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Abstract—The concept of generalized
hypersubstitution for algebraic systems was
introduced by D. Phusanga and J. Joomwong
which was extended from concept of generalized
hypersubstitution for universal algebras. The
concepts of the idempotent and regular elements are
important role in semigroup theory. In this paper, we
characterize the idempotent and regular elements
of the set of all generalized hypersubstitutions for
algebraic systems of type (m;n) and give some
structural properties.

Index Terms—Algebraic System, Term,
Relational Term, Generalized Hypersubstitution.

[. INTRODUCTION

An algebraic system of type (t,7") is a triple A:=
A () ien(y;")je)) consisting of a non-empty set 4,
a sequence ("), of operations on A indexed by the
index set I where f;: A" > A is n, - ary for i€l and
a sequence (y]-A )¢y of relations on A indexed by the
index set / where yjA CAYisn -ary relation for j€J. The
pair (7,7") with 7 = (n,),; , T = (n))¢; of sequences
of integers n;, n; €EN": N\{0}, is called the type of the
algebraic system A (see [1]). The algebraic systems
are related to the concepts of terms and formulas. To
define terms [2] and formulas [3], [4] we need variables,
operation symbols, logical connectives, and relational
symbols as follows.

Let 1 < n€e N7, let X, = {x;,x,,..,x,} be a finite
set of variables, and let X:= U,_ Xn = {x,..x,,..}
be countably infinite. Then the set W_(X,) of all
n-ary terms of type 7 is defined in the usual way
by the following conditions:

(1) Every x; € X,, is an n-ary term of type 7.

(ii) If t,, .., t,,; are n -ary terms of type T and if f is

an n;-ary operation symbol of type 7, then

fi(ty, .., t,;) 1s an n-ary term of type T.

Let W, (X) := U ,5; W.(X,) be the set of all terms of
type 7. Let 1 < n€ N'. An n-ary formula of type
(z,7") is defined in the following inductive way:

(1) If t,, t, are n-ary terms of type 7, then the
equation t, = t, is an n-ary formula of type (z,7"). All
variables in t, = t, are free.

(i) If ty, .., t,; are n-ary terms of type 7 and if y,
is an n;-ary relational symbol, then y;(¢;, ... t,,;) is an
n-ary formula of type (z,7"). All variables in such a
formula are free.

(iii) If F is an n-ary formula of type (z,7"), then =F
is an n-ary formula of type (z,7"). All free variables in
F are also free in —F. All bound variables in F are also
bound in —F.

(iv) If F, and F, are n-ary formulas of type (z,7")
such that variables occurring simultaneously in both
formulas are free in each of them, then F, V F, is an
n-ary formula of type (t,7"). Variables that are free in
at least one of the formulas F, or F, are also free in
F,V F,. Variables that are bound in either F; or F, are
also bound in F, V F,.

(v) If F is an n-ary formula of type (7,7") and x; €
X,, occurs freely in F, then 3x; (F) is an n-ary formula
of type (,7"). The variable x; is bound in the formula
3x,;(F) and all other free or bound variables in F are of
the same nature in 3x;(F).

LetF .y (W (X,)) be the set of all n-ary formulas
of type (tr,7') and let F(r,t")(W. (X))=
U,s1 F(r,7)(W(X,)) be the set of all formulas of
type (z,7"). A formula having the form Yi(ty o ty), WE
will call a relational term of type (7,7). Let
yF(r,7)(W (X)) be the set of all relational terms of
type (7,7) [1].

First, we recall the concept of a generalized
superposition of terms [5]. Let n € N*. The operation
S W (X)X(W (X)" = W_(X) is defined by the
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following steps:
(i) Ift=x;1<i<n thenS"(x,t,..t,):=t;.
(i) Ift=x;n<i€N’, then
S (x, ty 0 ty) =X
(i) Ift=f;(sy ... Sp), then
8" (1 (1 won Sy Lyponly) =
f. (8" (s ty, o tn), ., S (SN, t1, ..., tN)),
supposed that S" (s, t;, .., t,) are already defined
for 1 <k<ni.
Next, we recall the concept of the operation R"

which extends this generalized superposition to
relational terms [1] as follows.

