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Abstract

Letp =B +iyandp =3 + i’y/ denote the non-trivial zeros of the Riemann zeta-function ((s),

withy,y" > 0ando € (1 /2,1). Under the assumption of the Riemann Hypothesis, we show that for a

positive proportion of 1/2+i(y+~'), the values of the Dirichlet L-function L(c +i(y +~'),x,) and

Lo +i(y +7"), X,) associated with the primitive characters x; and x; to different prime moduli are linearly

independent over R .
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1. Introduction
Let s = 0 + it be a complex variable.
The Riemann zeta-function is defined by

¢(s) = inﬁg, o>1.

n=1

In most application of zeta- function theory,
information about ((s) for 0 <1 is of interest.

Riemann [ 5] proved that {(s) is regular for all
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values of s except a simple pole at s =1 with

residue 1 and for all complex s,

= (s (1
m 2T|=|{(s)=7 2T C1—ys).
2 2
This shows that {(—2n) = 0 for alln € N. The
even negative integers are called trivial zeros of

¢(s). The non-trivial zeros of ((s) lie inside the

strip 0 <o <1 and denoted by p =03 +iv.
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Thus, the investigation the location of non- trivial
zeros of ((s) is importance for application of zeta-
function theory. The most famous conjectures of
mathematics, the Riemann hypothesis, states that all
non-trivial zeros of {(s) have a real parto =1/ 2.
Lindelof hypothesis, another famous conjecture
which is a consequence of the Riemann hypothesis,
asserts that ((1/2 +it) < t° for any € > 0 and
|t |- co. Titchmarsh [ 7] gave equivalent
formulations of the Lindel6f hypothesis in the sense

of the value distribution of {(s) , namely
1T . .
?f C(1/2+it) P dt = O(T"), keN.
1

Thus, the value distribution of {(s) attracted many
authors [ 6] . In this paper, we focus on the
distribution of their zeros ( non- trivial) on the
product of Dirichlet L- function. The Dirichlet L-
function defined for o > 1 by the series

L(s,x) = i x(n)n”",

n=1

where x(n) denote the Dirichlet character. Let

P, = ﬁx + i'yx denote the non-trivial zeros of

L(s,x). A well-known conjecture, the Grand

Simplicity Hypothesis (GSH), asserts that the set
{v, 201 L1 /2+iv,x) = 0},

where \ runs through all primitive characters are
linearly independent over QQ . This implies that all
zeros of Dirichlet L- functions to primitive
characters are simple and two Dirichlet L-functions

with distinct primitive characters cannot share any

non- trivial zeros. A zero of the product of two
functions is called distinct if it is a zero of only one
of the two or it is a zero of both but with different
multiplicities for each function. In 1976, Fujii [2]
showed that a positive proportion of zeros of
L(s,v)L(s,x) are distinct, where ¢ and  are
distinct primitive character to the same moduli.
Two non-zero complex numbers z and w are called
linearly independent over R if and only if the

quotient z / w are non- real or | 2w —zw |> 0.

Recently, N. Laaksonen and Y.N. Petridis [ 3]
studied the linear independence over R of the
values of L(p +0,x,) and L(p + o, ,) , where
o €(0,1/2)is fixed and X, X, are two fixed
primitive characters to distinct prime moduli. They

proved that:

Theorem 1.1. Assume the Riemann Hypothesis.
Let x;,x, be two primitive characters modulo
distinct primes ¢ and (, respectively. Let
o € (1/2,1), then, for a positive proportion of the
non-trivial zeros of ((s) withy > 0, the values of
the Dirichlet L- functions L(o +1iv,X,) and
L(o + 1, x, ) are linearly independent over IR .

In this paper, we shall extend following
the results of N. Laaksonen and Y.N. Petridis in [3]
to Dirichlet L- function L(o +i(y + '), X,) and
Lo +i(v+7),x,)

primitive characters x; and X;, to different prime

associated  with  the

moduliando € (1/2,1).
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2. Preliminaries
In this section, basic definitions, terminologies,

and assumptions throughout this work are gathered.

Lemma 2.1 [1]. For T > T0 , we have

Ny(T)= Y 1

0<y,y'<T
v+ <T

1 2 9 1 2
=—2T log T——2(3+210g27r)T logT
8 8

+ 7 + 6log2m + 2log” 27 — 2¢(2) T”

167
log’ T
loglog T

+0|T

Lemma 2.2 [1]. Assume the Riemann Hypothesis.

Foranye >0, z>1 andT>%,wehave

0 = L2y

2
0<y,y/'<T 87
vy <T

+0 ¥ Tlog? T

+ 0| 2Y*"“Tlog T min

)

T7,-L
(@)

where (z) denotes the distance from z to the nearest
prime power other than z itself and A(z) = log p if
T = pk for some prime p and integer k¥ > 1, and
A(z) = 0 for all other real values of . .

