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Abstract 
 In this research, the concepts of generalized algebra type sigma is introduced. We 
explore some basic properties of this algebra. The concepts of subalgebra, congruence 
relation, homomorphism and isomorphism are discussed on a generalized algebra type 
sigma. Some properties concerning to such concepts are obtained. 
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Introduction 
Classical universal algebra, fundamentally shaped by Birkhoff's celebrated HSP theorem 
[4, 5], traditionally investigates algebras defined by finitary operations that is, operations 
whose arities are natural numbers. Building upon a rich history of extending these 
foundational concepts, exemplified by the work of Arworn and Denecke on 
hypersubstitutions [11, 12, 18] and Leeratanavalee on generalized groupoid structures, 
this research [12], introduces a significant generalization: the generalized sigma algebra. 
This new structure extends the classical notion by permitting operations to be of arbitrary 
arity, indexed by any non-empty set rather than being restricted to the finite cardinals, 
thus allowing for operations of potentially uncountable arity. The primary objective of 
this investigation is therefore to systematically develop the foundational theory for these 
generalized sigma algebras. We extend the classical concepts of subalgebras, 
congruences, and homomorphisms to this broader setting, thereby enabling an inquiry 
into which fundamental theorems of universal algebra are preserved and what new 
structural properties emerge in this more general framework. 
2. Preliminaries 

In the foundational framework of universal algebra, an algebra 𝒜 is formally 
defined as a pair 𝒜 : = (𝐴; (𝑓𝑖

𝐴)𝑖∈ℐ), where 𝐴 is a non-empty set, termed the universe, 
and (𝑓𝑖

𝐴)𝑖∈ℐ . is an indexed family of finitary operations on 𝐴, [11]. Each operation  
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𝑓: 𝐴𝑛 → 𝐴 is characterized by its arity 𝑛𝑖  a natural number, and the sequence of these 𝜏
: = (𝑛𝑖)𝑖∈ℐ, constitutes the type of the algebra. This structure provides a unified language 
to describe a vast array of mathematical systems. 

Central to the study of these algebras are the concepts of substructures and 
mappings that preserve their operational integrity. A subalgebra 𝒜 of an algebra ℬ 
of the same type is an algebra whose universe 𝐴, is a subset of 𝐵, and whose operations 
are the restrictions of the operations of ℬ to 𝐴. [6, p.33]. 

The Subalgebra Criterion provides a practical test for this relationship, stating 
that a non-empty subset 𝐴 ⊆ 𝐵. forms the universe of a subalgebra if and only if it is 
closed under all fundamental operations of ℬ. The collection of all subalgebras of a 
given algebra forms a complete lattice under set inclusion, and the intersection of any 
family of subalgebras is itself a subalgebra. The relationships between algebras are 
formally captured by homomorphisms, which are mappings between two algebras of 
the same type that commute with their respective operations. Specifically, a function 
ℎ: 𝐴 → 𝐵 is a homomorphism 𝒜 into ℬ if for every operation if for all 𝑖 ∈ ℐ we have  

ℎ(𝑓𝑖
𝐴(𝑎1, 𝑎2, … 𝑎𝑛𝑖

)) = 𝑓𝑖
𝐵((ℎ(𝑎1), ℎ(𝑎2), … , ℎ(𝑎𝑛𝑖

)), 

for all (𝑎1, 𝑎2, … 𝑎𝑛𝑖
) ∈ 𝐴. [6., p.35] A bijective homomorphism is termed 

an isomorphism, signifying structural equivalence between two algebras. The image of 
a subalgebra under a homomorphism is always a subalgebra, as is the preimage of a 
subalgebra. Associated with every homomorphism is a congruence relation, defined as 
the kernel of the map ℎ: 𝑘𝑒𝑟ℎ: = {(𝑎, 𝑏) ∈ 𝐴2 | ℎ(𝑎) = ℎ(𝑏)}. We may alternately 
express this as 𝑘𝑒𝑟ℎ = ℎ−1 ∘ ℎ, where ℎ−1 is the inverse relation of ℎ. The kernel of any 
homomorphism ℎ: 𝒜 → ℬ., is a congruence relation on 𝒜. More generally, Let 𝒜 =

(𝐴; (𝑓𝑖
𝐴)𝑖∈ℐ) be an algebra of type 𝜏. An equivalence relation 𝜃 on 𝐴 is called a 

congruence relation on 𝒜 if all the fundamental operations 𝑓𝑗
𝐴 are compatible with 𝜃. 

We denote by 𝐶𝑜𝑛𝒜 the set of all congruence relations of the algebra 𝒜. For every 
algebra 𝒜 = (𝐴; (𝑓𝑖

𝐴)𝑖∈ℐ) the trivial equivalence relations 

Δ: = {(𝑎, 𝑎) ∣ 𝑎 ∈ 𝐴} and ∇𝐴= 𝐴 × 𝐴. 

are congruence relations. An algebra which has no congruence relations except Δ𝐴 and 
∇𝐴 is called simple [2]. 