Definition 1.1 [1] Letn € N*. The operation
R's W, (X)U Y oy (W(X)) X (W, (X))’
- W (U yF .y (W(X))
are defined by the following inductive steps:
Let ty, .., t, € Wt(X) and S" be the generalized
superposition of terms.
(i) Ift e W (X), then we defined R" (¢, ty, ..., t,)
= S5"(t, ty, 0 t)-
(ii) Ifj€Jand sy, ..., 5,,; € W (X), then
R"(y]-(sl, . snj), ty e t)i=
yj(S"(sl, ty e £, S(SY, E o ).
In [6], the properties of Rn are proved that satisfied
Theorem 1.2 (FC1) and (FC2) in the following
theorem.

Theorem 1.2 [6] Let f € W (X)U
YF (o.oy (W (X)). The operation R satisfies:

(FCD:R'(R'(B, ty, - £,), Sy ey S)=

R'(B, R'(ty, Sy, wr Sp)s o R” (tp S1s S,

whenever ¢, ..., t, and sq, .., s, € W_(X).

(FC3): R'(B, x1, - X)) = B.

On the other hand, the concept of a generalized
hyper substitution of a given type t for universal
algebra was the first introduced [5]. The set Hyp(T)
of all generalized hypersubstitutions of type 7
together with a binary operation ‘o is a monoid. (it’s
mean that (Hyp;(7); o) is amonoid.) In [7] defined a
new binary operation ‘+;’ on the set Hyp.(7) by (o,

+40)(f):=5"(0,(f), 3:(f D, = 01 (f 1)) EW.(X).
ni—terms

Further, (Hyp,(7); +,) forms a semigroup. In

the present paper, we will define a new concept that

generalized the idea in [7] of a hyper substitution (for

universal algebras) of type T to algebraic systems of

type (t,7).

II. METHODOLOGY

Now, we will define a generalized hypersubstitution
for algebraic systems of type (1m;n).

Definition 2.1 Any mapping
O_t,F: {f} U {Y} - W‘L’(X) U yT(‘r,‘r') (W‘L’(X))

which maps m-ary operation symbols to terms
does not necessarily preserve the arity and n-ary
relational symbols to relational terms does not
necessarily preserve the arity is called a generalized
hypersubstitution for algebraic systems of type (m;n).

Any generalized hyper substitution for algebraic
systems of type (m;n) consists of an operational
part 0, :(f) = o:{f} » W.(X) which is a usual
hypersubstitution and a relational part o, .(y) =
op: {¥} = ¥YF ooy (W (X)). We denote the set of all
generalized hyper substitutions for algebraic systems
by HypG(m;n). We define the extension of g, €
Hyp,(m;n) as follows:

Gt W(X) U YF oy (W (X)) =W, (X)U
YF oy (W (X)) inductively defined as follows:

(i) d,¢[x] := x for any variable x € X,

(i) G plfi(Sp o S)] :=
S"(0,(f1), 8 ,[s4], = G ,[5,]) fori € I and
s1, ..., snieWt(X),

(i) G, [1, (1 o S,)] =
R"’(ap(y/.), G[s1], . G ([sy]) for j € ] and
Sty v Spy € W(X).

Then J, ; is called the extension of a generalized
hypersubstitution for algebraic system o, ;. And
defined a binary operation ‘ °;’ on Hyp(t,7") by 0,
0 0'yp 1= G,y o0’y where “ o’ denotes the usual
composition of mapping and o, , o', » EHyp(1,7").
In [6], an important property for the extension is
proved. Let aid be the generalized hyper substitution
for algebraic systems mapping the operation symbols
f; to the terms f,(x,, ..., x,,;) for all i € I, and the
relational symbols y;to the relational term yj(xl, .
x,,;) for all j € J. We have the proposition as follows:

Proposition 2.2 [6] Let o, , € Hyp,(t,1) andn €
N*and t,, .. t, € W, (X). Then
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G 4 [R'(B, by )] =
R'(G,£[B1, 6[t] . 8,[t,]) for any
B E W, (X) U F (W, (X)).

Lemma 2.3 [6] For any 0,5, 0’y » € Hyp,(1,7'),
we have (0, o a’t',F’j =01r % O-?t’,F"

Lemma 2.4 [6] For any term t € W_(X) and
formula F € F, .n(W (X)), we have, 64[t] =t
and ¢,,[F] =F.

Theorem 2.5 [6] The set Hyp,(t,t") forms the
monoid Hyp,(,1): = (Hype(T,7);06 0,9)-

In this section, we define a binary operation ‘ +’
on the set of all generalized hypersubstitutions for
algebraic systems of type (m;n) and show that
(Hyp;(m;n); +,) is a semigroup.

