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Abstract 
Almost one third of all energy is used for road transportation and one important destructive environmental 
effect of fuel consumption in road transport is its contribution to atmospheric pollution. The amount fuel 
consumed and pollution emitted by a vehicle depends on its load, velocity and other factors. There are 
carbon balance between the total carbon in fuel and the total carbon in all of the combustion that are 
emitted to gas pollution. This paper presents a Mathematical models of Environmental-
Routing Problem or Fuel & Pollution-Routing Problem (FPRP), an extension of the classical Vehicle Routing 
Problem (VRP) with a wide and more all-inclusive objective function that accounts not only to minimizing 
the travel distance, but also minimizing for the amount of greenhouse gas emissions, fuel consumption, 
total travel times with stochastic velocity and time window, and then solved the problem by LINGO 
Programming on small-
significantly more challenging to solve to optimality. Nevertheless, it had the potential of better yielding of 
reduction emission result than Classical Vehicle Routing Problem (VRP) 
Keywords: Fuel Consumption, Road Transportation, Vehicle Routing Problem
1. Introduction  
 Transportation especially road or truck 
transport  has mainly disastrous impacts on the 
environment, such as degradation of air quality, 
resource consumption , toxic effects on ecosystems 
and humans, and the effect persuaded by 
Greenhouse Gas (GHG) emissions . Among these, 
GHG and in particular CO2 emissions from 
combustion of fossil fuel to energy are the most 
concerning as they not only have direct 
consequences on human health but also have an 
effect to increasing of global temperature called 

be used to reduce pollution and energy 
consumption that fleet management or Vehicle 
Routing Problem (VRP) is one important 
instrumentality that can get more benefit by route 
optimization.  
  

 Vehicle Routing Problem (VRP) is the 
significant problem in the section of logistic, 
transportation and distribution. This problem can be 
explained as road transportation planning and 
purposes at designing optimal delivery or collection 
fleet of vehicles routing on a given network to serve 
a set of customer under side constraints [5]. By 
basic objectives of this problem are minimizing 
traveled distance to minimize transportation cost, 
number of vehicle used  and transportation time 
along with improving service level that all vehicles 
start and end at a single depot.  Then, the amount 
of pollutant emission and energy consumption are 
applied to general objective of VRP that the data 
and equation of pollutants emission are more 
based on the methodology for estimating air 
pollution emissions from transport (MEET) [7], 
Project of the European Commission (EC). The 
amounts of pollution emitted by a vehicle and fuel 
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consumption depend on its load and speed, among 
other factor [12].  This paper presents the  an 
extension of the classical Vehicle Routing Problem 
model for reduce pollutant emission and fuel 
consumption by considering uncertainty customer 
demand and traveling speed for each route and 
show the results that obtain from our example 
experimental runs. 
  
2. Literature Review 
2.1 Vehicle Routing Problem (VRP) 
VRP has been developed from Traveling Salesman 
Problem (TSP) by adding constraints such as 
capacity of the vehicle, Time window, etc.[10].  This 
problems  were more used to solve the problem of  
transportation , distribution and logistics which main  
objective  is  to  design  the optimal vehicle 
sequences  for minimize  the transportation  cost  
under various constraints. This problem was first 
introduced by [6] and ongoing more as more 
extends the problem framework by adding more 
different constraint such as additional terms of time 
(VRP with Time Windows; VRPTW), studied by [7] 
the several type of vehicles used (Heterogeneous 
VRP; HVRP), invented by [8], added a condition of 
good delivery and returned (VRP with Backhauls; 
VRPB), initiated by [4]. Moreover, "Multi-Period 
Vehicle Routing Problem", which for the vehicle 
routing problem with regard to various time periods 
that was developed [10] 
2.2 Emission Characteristics 
 Bauer et al. [2] were firstly applied pollutant 
emissions to transportation problem by Intermodal 
Freight Transportation Network Design Problem 
Model and also designed the specific equations 
which can consider in conjunction with energy 
consumptions and vehicle loaded. Bektas and 
Laporte [8] then generated new comprehensive 
model that better than old model and were called 

emissions rate can consider both vehicle velocity 

and vehicle load along with traveled route. 
 Barth et al. [1] has designed a heuristic 
method by developing a Neighborhood Search for 
solving PRP to minimize both fuel consumption and 
workers wage by the suitable driving speed. They 
got appropriate results and can be used this model 
to solve problems as more parking point up to 200 
points .Then, Xiao et al. [11] have taken oil 
consumption rate into account of weight function in 
Vehicle Routing Problem and solved by Simulated 
Annealing .The results show that can reduce fuel 
consumption by 5% compared to the original model 
of the CVRP problem. 
 Z. Zsigraiova et al.[12] has designed a model 
that combines VRP and waste collections to 
minimize pollution emissions and fuel consumption 
by the theories of MEET the results show that it can 
reduce emissions by up to 43% and 40 % fuel 
consumption. 
 The fuel consumption retrieved from 
MEET is given by: 

,            (1)
  