The interplay between homomorphisms, congruences, and quotient algebras is 
elegantly described by the Isomorphism Theorems. [14]. The First Isomorphism 



  SciTech Research Journal, 8(3) : September-December 2025  
(ปีที่ 8 ฉบับที่ 3 กันยายน-ธันวาคม 2568) 

 

[29] 
 
 

Theorem establishes a fundamental connection, stating that the homomorphic image 
of an algebra 𝒜. under a homomorphism ℎ is isomorphic to the quotient algebra of  
𝒜. by the kernel of ℎ, i.e., A/kerℎ ≅ ℎ(A). 

. The Second Isomorphism Theorem further elaborates on the structure of quotient 
algebras, asserting that congruences on an algebra 𝒜, with 𝜃1 ⊆ 𝜃2 . Then the relation 
𝜃1/𝜃2 is a congruence relation on 𝒜/𝜃1, and the function 

𝜑: (𝒜/𝜃1)/(𝜃2/𝜃1) → 𝒜/𝜃2, defined by [[𝑎]𝜃1
]𝜃2/𝜃1

↦ [𝑎]𝜃2
, 

is an isomorphism. [16]. 
 

3. Result 
3.1 Generalized sigma algebra 

In this section, we will introduce the concepts of a generalized sigma 
algebra, and give an example to show that a generalized sigma algebra is 
distinct from a classical algebra and every classical algebra can be obtained as a 
generalized sigma algebra. We will investigate the properties of generalized sigma 
algebra. 

Before providing the definition of a generalized sigma algebra, we will first review 
and summarize the construction process of a classical algebra. 

Definition 3.1.1 Let 𝐴 be a nonempty set, and let Ω be a any nonempty index set and 
let Σ = { Σ𝑗 :  𝑗 ∈ Ω} nonempty index set. We defined 𝑓Σ𝑗

𝐴: 𝐴Σ𝑗 → 𝐴, where 

𝐴Σ𝑗 = ∏ 𝐴𝛽

𝛽∈Σ𝑗

 ; 𝐴𝛽 = 𝐴 for all 𝛽 ∈ Σ𝑗

= {𝜎𝛽|𝜎𝛽: Σ𝑗 → 𝐴, 𝜎𝛽 ∈ Σ𝑗}.

 

We called 𝑓Σ𝑗

𝐴 : 𝐴Σ𝑗 → 𝐴 for all 𝑗 ∈ Ω the |Σ𝑗|- ary operation defined on 𝐴, and is said to 
have arity |Σ𝑗|. We let (𝑓Σ𝑗

𝐴)
𝑗∈Ω

 be a function which assigns to every element of Ω and 

|Σ𝑗| -ary operation 𝑓Σ𝑗

𝐴  defined on 𝐴Σ𝑗  Then the pair 𝒜Σ : = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

)  is called 

(indexed) Generalized algebra (indexed by the set Σ𝑗) for all Σ𝑗 ∈ Σ ; for all 𝑗 ∈ Ω. The 
set 𝐴  is called the base or carrier set or universe of 𝐴  and (𝑓Σ𝑗

𝐴)
𝑗∈Ω

 is called the 

sequence of fundamental operations of 𝐴, for each 𝑗 ∈ Ω the index Σ𝑗 is called arity of 



  SciTech Research Journal, 8(3) : September-December 2025  
(ปีที่ 8 ฉบับที่ 3 กันยายน-ธันวาคม 2568) 

 

[30] 
 
 

(𝑓Σ𝑗

𝐴)
𝑗∈Ω

. The sequence 𝜏 : = (|Σ𝑗|
𝑗∈Ω

) of all arities is called type of the generalized 

algebra. We use the name 𝐴𝑙𝑔(Σ) for the calss of all algebras of a given type 

 𝜏 : = (|Σ𝑗|
𝑗∈Ω

). 

Now we will give some examples of generalized sigma algebra with 
uncountable arity and that is not classical algebras. 

Example 3.1.2. (An Algebra with Uncountable Arity) 
 This example demonstrates a generalized sigma algebra that cannot be 
represented as a classical algebra due to its uncountable arity. 
 Let the base set be 𝐴 = {𝑎, 𝑏, 𝑐}. and the index set for the operations be Ω =

{1,2}. We defined the arity sets as real intervals: Σ1: = [0,1],  Σ2: = [2,3]. Observe that, 
the arity of our operations is determined by sets of real numbers, not natural numbers. 
If we given that for each 𝑗 ∈ Ω, the carrier of the operation 

𝐴Σ𝑗 = {𝜑|𝜑: Σ𝑗 → {𝑎, 𝑏, 𝑐}}. So we have 𝐴Σ1 = {𝜑|𝜑: Σ1 → {𝑎, 𝑏, 𝑐}} and 
.