Definition 2.6 Let mn = 1 and 0,p, 0, €
Hyp;(m;n). We define the binary operation

+a'(HypGOn70)2->HypGOn70
by () (op+g00m)(f)=5"(t) ¢t 0),

m—terms

(ii) (Jt,F +6 O—t',F') (Y) = Rn(F" b e t)~

n—terms

Example 2.7 Let (m;n) = (3;2),
t=f(xpxsx,), t' =%, F=y(x;, x,)
and F'=y(x,, x,). Then
(at,F +G O-t',F’) (f )
= 53(952' f(xy x5, x4), f (x4, X5, %), f (X1, X5, X4))
=[xy, x5 x,).
(at,F +e at',F') 62
= Ry(xy %), f(xy, X5, %), £, X5, X,),

f(xy, x5, x4))
= yY(f(xy, x5, x4), (f (x4, X5, X4)).
Therefore, o,(xy,x5,%,), ¥(x1,%,) +4 sz,y(xvxz)

= 0(1,x5%4), Y (f (X x52), (f (X1,X5,X4)).

Now, we will show that (Hyp,(m;n); +;) is a
semigroup.

Proposition 2.8 For arbitrary Ot kp Ot ry O r, €
Hypg(m;n), we have (0,  +¢0, p )+ 0, 5 =
0 r (0 p 600 r)
Proof. Let O r o0t r, and O, € Hyp (m;n).
Then ((0, r +¢ 0 ) Fe 00 )(f) = S"(ts,
((Jtl,Fl-I_G Jtz,Fz) ) (O-tl,F1+G O-tz,Fz) )

m—terms
= St " (b by 1) S (B Ly s 1)
m— terms m— terms

S"(S"(ty tyy o ), tyy oo )

m— terms m— terms

s" ((O-t F, Y600 r, (), tp )

m— terms

= (otl,F1+G(0t2,Fz+G Gt3,F3))(f)'

And ((o t,r, T6 0 tz,Fz)+G Ut3,p3) () =R'(Fs,
((o-tl,Fl-l_G o-tz,Fz) ) (Jtl,F1+G JtZ,FZ) D)),

n—terms
= R'(F3,S"(ty ty, e ty), o S (t, ty o by ,t1)
m—terms m—terms

R"(R'(F3 ty, s t), by, o )

n—terms m—terms

Rm((JtZ,F2+G Jt3,F3) ), ty, . ty) (by(FC1))

m—terms

= (0,5, 60 r F6 00 )W)

III. RESULTS

In this section, we describe idempotent and
regular elements in Hyp.(m;n).

1) Definition 3.1
Let (Hyps(m;n); +,) be a semigroup.
An element o, € Hyp;(m;n) is called an
idempotent if o, ,+; 0,,=0, . We denote
E(Hyp,(m;n)) be the set of all idempotent
elements of Hyp.(m;n).

2) Definition 3.2
Let (Hyp;(m;n); +;) be a semigroup. An
clement o, . € Hyp(m;n) is called a regular
if there exist o', ;v € Hyp(m;n) such that
Op +¢ 0'vp ¢ 0.p= 0. We denote
R(Hyp;(m;n)) be the set of all regular
elements of Hyp,(m;n).
Let Length(t) be the number of operation
symbols occuring in the term ¢.

3) Proposition 3.3
The element g,  EHyp(m;n) is an idempotent
if and only if there is i € N* such that t =
x;€X, fori €{l,..,n}and F =y(sy, .., 5,)
with s, € W,({X}).
Proof. Assume that o, EHyp,(m;n) is an
idempotent. Suppose that t € X, then
S(tt, .., t) #tisclearly. Hence t € X.
We consider (0, +; 0, ) (V)
=R'WY(Sy w0 S b e ) =¥y, oy Ty)
withr, € W,({t}) fori € {1, .., n}.
Conversely, it’s easy to see thatif t = x,€ X,
foriel,..,nand F=y(sy,..,Ss,) withs; €
Wi(X),weget(a, ,(Sp,50) +60y ys,...5)) ()
=S5"(x, x; .., x;) = x;and
(0, (S w0 50) F6 05, 50 V)
=R'(V(Sp v Sp)s Xpp s X) =V (Spp wo0r Sp)-
Therefore g, is an idempotent element.
Now, we will describe regular elements of