 In the previous equation, Cfeul represents 
the fuel consumption (l), [i] is the emitted mass of 
pollutant i (g), HC stands for unburned 
hydrocarbons and PM for the particulate matter, Mi 
is the molar mass of pollutant i (g/mol), and fuel 
is fuel density (g/l). 
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 According to MEET, pollutant emissions 
are calculated by Equation (2) (5), where , Ei, Ei,hot 
and  Ei,cold are the total emissions of pollutant i (g), 
the hot emissions of pollutant i (g), and the cold 
emissions of pollutant i (g), respectively; i  is the 
hot emission factor for pollutant i corrected for load 
(g/km), and dtr is the travelled distance (km); v is 
the mean velocity (km/h), k1, a, b, c, d, e, f and k2, 
r, s, t, u are coefficients depending on the vehicle 
total weight, and z is the fraction of transported 
load; i,cold is the cold emission factor for pollutant 
i (g/cold start), and N is number of cold starts. The 
values of the coefficients of Eq. (4) are displayed 
in Table 1and the values of the coefficients of Eq. 
(5) are displayed in Table 2 
 
Table 1 Values of the coefficients appearing in Eq. (4) 
for heavy-duty vehicles with gross weight in the range 
7.5 16 tones [7] 

Pollutant Parameter 
CO 

 

CO2 

 
NOx 

 

PM 

 
 
 
 
 

Table 2 Values of the coefficients appearing in Eq. (5) 
for heavy-duty vehicles [7] 

Pollutant Vehicle types 
(tons) 

Parameter 
 (g/cold start) 

CO 7.5  16 6 
CO2 7.5  16 300 
NOX 7.5  16 -2 
PM 7.5  16 0.6 

  
Then, we applied this equation to VRP 
mathematical model in next section 
 
3. Mathematical Model Formulation 
 This section describes the mathematical 
model formulation of our model. First, we define the 
notations used in this model on a complete graph 
G = (N, A) with N the set of arcs 
defined between each pair of nodes. Node 0 is the 
depot. There exist a homogeneous set of vehicles 
K 
has demand and a request to be served within 
a pre-specified time interval and the 
distance from i to j is denoted by dij.  

: The number of route cycle, which depend on 
customer demand 

: The number of customer needs to be served 
: Warehouse or Depot 
: Customer  
: Demand of customer (kg) 
: Distance between customer  and customer 

j (km) 
: Vehicle Velocity used between customer i  

and customer ; in this, we assume the velocity 
distribution as normal distribution 

),( 2
ijijijNv (km/h) 

ijt : Travel time between customer  and 
customer ; depend on distance and velocity 
used (min) 
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CW : Vehicle weight; define as 75 tons. 
TC : Vehicle Capacity; define as 75 tons. 
TM : Total driving duration of each route cycle; 
here we define as each route must has the total 
time less than or equal 24 hours or 1440 minutes.  

js : Service time at customer j (min) 
iky : Arrival time of vehicle k at customer i

ii ba ,  : The time window of the vehicle to serve 
customer i. ai and bi denote the earliest and the 
latest time when customer i will permit the start of 
the service (min) 
  For the path as pollutant emission, Ep, 
Ep,hot and  Ep,cold are the total emissions of pollutant 
p (g), the hot emissions of pollutant p (g), and the 
cold emissions of pollutant p (g), respectively; cp ,  
is the hot emission factor for pollutant p corrected 
for load (g/km), and dij is the travelled distance 
(km); vij is the mean velocity (km/h), k1, a, b, c, d, e, 
f and k2, r, s, t, u are coefficients depending on the 
vehicle total weight, and z is the fraction of 
transported load; p,cold is the cold emission factor 
for pollutant p (g/cold start), and N is number of 
cold starts. Cfeul represents the fuel consumption (l), 
[p] is the emitted mass of pollutant p (g), PM is the 
particulate matter, Mfuel is the molar mass of 
pollutant p (g/mol), and fuel is fuel density (g/l). 
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1,0ijkx i , kj,                       (27) 

0ijkw i , kj,                               (28) 
 Where ijkx  is the decision variable. It is 
equal to 1 if edge Aji ),(  is used by vehicle 
k and 0 otherwise. Objective Function in Equation 
(6) state minimizes total emission. Equations (7)-
(11) are sub-equations of pollutant emission and 
fuel consumption. Constraints (12) - (16) ensure 
each node must be visited only once.  Constraint 
(17) states that total vehicle load do not exceed its 
capacity. Balance weight load is shown in 
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constraint (18)  (21) and total time for each route 
constraint (22) is formulated in Chance-constraint 
programming to control the flexibility of total route 
time that may exceed TM,  is confidence level of 
total time which over TM. The reason that we 
formulated in this form because of we need to 
check the influence of velocity or speed when it is 
not stable along the route (in this paper we assume 
velocity in each arc (i,j) are normally distributed 
random variable. Constraints (23) are used to 
restrict the total load a vehicle carries by its 
capacity. Time windows are imposed by constraints 
(24), which are obtained through a linearization of 
a set of nonlinear inequalities, as in [5] in 
constraints (25) by constraints (26). 
 