𝐴Σ2 = {𝜑|𝜑: Σ2 → {𝑎, 𝑏, 𝑐}}.  Hence 𝐴Σ1  and 𝐴Σ2  are the sets of all functions from the 
arity set Σ𝑗 to the base set 𝐴, where 𝑗 = 1,2. For the arity set Σ1 = [0,1], we define 𝑓Σ1

𝐴  
based on the value of the input function 𝜑 at the specific point 𝛽 = 1: 

𝑓Σ1

𝐴 (𝜑) = {
𝑎 if 𝜑(1) = 𝑎
𝑏 otherwise.

 

 For the arity set Σ2 = [2,3], we defined 𝑓Σ2

𝐴  as follows: 
𝑓Σ2

𝐴 (𝜑) = {
𝑏 if 𝜑(2) = 𝑏
𝑐 otherwise.

 

Therefore,  𝒜Σ = ({𝑎, 𝑏, 𝑐}; (𝑓[0,1]
𝐴 , 𝑓[2,3]

𝐴 ))  is a well-defined generalized sigma algebra of 
type 𝜏 = (|ℝ|, |ℝ|) = |ℝ| Since the arity of the operation 𝑓[0,1]

𝐴  is the set [0,1] . The 
cardinality of this set is |[0,1]| = |ℝ|, which is an uncountable infinity. Since classical 
algebras require all arities to be natural numbers (𝑛 ∈ ℕ), there is no way to represent 
this structure in the classical framework. This example clearly demonstrates that the 
class of Generalized Sigma Algebras is a proper extension of the class of classical 
algebras. 
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3.2 Generalized sigma algebra 
Definition 3.2.1 Let ℬΣ : = (𝐵; (𝑓Σ𝑗

𝐵 )
𝑗∈Ω

) be a generalized sigma algebra of type  

𝜏 : = (|Σ𝑗|
𝑗∈Ω

). Then an generalized sigma algebra 𝒜Σ : = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

). is called a 

generalized sigma subalgebra of ℬΣ, written as 𝒜Σ ≼ ℬΣ., if the following conditions are 
satisfied: 

i. 𝒜Σ : = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

). is an algebra of type 𝜏 : = (|Σ𝑗|
𝑗∈Ω

). 

ii. 𝐴 ⊆ 𝐵. 
iii. For all 𝑗 ∈ Ω,  𝑓Σ𝑗

𝐵 |
𝐴

Σ𝑗 = 𝑓Σ𝑗

𝐴 . 
Then 𝒜Σ ≼ ℬΣ. 

Whether one generalized sigma algebra is a generalized sigma subalgebra of 
another generalized sigma algebra can be checked by the following criterion: 

Lemma 3.2.1. (Generalized Sigma Subalgebra Criterion) 
Let ℬΣ : = (𝐵; (𝑓Σ𝑗

𝐵 )
𝑗∈Ω

) be a generalized sigma algebra of type 𝜏 : = (|Σ𝑗|
𝑗∈Ω

) and let 

𝐴 ⊆ 𝐵, then 𝒜Σ : = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

) is a generalized sigma subalgebra of ℬΣ iff 𝐴 is closed 

with respect to all the operations 𝑓Σ𝑗

𝐵  for all 𝑗 ∈ Ω; that is, if 𝑓Σ𝑗

𝐵 |
𝐴

Σ𝑗 (𝜎) ∈ 𝐴 for all 𝜎 ∈

𝐴Σ𝐽 and for all 𝑗 ∈ Ω 
Proof. Straightforward from Definition 3.2.1 ◻ 

4. Homomorphisms, Congruences, and Isomorphisms 

4.1 Generalized Homomorphisms 

A fundamental pursuit in any algebraic theory is not merely to study 
individual structures in isolation, but to understand the rich web of relationships that 
connect them. The primary tools for this exploration are structure-preserving maps, 
known as generalized homomorphisms. These maps allow us to compare different 
algebras, identify shared properties, and understand how one structure can be mapped 
into another. 

Definition 4.1.1 (Generalized Homomorphisms.)  
Let 𝒜Σ = (𝐴; (𝑓Σ𝑗

𝐴)𝑗∈Ω) and ℬΣ = (𝐵; (𝑓Σ𝑗

𝐵 )𝑗∈Ω) be generalized sigma algebras of the 
same type. A mapping ℎ: 𝐴 → 𝐵 is called a generalized homomorphism from 𝒜Σ to ℬΣ 
if for every 𝑗 ∈ Ω and for every function 𝜓 ∈ 𝐴Σ𝑗, the following condition holds: 

ℎ (𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓) 
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where ℎ ∘ 𝜓  denotes the function composition. This composition results in a new 
function ℎ ∘ 𝜓: Σ𝑗 → 𝐵, which is a valid input for the operation 𝑓Σ𝑗

𝐵 , and is defined by (ℎ ∘

𝜓)(𝜎) = ℎ(𝜓(𝜎)) for all 𝜎 ∈ Σ𝑗 . If the function ℎ is bijective, that is both one-to-one 
(injective) and "onto" (surjective), then the generalized homomorphism ℎ: 𝒜Σ → ℬΣ is 
called a generalized isomorphism from 𝒜Σ  onto ℬΣ.  An injective generalized 
homomorphism from 𝒜Σ into ℬΣ is also called a generalized embedding of 𝒜Σ into ℬΣ. 
A generalized homomorphism ℎ: 𝒜Σ → 𝒜Σ of a generalized sigma algebra 𝒜Σ into itself 
is called a generalized endomorphism of 𝒜Σ, and a generalized isomorphism ℎ: 𝒜Σ →

𝒜Σ from 𝒜Σ onto 𝒜Σ is called a generalized automorphism of 𝒜Σ. 