Let g be a positive integer and x be a
Dirichlet character mod g. We denote the Gauss

sum by
q .
Glk,x) =Y x(a)e™™ /e
a=1
and also write G(1, x) = G(x).

Theorem 2.3 [4]. Let x be a primitive character

mod ¢q. For s =0+t with0<o<1,¢t>0,

and x:AJq—t , y:Afl,fq—t and A>1 ,
2 27

AeN,

we have
n
L = S0
n<zr n
1, F[l—s—l—a
q/? x(n
+e(|L you
™ F 8‘|‘7Cl n<y n
2
+ Rzy,
with

R, <Aq Y7+ 27 g log2t,

and in particular, for x = y,
Rz ? \/;log 2t.
Here £(x) = ¢ /%i*G(x) . and

_1-x(=1
T

a

In fact, this formula is valid for A € Rzo [3].
Throughout this paper, we consider x, and x, as
primitive characters modulo with distinct primes ¢
and {, respectively. For Proposition 3.5, 3.6 and
3.7, we denote the set of primes smaller than prime
P in an increasing order by P = {pl,pQ,...,P}
such that P > max(q,{). We need the weight
product

B(s,P)= [T = x,(p)p )1 = x,(p)p )

p<P
in order to make sums balanced. Suppose that this

product have the expansion

B(s,P)L(s,x,) = Y dn)

and

B(s, P)L(s, x,) = E o)

By [3], we have
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x;(n) if ptnforall pepP, a(m)b(n) [ n pre
d(n) =1 (=" x,(m)x, (k), if b || n for all j, 2 om0 m
0, otherwise, 5= Z Z -
n<eT m<n 0<a.'<T a(n)b(m) [ n e
and yrrver| T s = |
Xy (1) if ptn forall peP, ( )
e(n) = (71)k>(2(m)xl(k)7 if b, H n for all j: - Z Z Z z
j n,gg,\/j_“ m<n 0<7v,y /<T
0, otherwise, 0<y+7'<T  0<yy/<| % o)
0<y+7'< n|
wherem =n /(p, ---p. )and k= p. ---p. . c
h U Y U
Then, d(n) < 1 ande(n) < 1. Suppose that for a(m)b(n) [ﬁ]lw) n a(n)b(m) [ﬁ]lw)
2—0, _—0 2—0, _—0
a fixed {, n”omo n®omo
-5 _ ! —8
B(s,P) Z xi(nn " = Z d’(njn ", By Lemma 2.2, we have
"SJ; "= S=8 +8,+8,+8S,,
. where
for some R depending on P . By [3], we have
1 a(m)b(n) + a(n)b(m)
/ _ 2 2
d'(n) <1. S =—T ZZ PR A
87 n<eNT m<n n m
n
3. Main Theorem X [_]’
The proof will follow the steps of [ 3], so
p P S < Zzn0+2 UAQ[n]
the following lemmas and propositions are needed. n<ceT m<n
Lemma 3.1. Assume the Riemann Hypothesis; let S < Tlog r Z Z pl/2—o—e 3/2 o+e’
'n<(‘r m<n T
o €(1/2]1), let ¢ be a positive constant, let q
an
a(n) and b(n) be arithmetic functions such that S, < TlogT
landb 1 for all N. Th
a(n) < landb(n) < 1foralln € en, ZZ min| 7. n/m |
p3/2-0=e, 12-0+e (n ] m)

Z Z a(m)b(n) [i]i(%‘ﬁ' )
1-o
g mmsefyr () G.D

~1/2
< T77'V2N,(T).
Proof. Denote this sum by .S . By the same method

of [3], we have

n<pJ; m<n T

First, we consider S| . The term A(n / m)maybe
non-vanish whenm| n . Thus, by writing n = km,

we have
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A* (k)
2
Sl<<T Z Z §20 p2(1-0)
kgcﬁm<£ﬁ
“k

<<T2 Z 02428 z m2(0—1)
k<edT méixﬁ

1 20—-1

2
< T? Z o2+ T7 1
kScw/J_“

< T0+3/2 Z k25—0—1 < T0+3/2,
kgcx/l—"
since A(k) < k° for any € > 0 and the last sums

are convergent. Similarly, for 52 , we have

52 < Z Z k0+2A2(k)m2((7+1)

kgcﬁ m<£ T

k
< Z Lo+2+2e Z m2(rr+1)

k‘SC\E m<£\/;
k

< TU+3/2 Z k?sfafl < TU+3/2.
k’Scﬁ

Next, we see that

S, <Tlog’ Ty n* ' < T log’ T.
nSc«/I—"