(Hypg(m;n); +).
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4) Proposition 3.4
E(Hypg(m;n)) = R(Hyp,(m;n)).
Proof. Since E(Hyp,(m;n))<
R(Hyp,(m;n)), we will show that
R(Hyp,(m;n)) € E(Hyp,(m;n)).
Leto,r € R (Hyp;(m;n)). Then, there exists
o, € Hyp;(m;n) such that
Oup+¢ 0y g+ 0. =0, By Definition 2.6,
we get t = S"(S"(¢, t/, ..., t") and
F=R'(F,S"(t' t, ., ), . S"(t, t, ..., 1)),
where S"(t', t, ..., t) € W({t}). Assume that, t
is not a variable (i, e. t € X), then Length(t)
= Length (S"(S"(t, t', .., t")).
But Length(t) > Length (S"(¢, t, .., t)) >
Length(t). We get a contradiction. Hence,
tisavariable. From, F =R"(F,S"(t', t, .., t),
S"(t',t, . t)), where S"(t',t, ., t) EW({t}) and
teX,wegetF= y(s;,..5,),
where s, € W({t}).
By Proposition 3.3, g, is an idempotent
element. Therefore, E (Hyp;(m;n)) =
R(Hyp(m;n)).

Next, we investigate an algebraic structure
property of the set of all generalized
hypersubstitutions for algebraic systems of
type (m;n). We first recall the definition of
a left (right) seminear-ring [8].

5) Definition 3.5
[7] Anonempty set S together with two binary
operations, denoted by ‘+" and ‘-’ respectively,
is said to be a lefi(right) seminear-ring if (S;+)
and (S;-) are semigroups and satisfy the left
(right) distributive law, i.e., forall a, b, c € S,
a(b+c)y=a-b+a-c
((a+b)-c=a-c+b-0).

6) Proposition 3.6
For arbitrary O iy O, and O r, in Hyp,
(m;n), we have o, p °c(0, r, +¢ 0¢ r,)
=(00r, %00, r) 6 (O F 600 r)-
Proof. Leto, , 0, r, 0, r € Hype(m;n).
We consider,
(01, 2600 r, 6 00 r ()
=0 50 rte 00 ) ()]
= Octl,Fl[Sm(ty to e )]
=5"(6, r [ts], 6, 1 [t5], v 6, s [E3])

(by Proposition 2.2)
= Sm(o-Atl,Fll[o-tg,F3(f)]' P A p) P

LA 0)

= *Sml((o—tl,l'?1 °G Ut3,F3) 2 (Utl,l-"1 °G Gtz,FZ) r
(@1, % 04,r ) ()
=05, %6 00 r) T6 (O r, 26 0 ()
And (O—tl,F1 °G (JEZ,FZ+G Jt3,F3))(V)
=0 r (0 rt60 5 )]
= Oétl,Fl[Rn(Fy b e )]
= Rn(6t1,F1[F3]' UAH,F][tz]' " 6t1,F1 [t2])
(by Proposition 2.2)
= Rn(d-\tl,Fl[ats,Fz(Y)]' O-Atl,Fl[O-tz,Fz(f )
6. r 100 (N
= Rn((o-tl,Fl °c O-t3,F3) (V):(O'tl,Fl%atz,Fz) )
(05,2695 ) ()
= ((O—tl,FloGo_tZ,Fz) +6 (O—tl,F1°Go_t3,F3))()/)~
By Proposition 3.6, it shows that Hyp ;(m;n);., +,)

is a left seminear-ring. But the equation (Gfp Fte0:, Fz)

°60: 5, = (00 260 r) ¢ (0 r 260 ) is NOt true
for arbitrary generalized hypersubstitutions o, r,0, r

and O r, in Hyp,(m;n). For example, we consider

the type (2;3) , i.e., there are one binary operation

symbol f and one binary relational symbol y. Let
O-tl,Fl(f) =t =X, Jtz,Fz(f) =t = fxy, xp)
and o, p (f) = t3 = f(f(x x;), x3). And let
O-tl,Fl(Y) =F; =y(xy, Xy X3) 'Gtz,FZ(Y) =F,=y(x,
X3, x,) and O-ts,[-‘3(y) i=F3=y(xy X5 Xg).