Therefore, the map 𝑘  is a generalized homomorphism. Since 𝑘  is injective 
(one-to-one), it is a generalized embedding of 𝒞Σ  into 𝒜Σ . It is not a generalized 
isomorphism because it is not surjective (the element 𝑐 ∈ 𝐴 is not in the image of 𝑘). 

Theorem 4.1.1 Let 𝒜Σ, ℬΣ, and 𝒞Σ be generalized sigma algebras of the same type. 

i. The identity map on 𝐴, denoted 𝑖𝑑𝐴: 𝐴 → 𝐴, is a generalized homomorphism 
from 𝒜Σ to 𝒜Σ (i.e., a generalized endomorphism). 

ii. If ℎ: 𝒜Σ → ℬΣ,  and 𝑘: ℬΣ → 𝒞Σ,  are generalized homomorphisms, then their 
composition 𝑘 ∘ ℎ: 𝒜Σ → 𝒞Σ, is also a generalized homomorphism. 

Proof. Let 𝑗 ∈ Ω be an arbitrary index for an operation. We will show that satisfying: 

  Identity Map: Let 𝑖𝑑𝐴: 𝐴 → 𝐴  be the identity map. To show it is a 
generalized homomorphism, we must verify that for any function 𝜓 ∈ 𝐴Σ𝑗, the following 
condition holds: 𝑖𝑑𝐴(𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐴(𝑖𝑑𝐴 ∘ 𝜓). We analyze both sides of the equation: 

LHS : By the definition of the identity map, 𝑖𝑑𝐴(𝑥) = 𝑥 for any element 𝑥 ∈ 𝐴. 
Since 𝑓Σ𝑗

𝐴(𝜓) is an element of 𝐴, we have: 𝑖𝑑𝐴(𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐴(𝜓). 

RHS : Consider the input function for the operation, which is the 
composition 𝑖𝑑𝐴 ∘ 𝜓. For any 𝜎 ∈ Σ𝑗, we have (𝑖𝑑𝐴 ∘ 𝜓)(𝜎) = 𝑖𝑑𝐴(𝜓(𝜎)) = 𝜓(𝜎). 

  This means that the function 𝑖𝑑𝐴 ∘ 𝜓  is identical to the function 𝜓 . 
Therefore: 𝑓Σ𝑗

𝐴(𝑖𝑑𝐴 ∘ 𝜓) = 𝑓Σ𝑗

𝐴(𝜓). Since LHS = RHS, the identity map is a generalized 
homomorphism. This is the property we demonstrated in Case 2 of Example 4.2. 
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  Hence if we given that ℎ: 𝒜Σ → ℬΣ  and 𝑘: ℬΣ → 𝒞Σ,  be generalized 
homomorphisms. We must show that for any function 𝜓 ∈ 𝐴Σ𝑗, the map 𝑘 ∘ ℎ satisfies 
the generalized homomorphism condition: (𝑘 ∘ ℎ)(𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐶 ((𝑘 ∘ ℎ) ∘ 𝜓). 

  We start from the left-hand side and transform it step-by-step using the 
properties of composition and generalized homomorphisms. We have 

(𝑘 ∘ ℎ)(𝑓Σ𝑗

𝐴(𝜓)) = 𝑘 (ℎ (𝑓Σ𝑗

𝐴(𝜓)))

= 𝑘 (𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓))

= 𝑓Σ𝑗

𝐶 (𝑘 ∘ (ℎ ∘ 𝜓))

= 𝑓Σ𝑗

𝐶 ((𝑘 ∘ ℎ) ∘ 𝜓).

 

  The final expression is the right-hand side of the condition we needed to prove. 
Thus, 𝑘 ∘ ℎ is a generalized homomorphism. ◻ 

The binary relation that defines this partition is called the kernel of the 
homomorphism. To properly build our framework, we first establish a key 
property of generalized isomorphisms, which will be essential for developing the 
Generalized Homomorphism Theorems. With the properties of generalized 
homomorphisms established, we can now formally define the kernel. 

Definition 4.1.2. (Kernel of a Generalized Homomorphism.)  
Let 𝒜Σ = (𝐴; (𝑓Σ𝑗

𝐴)𝑗∈Ω) and ℬΣ = (𝐵; (𝑓Σ𝑗

𝐵 )𝑗∈Ω) be generalized sigma algebras of the 
same type, and let ℎ: 𝐴 → 𝐵 be a generalized homomorphism. The kernel of a 
generalized homomorphism ℎ, denoted by kerℎ, is the binary relation on the base 
set 𝐴 defined as follows: kerℎ : = {(𝑎1, 𝑎2) ∈ 𝐴 × 𝐴 ∣ ℎ(𝑎1) = ℎ(𝑎2)}. 

