affected P2max than P1max 

for 0.01 < dP ≤ 2.0 mm. 

( 4) .  The nonlinear elasto- plastic states were 

classified into three states.  In the first state ( shallow 

indentation cases, dP =  0. 08– 0. 12 mm) , the elastic 

deformation at the center was separated for 0. 12 ≤ 

dP ≤  0. 41 mm.  In the second state ( intermediate 

indentation cases, dP = 0.41–0.49 mm), the recovered 

elastic deformation at the center tended to increase 

for 0. 41 < dP ≤  0. 57 mm.  In the third state ( deep 

indentation cases, dP =  0. 57– 0. 61 mm) , the elastic 

deformation was separated for dP ≥ 0.61 mm. 

(5). Comparing the springback SB of the simulation 

models (based on the experimental result versus the 

V- notch) , the simulation results of the V- notch 

reduced SB in the elastic deformation state for 0. 5 ≤ 

dP < 1. 0 mm and there were similar tendencies for 

the plastic deformation state when 1. 0 ≤  dP ≤  2. 0 

mm. 

(6). RB/t varied significantly at 24.56 for 0.1 ≤ dP ≤ 

0.5 mm. 

(7). The simulation and Gardiner’s model showed 

good agreement within the specified range of 1.5 ≤ dP 

≤ 2.0 mm. 

Nomenclature 

FEM: finite element method  

dP: indentation depth of the punch 

bF: bending force 

c: contract friction force 

P1max: maximum principal tensile stress 

P1: principal tensile stress 

P2max: maximum principal compressive stress 

P2: principal compressive stress 

: tensile stress  
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dt: friction coefficients between the deformable body and tools (punch and dies) It was assumed to be 0.2. 
F: plastic coefficient 

: equivalent plastic strain 
n: work-hardening exponent  It was 0.46 mm. 
t: thickness of aluminum sheets  It was 0.39 mm. 
E: Young’s modulus  It was 78.6 GPa. 
Y: Yield Stress   It was 140 MPa. 
B: Ultimate tensile strength It was 150 MPa. 
Lw: length of the specimen The length was 20 mm. 
Ws: width of the specimen The width was 20 mm. 
SL: span length of die  The span length was 4 mm. 
rc: corner radii   The corner radii was 0.6 mm. 
tp: thickness of punch  The thickness of punch was 1.9 mm. 
rp: radii of punch  The radii of punch was 0.95 mm. 
V: experimental indentation velocity of punch  It was 0.1 mm.s−1. 
: punch direction angle It was chosen as 90° with respect to the cross direction of worksheet (CD). 
CD: cross direction of worksheet 
c: contract friction force of worksheet and tools 
Ld: length of the deformable body for the simulation model The length was 20 mm. 
P: pressure force 
BA: bending angle (°) 
SB: springback angle (°) 
h: height of the V-notch   It was 0.18 mm. 
: angle of the V-notch   It was 142 deg. 
A: angle after the release of the punch of bent worksheet 
B: angle before the withdrawal the punch at each dP  
RA: radii of curvature after the release of the punch of bent work sheet 
RB: radii of curvature before the withdrawal the punch at each dP 
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