4. Computational Results 
 In this section, we present experimental 
results from small  generated problem size and 
classified them into four categories namely; 
Problem A = Modeling with short distance - low 
velocity (3 node, 5 node and 7 node.) 
Problem B = Modeling with short distance  high 
velocity (3 node, 5 node and 7 node.) 
Problem C = Modeling with long distance - low 
velocity (3 node, 5 node and 7 node.) 
Problem D = Modeling with long distance - high 
velocity (3 node, 5 node and 7 node.) 
 Table3shows lower and upper bound of 

use in our computational runs  
Table 3 Lower and upper bound of parameter using in 
experiment. 

Parameter Lower bound Upper bound 
Demand ( iq ) 950 kg. 1800 kg. 

Distance ( ijd ) 20 km. 150 km. 

Min Velocity 20 km/hr. 79 km/hr. 
Max Velocity 80 km/hr. 120 km/hr. 

 Generally, the driving velocities on road are 
not constant caused from many factor such as 
traffic jam, road gradient, weather and environment 
and etc. Therefore, In each arc (i,j), we generated 
50 values of velocity under the  range of minimum 
and maximum velocity and use the equation that 

ijd / ijv  to calculate average traveling time by the 
pre - 
the duration of total traveling time on each arc will 
exceed maximum duration allowed ( ) is 
probability equal to 90 percentage. 
We first converted constraint (22) to deterministic 
form [9] by following proposition 

TMv
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i ij
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 Then, all demonstration were run on Lingo 
Programming (LINGO 5.0 Intel Core i5 2.50 GHz 
RAM 4.0 GB) by two objective along with 
Minimizing Emission with time window and 
Minimizing Distance in order to compare the 
difference of result in our models with classical VRP 
model. The results showed that when we added 
more complicated constraints namely loading 
weight, stochastic velocity, time window and 
pollutant emission and fuel consumption equations 
are significantly changed of optimal route (figure 2) 
and also found that although distance was 
minimized but there did not mean that amount of 
emission and fuel consumption was increased as 
same. However, it had the potential of better 
yielding of reduction emission and fuel consumption 
results. The experimentation result show in the 
figure 1 
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Figure 1 Comparison of result obtained from different 
objectives function (especially 7 nodes) 
Remark: TR=Travelled time on roads, TT=Total time, TD= 
Traveled distance, FC = Fuel consumption  
 Besides, the increasing of time required to 
calculate for each experiment as increase as 
problem size due to the adding more of constraints 
and variables used in the decision .For example, 
the experiment calculation of the issues in the case 
of problem 1 in the table 4, which shows that Lingo 
programming cannot solve the problem greater 
than 7 cities under an acceptable time. 
Table 4 Computation time of each problem.(especially 
problem A) 

Class of problem Min Emission 
(hh.mm.ss) 

Min Distance 
(hh.mm.ss) 

3 nodes 00.00.35 00.00.27 
5 nodes 00.12.47 00.08.03 
7 nodes 00.56.32 00.24.04 

10 nodes N/A* N/A* 
 * N/A means problem cannot be solved within 2 days 

 Figure 2 Route solution from difference objective 
function for 7 nodes problem  
  (a)  Problem A (d) Problem D 

5. Summary 
 The amounts of pollutants were continuously 
emitted nowadays into the atmosphere by burning 
of vehicles fuel consumption tends to steadily 
increasing, especially of the transport sector on the 
road. There are several factors that have influence 
on emissions and fuel consumption such as 
loading, driving velocity, type of engine and etc. 
This paper therefore presents a Mathematical 
models of Environmental-
Problem or Fuel & Pollution-Routing Problem 
(FPRP), an extension of the classical Vehicle 
Routing Problem (VRP) which considers GHG 
emissions and fuel consumption associated with 
the vehicle traveled routes with added the 
constraints of vehicle loading and time window 
under their velocity were not constant or velocity 
data were distributed on normal distribution. By 
designing for 4 problem as mentioned initially in the 
size of  different ; 3 node , 5 nod and 7 node  in 
order to solve under the two objectives; Minimizing 
GHG Emissions with time window and Minimizing 
only distance (Classic VRP). The results showed 
that although the distance has decreased, there did 
not mean that the amounts of GHG and fuel 
consumption during transportation has decreased 
as same and also found that if we added 
constraints as time window and its loading in to the 
account, The results showed that it had the 
potential of better yielding of reduction emission 
and fuel consumption result than Classical VRP on 
average on 4.73% of all four cases of problem. 
However, our purposed mathematical programming 
model was implemented by using Lingo 
programming that it had limitation of solving time 
when there were more node or customer in the 
system. Moreover, formulation mathematics model 
to be stochastic programming also increased its 
complication. So our future study will apply Meta 
heuristic such as particle swarm optimization (PSO) 
to find the solution which has more nodes or 
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customers in the system up to 200 nodes or 
customers. 
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