Theorem 4.1.2. (First Generalized Isomorphism Theorem for Generalized Sigma 
Algebras.) 
 Let ℎ: 𝒜Σ → ℬΣ  be a generalized homomorphism. Then the quotient 
algebra 𝒜Σ/kerℎ is isomorphic to the image algebra ℎ(𝒜Σ). Specifically, there exists a 
unique isomorphism  𝑓: 𝒜Σ/kerℎ → ℎ(𝒜Σ), such that the following diagram commutes, 
i.e., ℎ|im(h) = 𝑓 ∘ 𝑛𝑎𝑡(kerℎ), where 𝑛𝑎𝑡(kerℎ) is the natural generalized homomorphism 
and ℎ|im(h) is the generalized homomorphism ℎ with its codomain restricted to its image. 
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Proof. Let 𝜃 = kerℎ. To prove the theorem, we must define the map 𝑓 and show that it 
is satisfying (1) well-defined, (2) a generalized homomorphism, (3) injective, and (4) 
surjective. 

Let an element of the quotient algebra 𝒜Σ/𝜃 be denoted by an equivalence 
class [𝑎]𝜃  for some 𝑎 ∈ 𝐴 . We define the map 𝑓: 𝒜Σ/𝜃 → ℎ(𝐴)., as follows: 𝑓([𝑎]𝜃)

: = ℎ(𝑎). We assume [𝑎]𝜃 = [𝑏]𝜃 for 𝑎, 𝑏 ∈ 𝐴. Hence 

[𝑎]𝜃 = [𝑏]𝜃 ⇔ (𝑎, 𝑏) ∈ 𝜃
⇔ (𝑎, 𝑏) ∈ kerℎ
⇔ ℎ(𝑎) = ℎ(𝑏)
⇔ 𝑓([𝑎]𝜃) = 𝑓([𝑏]𝜃).

 

Thus, 𝑓 is well-defined. We see that, 𝑓 is a generalized homomorphism: Because if we 
let 𝑗 ∈ Ω and let Ψ be a function from Σ𝑗 into the quotient algebra 𝒜Σ/𝜃. The operation 
in the quotient algebra is defined as 𝑓Σ𝑗

𝒜/𝜃
(Ψ) = [𝑓Σ𝑗

𝐴(𝜓)]𝜃, where 𝜓 is any function such 
that 𝑛𝑎𝑡(𝜃) ∘ 𝜓 = Ψ. We need to show 𝑓(𝑓Σ𝑗

𝒜/𝜃
(Ψ)) = 𝑓Σ𝑗

ℎ(𝐴)
(𝑓 ∘ Ψ). 

𝑓(𝑓Σ𝑗

𝒜/𝜃
(Ψ)) = 𝑓([𝑓Σ𝑗

𝐴(𝜓)]𝜃)

= ℎ(𝑓Σ𝑗

𝐴(𝜓))

= 𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓).

 

Note that (𝑓 ∘ Ψ)(𝜎) = 𝑓(Ψ(𝜎)) = 𝑓([𝜓(𝜎)]𝜃) = ℎ(𝜓(𝜎)). Thus, the function 𝑓 ∘ Ψ is 
identical to ℎ ∘ 𝜓. The operation 𝑓Σ𝑗

ℎ(𝐴) is just the restriction of 𝑓Σ𝑗

𝐵  to the subalgebra 
ℎ(𝒜Σ). So, 𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓) = 𝑓Σ𝑗

ℎ(𝐴)
(𝑓 ∘ Ψ). The condition holds. 

Assume 𝑓([𝑎]𝜃) = 𝑓([𝑏]𝜃) . From the chain of equivalences in step 2, the 
reverse implication shows: 

𝑓([𝑎]𝜃) = 𝑓([𝑏]𝜃) ⟹ ℎ(𝑎) = ℎ(𝑏) ⟹ (𝑎, 𝑏) ∈ kerℎ ⟹ [𝑎]𝜃 = [𝑏]𝜃 . 

Thus, 𝑓 is injective. Let 𝑦 be an arbitrary element in the codomain ℎ(𝐴). By definition of 
the image set, there must exist some 𝑎 ∈ 𝐴 such that ℎ(𝑎) = 𝑦. The element [𝑎]𝜃 is in 
the domain 𝒜Σ/𝜃, and by our definition of 𝑓, we have 𝑓([𝑎]𝜃) = ℎ(𝑎) = 𝑦. Thus, for 
any element 𝑦 in the codomain, we have found a preimage. So, 𝑓 is surjective. This 
completes the proof.         ◻ 
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4.2 Congruence Relations 

Definition 4.2.1. (Compatibility in Generalized Sigma Algebras) 
Let 𝐴  be a set, let 𝜃  be an equivalence relation on 𝐴 , and let 𝑓Σ𝑗

𝐴: 𝐴Σ𝑗 → 𝐴  be a 
generalized operation. We say that 𝑓Σ𝑗

𝐴 is compatible with 𝜃 if for all functions 𝛼, 𝛽 ∈

𝐴Σ𝑗, the following implication holds: 

 If (𝛼(𝜎), 𝛽(𝜎)) ∈ 𝜃 for all 𝜎 ∈ Σ𝑗, then (𝑓
Σ𝑗

𝐴
(𝛼), 𝑓

Σ𝑗

𝐴
(𝛽)) ∈ 𝜃. 