Consider, ((o e, o Jtz,Fz) °G 0t3,F3) )

(05 tcO ttZ,Fz) [o,r,(F]

(th,Fl +; Jttz,Fz) U (f (xp x3), x3)]

SZ((“g,F1 +6 Ottz,Fz) (), (O-tl,Fl +6 Uttz,Fz)

[F G X)) (0, . +40t, ) [x5])

Sz((o-tl,Fl +6 Jttz,Fz) ), Sz((o-tl,Fl +6 Gttz,Fz) ),
(016, teO ttZ,Fz) (%], (00 r, F¢ Uttz,pz} [x]).[x3])
S S (f (g, x3), X4 X0), S (S°(f (e X2), %4y X)),
Xy X3), X3)

Sz(f(x4' x4), f (x4 Xx4), X3)

f(xy xy).

And, (0, p o0, 5) *+6 (05 °c 0 5 )(f)
S04 % 00 )P @z 26 90 )P

(01 r, % 00 5 ) ()

Sz(d-\tz,Fz[o-t3,F3(f )1, O-Atl,Fl[O-tyFs(f )]

6, 1[0, (DD

S e [F(F Gt %, 51, G 1 [ (F i) x3)],
O, [f (f (%2 X3), x3)])

SZ(SZ(UtZ,FZ(f ), G i [f (X X)), 6 [X3]),
S, r (P Go [ Gy X)), G, 1 2],
Sz(o-tl,Fl(f)' O-Atl,Fl[f(xZ' x)], O-Atl,Fl[xS])
SHS'(f(xy, %) O r lf (X X2, G, p [X3]),

S Gty G, [F Ce )1, By ),

5% (x 6t1,F1[f(x2: x)], O-Atl,Fl[xS])
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= S (S (f(xy, %), S (F (x5, X3), Xy, X5), X3),
§% (x4 Sy (X4 X %), X3),
§* (%4 S5 (x4 X %)), X3))
= S(S (o1, %5) f (x5 X3), %3), S” (% Xy, X3),
5 (%4 24, X3))
= S(f(f (xy Xy), X3), Xy Xy)
= f(f(xy x4), X3).
The proceed in the similarly way, we get that ((, 5
+Go-t F) G O¢, F)(V)
= (0 o teat, F)[J oFs 621
= (atl,Fl +6 O'ttZ,Fz) []/(x4. X5 X))
= RS((Ucl,Fl te ot )V, (0 r, te O-ttz,F;) [x,],
(o tF, 60 ttZ,Fz) [x5], (‘Ttl,z-"1 +6 Jttz,Fz) [x6])
= R'(R(y(xy X3 X4), X4 X4 X4, X4 X5, X)
R (y (% Xy X4), Xy X5, X)
= Y (xy X4 Xy).
And, (0, p °c 0, ) +¢ (0 260, 5 )(¥)
= RS((UcZ,FZ °6 0., )V (0 5 26 00 5 ) (),
(0¢r, %6 0r,r) ()
= R (G (00 )G p [0 (D],
O r 00, (D) 6 r [0 r (D
=K (0: Fy [)/(X4, Xs, xé)] tF, [f (f (xa X3), X3)],
O-tl,Fl[f(f(xZ' X3), X3)], Utl,Fl[f(f(XZ’ x,), X3)])
= R3(R3( O-tz,Fz(]/)' Xy X5y Xg), SZ(Ucl,Fl(f)'
¢ [f (2 %)), X3), SZ(O—tl,Fl(f)' O¢ r f (X2 %)),
%), S0, ¢ (), [ (e )], %)
= R(R(y(xy X3, Xy), Xy X5, X)),
S (%4 S* (X4 X X5), %3), S (%, 8™ (2, X, %5, %3),
5% (x4 S* (x4, X5, %3), X3)))
= R(y(xs5, X %), S'(Xy, Xy %3),
§*(%g X4 X)), S (%4 X4y X3))
= R(y(xs5, X, Xy), Xy Xy Xs)
= y(xs Xg X,).
Therefore, ((o, r +¢ O p) °¢ O r) #
(01 F, % 00 r) te (0t2F2° o-t3F)
Tt means that the sfructure (HypG(2;3); o +¢)
is not a right seminear-ring.

IV. CONCLUSION

The main result of the paper is the characterization
idempotent and regular elements on a semigroup of
the pairs of terms and relational terms of type (1m;n).
This paper shown that any regular elements are
idempotent elements. The proof of these results is
based on the semigroup theory. Our results differ from
universal algebras [7].
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