Definition 4.2.2. (Generalized Congruence Relations)  
Let 𝒜Σ : = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

). be a generalized sigma algebra of type 𝜏 : = (|Σ𝑗|
𝑗∈Ω

). An 

equivalence relation 𝜃 on 𝐴 is called a generalized congruence relations on 𝒜Σ if all 
the fundamental operations 𝑓Σ𝑗

𝐴 are compatible with 𝜃. We denote by 𝐶𝑜𝑛𝒜Σ the set 
of all generalized congruence relations of the generalized sigma algebra 𝒜Σ. 

For every generalized sigma algebra 𝒜Σ; = (𝐴; (𝑓Σ𝑗

𝐴)
𝑗∈Ω

)., the trivial equivalence 

relations: Δ𝐴: = {(𝑎, 𝑎) ∣ 𝑎 ∈ 𝐴} and ∇𝐴= 𝐴 × 𝐴. are congruence relations. 

An algebra which has no congruence relations except Δ𝐴 and ∇𝐴 is called simple. 

Theorem 4.2.1. (Arbitrary Intersection of Generalized Congruences) 
Let 𝒜Σ = (𝐴; (𝑓Σ𝑗

𝐴)𝑗∈Ω) be a generalized sigma algebra. Let {𝜃𝑖}𝑖∈𝐼  be any non-empty 
family of generalized congruence relations on 𝒜Σ , indexed by the set 𝐼 . Then their 
intersection, 𝜃 : = ⋂

𝑖∈𝐼
, is also a generalized congruence relation on 𝒜Σ. 

Proof. Clearly that 𝜃 is an equivalence relation on 𝐴, and that it is compatible with all 
fundamental operations of 𝒜Σ. ◻ 

Theorem 4.2.2. (The Natural Homomorphism) Let 𝒜Σ = (𝐴; (𝑓Σ𝑗

𝐴)𝑗∈Ω).  be a 
generalized sigma algebra and let 𝜃 be a generalized congruence relation on it. The 
mapping 𝑛𝑎𝑡𝜃: 𝐴 → 𝐴/𝜃 , defined by 𝑛𝑎𝑡𝜃(𝑎) : = [𝑎]𝜃.  for all 𝑎 ∈ 𝐴 , is a surjective 
generalized homomorphism from 𝒜Σ  onto the quotient algebra 𝒜Σ/𝜃 . This map is 
called the natural generalized homomorphism (or canonical generalized 
homomorphism) associated with 𝜃. 

Proof. By its definition, the map 𝑛𝑎𝑡𝜃 is surjective, as every equivalence class [𝑎]𝜃 in the 
codomain 𝐴/𝜃 has at least one preimage, namely the element 𝑎 itself. 
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It is easy to show that 𝑛𝑎𝑡𝜃 is a generalized homomorphism, by show that for 
any operation index 𝑗 ∈ Ω and for any function 𝜓: Σ𝑗 → 𝐴, the following condition holds: 
𝑛𝑎𝑡𝜃(𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐴/𝜃
(𝑛𝑎𝑡𝜃 ∘ 𝜓). ◻ 

Theorem 4.2.3. (Generalized Homomorphism Theorem)  

Let ℎ: 𝒜Σ → ℬΣ.  and 𝑔: 𝒜Σ → 𝒞Σ.  be generalized homomorphisms between 
generalized sigma algebras of the same type, and assume that 𝑔 is surjective. 

A generalized homomorphism 𝑓: 𝒞Σ → ℬΣ. satisfying the condition 𝑓 ∘ 𝑔 = ℎ exists if and 
only if ker𝑔 ⊆ kerℎ. 

Furthermore, if such a generalized homomorphism 𝑓 exists, it satisfies the following: 
(i) 𝑓 is unique. 
(ii) 𝑓 is injective if and only if ker𝑔 = kerℎ. 
(iii) 𝑓 is surjective if and only if ℎ is surjective. 

Proof. ( ⇒ ) Existence of 𝑓  implies ker𝑔 ⊆ kerℎ . 
Assume a homomorphism 𝑓: 𝒞Σ → ℬΣ  exists such that 𝑓 ∘ 𝑔 = ℎ . Let (𝑎1, 𝑎2)  be an 
arbitrary pair in ker𝑔. 

(𝑎1, 𝑎2) ∈ ker𝑔 ⟹ 𝑔(𝑎1) = 𝑔(𝑎2)
⟹ 𝑓(𝑔(𝑎1)) = 𝑓(𝑔(𝑎2))
⟹ (𝑓 ∘ 𝑔)(𝑎1) = (𝑓 ∘ 𝑔)(𝑎2)
⟹ ℎ(𝑎1) = ℎ(𝑎2)
⟹ (𝑎1, 𝑎2) ∈ kerℎ.

 

Since any pair in ker𝑔 is also in kerℎ, we conclude that ker𝑔 ⊆ kerℎ. 

(⇐) ker𝑔 ⊆ kerℎ implies Existence of 𝑓. Assume ker𝑔 ⊆ kerℎ. We must define the map 
𝑓 and show it is a well-defined homomorphism. 

(1). Define the map 𝑓. Let 𝑐 be an arbitrary element of the set 𝐶. Since 𝑔 is 
surjective, there exists at least one element 𝑎 ∈ 𝐴 such that 𝑔(𝑎) = 𝑐. We define the 
map 𝑓: 𝐶 → 𝐵 as follows: 𝑓(𝑐) : = ℎ(𝑎) where 𝑎 is any element such that 𝑔(𝑎) = 𝑐.  

(2). 𝑓 is well-defined. We must show that the definition of 𝑓(𝑐) is independent 
of the choice of the preimage 𝑎 . Suppose 𝑎1, 𝑎2 ∈ 𝐴  are two elements such that 
𝑔(𝑎1) = 𝑐 and 𝑔(𝑎2) = 𝑐. 
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𝑔(𝑎1) = 𝑔(𝑎2) ⟹ (𝑎1, 𝑎2) ∈ ker𝑔
⟹ (𝑎1, 𝑎2) ∈ kerℎ , ker𝑔 ⊆ kerℎ
⟹ ℎ(𝑎1) = ℎ(𝑎2).

 

This shows that the value of ℎ(𝑎) is the same for all possible choices of 𝑎. Thus, 𝑓 is 
well-defined. 

(3). 𝑓 is a homomorphism. Let 𝑗 ∈ Ω and let Φ: Σ𝑗 → 𝐶 be a function. We need 
to show 𝑓(𝑓Σ𝑗

𝐶 (Φ)) = 𝑓Σ𝑗

𝐵 (𝑓 ∘ Φ). Since 𝑔 is surjective, for the function Φ, there exists a 
representative function 𝜓: Σ𝑗 → 𝐴 such that 𝑔 ∘ 𝜓 = Φ. Now, let’s evaluate the left-hand 
side (LHS): 𝑓(𝑓Σ𝑗

𝐶 (Φ)) = 𝑓(𝑓Σ𝑗

𝐶 (𝑔 ∘ 𝜓)) = 𝑓(𝑔(𝑓Σ𝑗

𝐴(𝜓))) . By the definition of 𝑓 , this 
becomes ℎ(𝑓Σ𝑗

𝐴(𝜓)). For the right-hand side (RHS): We first analyze the function 𝑓 ∘ Φ. 
For any 𝜎 ∈ Σ𝑗 , (𝑓 ∘ Φ)(𝜎) = 𝑓(Φ(𝜎)) = 𝑓(𝑔(𝜓(𝜎))). By definition of 𝑓, this is (𝜓(𝜎)). 
So, the function 𝑓 ∘ Φ is identical to ℎ ∘ 𝜓. The RHS is therefore 𝑓Σ𝑗

𝐵 (𝑓 ∘ Φ) = 𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓). 
Since ℎ is a generalized homomorphism, we know that ℎ(𝑓Σ𝑗

𝐴(𝜓)) = 𝑓Σ𝑗

𝐵 (ℎ ∘ 𝜓). Since 
LHS = RHS, we conclude that 𝑓 is a generalized homomorphism. 

The properties (i)-(iii). Is easy to prove.      ◻ 
 

4.3 The Generalized Isomorphism  
This section explores the three classical Isomorphism Theorems, which are 

cornerstones of the subject, adapted to the framework of generalized sigma algebras. 
These theorems reveal deep structural relationships between subalgebras, quotient 
algebras, and generalized homomorphic images. 

Theorem 4.3.2. (Second Isomorphism Theorem)  
Let 𝒜Σ be a generalized sigma algebra, let 𝒮 be a subalgebra of 𝒜Σ with carrier set 𝑆, 
and let 𝜃 be a congruence on 𝒜Σ. Then: 

(i) The set 𝑆 ∨ 𝜃 : = {𝑎 ∈ 𝐴 ∣ ∃𝑠 ∈ 𝑆, (𝑎, 𝑠) ∈ 𝜃}. is the carrier set of a subalgebra of 
𝒜Σ, denoted 𝒮 ∨ 𝜃. 

(ii) The relation 𝜃𝑆 : = 𝜃 ∩ (𝑆 × 𝑆) is a congruence on the subalgebra 𝒮. 
(iii) The corresponding quotient algebras are isomorphic: (𝒮 ∨ 𝜃)/𝜃 ≅ 𝒮/𝜃𝑆 . 

Proof. The proofs for parts (i) and (ii) involve straightforward checks of the definitions of 
subalgebra and congruence, and are omitted here for brevity. We will focus on proving 
the isomorphism in part (iii). 
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The strategy is to cleverly define a surjective generalized homomorphism from 𝒮 onto 
(𝒮 ∨ 𝜃)/𝜃 and then apply the First Generalized Isomorphism Theorem. 

To define the map: Let’s define a map ℎ: 𝑆 → (𝑆 ∨ 𝜃)/𝜃 by the rule: 

ℎ(𝑠) : = [𝑠]𝜃 for all 𝑠 ∈ 𝑆. 

This map takes an element from the subalgebra 𝒮 and maps it to its equivalence class 
in the larger quotient algebra (𝒮 ∨ 𝜃)/𝜃. 

To show ℎ is a generalized homomorphism: We must show that ℎ is a generalized 
homomorphism from the algebra 𝒮  to (𝒮 ∨ 𝜃)/𝜃 . Let 𝑗 ∈ Ω  and let 𝜓: Σ𝑗 → 𝑆  be a 
function.  

ℎ(𝑓Σ𝑗

𝑆 (𝜓)) = [𝑓Σ𝑗

𝑆 (𝜓)]𝜃 = [𝑓Σ𝑗

𝐴(𝜓)]𝜃 

Now, consider the right-hand side, 𝑓Σ𝑗

(𝒮∨𝜃)/𝜃
(ℎ ∘ 𝜓). The function : ℎ ∘ 𝜓: Σ𝑗 → (𝑆 ∨ 𝜃)/𝜃. 

maps 𝜎 ↦ [𝜓(𝜎)]𝜃.  By the definition of a quotient operation, 𝑓Σ𝑗

(𝒮∨𝜃)/𝜃
(ℎ ∘ 𝜓) =

[𝑓Σ𝑗

𝐴(𝜓)]𝜃.  Since LHS = RHS, ℎ is a generalized homomorphism. To show ℎ is surjective: 
Let [𝑥]𝜃 be an arbitrary element in the codomain (𝑆 ∨ 𝜃)/𝜃. By definition of the set 𝑆 ∨

𝜃, this means there exists some element 𝑠 ∈ 𝑆 such that (𝑥, 𝑠) ∈ 𝜃. This implies that 
[𝑥]𝜃 = [𝑠]𝜃. The element 𝑠 is in the domain 𝑆 of our map ℎ. Then ℎ(𝑠) = [𝑠]𝜃 = [𝑥]𝜃. 
We have found a preimage 𝑠 ∈ 𝑆  for any element [𝑥]𝜃  in the codomain. Thus, ℎ is 
surjective. To determine the kernel of ℎ : We now find the kernel of this generalized 
homomorphism ℎ. Let 𝑠1, 𝑠2 ∈ 𝑆. 

(𝑠1, 𝑠2) ∈ kerℎ ⇔ ℎ(𝑠1) = ℎ(𝑠2)(by definition of kernel)
⇔ [𝑠1]𝜃 = [𝑠2]𝜃 (by definition of ℎ)
⇔ (𝑠1, 𝑠2) ∈ 𝜃. (by property of equivalence classes)

 

Since 𝑠1 and 𝑠2 must both be in 𝑆, the condition is that (𝑠1, 𝑠2) ∈ 𝜃 and 

(𝑠1, 𝑠2) ∈ 𝑆 × 𝑆. This means kerℎ = 𝜃 ∩ (𝑆 × 𝑆)., which is precisely the definition of 𝜃𝑆. 

Apply the First Generalized Isomorphism Theorem: We have now established that ℎ: 𝒮 →

(𝒮 ∨ 𝜃)/𝜃.  is a surjective generalized homomorphism with kerℎ = 𝜃𝑆 . 
By the First Generalized Isomorphism Theorem (Theorem 4.21), we have: 

𝒮/kerℎ ≅ ℎ(𝒮). Substituting what we found: 𝒮/𝜃𝑆 ≅ (𝒮 ∨ 𝜃)/𝜃. 
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(Since ℎ  is surjective, its image ℎ(𝒮)  is the entire codomain (𝒮 ∨ 𝜃)/𝜃 ). 
This completes the proof of a generalized isomorphism. ◻ 

5. Conclusion 

This research has successfully achieved its primary goal: to introduce and 
develop the foundational theory of generalized sigma algebras, a novel extension of 
classical algebraic structures. By generalizing the notion of arity from a natural number 
to an arbitrary index set, this work provides a framework for studying operations of 
potentially uncountable arities, thereby broadening the scope of universal algebra. 

The core contributions of this research are the rigorous definitions and 
systematic investigation of fundamental algebraic concepts within this new framework. 
We have defined generalized sigma subalgebras, generalized congruence relations, 
generalized homomorphisms, and generalized isomorphisms and have proven that many 
of the cornerstones of classical algebra such as the Isomorphism Theorems are preserved 
in this more abstract setting.  
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