For 54 , we write n = wm -+, where

—m /2 <r <m/2,and obtain

<u+r/m>

7|
—, if u is a prime power
m (3.2)
= and 7 = 0,
1 .
> =, otherwise

(cf. [3]). Thus,

S, <TlogT

1 n(n | m)"
x Z n3/27075m1/270+5

ngﬁ\/j—“ m<n m

< TlogT

<u +r/m>_1

SINDID —

mSE\/Q—" u< C\/J_‘/m +1 _ﬂ<,’,<ﬂ
2 T2

(um + 1)

By determining whether the term w is a prime

power or not, we have
S, < TlogT

mlogm

1/2—0—¢ ’

y Z Z m3/2—a+&(um)1/2—0—5

m<c Tuglcxlj—“/mhl + i

m3/27(7+5 (um)l/anfn;

€

logm w
< TlOgT z 1-20 Z 1/2—0—¢
mSC\/Y—' m u<<c\/’1_'/m u
< Tl+(7+5~

Finally, we combine these results to complete the

proof. |

Lemma 3.2. Assume the Riemann Hypothesis; let
0€(1/2]1), let ¢ be a positive constant, let
a(n) and b(n) be arithmetic functions such that

a(n) , b(n) <1 and @(n) , b(n) <1 for all

2.

0<’Y»"/,,§T nmut,ugc\h ++/

n € N. Then,

RN MN= [/
o\ i(y+9) (3.3)
a(m)b(m)a ()b () [u_] -
(mnuv) mn

201+

KT ENQ (7).
Proof. Denote this sum by S. According to the
proof of Lemma 3.1, we setmn = s, uv = r, and
split into two cases; s < 7 and s > r . For the case

s < r,we have
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S_ZZZ 1(£)b(r/ﬂ) $, < Tlog’ TZ 12 az 320

r<c?T s<r mjs,ulr r<T T s<r

< Tlog? TZ 20—142¢

i(y+7")
r
X — , r<T
> [

20+1+¢ 2
0<,y'<T T log™T.
K<y++'<T

Next, we rewrite S3 as
where

K = min(7, (1 / ¢))max(m?,s* / m?, 12,r* | 1i%)). TlogT
* *
By Lemma 2.2, we have x Z (a b)(T)Z (@a*bd)(s) min

3/2—0—¢ 1/2—0+e
r<c*T s<r §

a(m)b(s / m)a(ub (r / 1)
§= Z Z Z 200 where * is Dirichlet convolution. We writer = us + ¢,

r<cT s<r mls,ulr

where —s /2 <t < s /2, and consider the case

that u is a prime power or not separately. Denote the

ptp ptp
r r
X z [_] B z [_J sums S3 whose the term w is not a prime power and
0<7,y/<T 0<7,y/'<K
7+y'<T 1+y'<K uis a prime power by Sy | and S, , , respectively.
=5, +5, +5;, By (3.2), we have
where S, <TlogT
m)a(ub (r / 1) s (us +t)°
S = ZZ Z 2 . o Z Z Z 81/2 o+e us_i_t)d/Qfafs
r&<T s<r mls,ulr § s<cT ukT /s t|<s/2
T —K* fr <K TlogT
x 82 A Bk 073/2+25
™
<c? T uLT /s |t|<s/2
S, < Tlog*T - ’
; KZT mszu 1/2—0—¢ 3/2 o+e Since (U +1¢ / 8)073/2+26 S (’LL _ 1)(773/24»28 ,we
and have
—1/24¢
S, < TlogT o e Tzs2afl+2a ZU /2+
S a(m)b(s / m)a(u)b (r / p) 31 g S
3/2 o€ gl/2-0+e s<c*T

r<c®T s<r mls,pulr

xmin[T, r/s ]
(r/s)

First, we estimate S, . Writing 7 = sk and using

< T20+1+5

In order to estimate S

39> We rewrite 5372 in the

following way,

. K<T TlogT
d(z) < z° and K <T', we have (a*b)(s)
. Z 220
2 20+1+¢ s<c? S
S<<TZZk2021O<T . SIT

k<T s<T/k

U

o Z Z (@ *b)(us+1t) min[T,us+t

3/2—0—¢
wetT, 0=l<s/2 (utt/s) ]
S

For 52 , we find that
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1

where E means that the sum runs over prime

powers. Working similarly S, , , we get

31°

20—1+¢ o—1/2+¢

T T
5< uL—

S
< Tﬁ+l/2+5 10g2 TZ Sa—l/z
<«T
< T2r7+1+£ ’

20—1+4-¢
Therefore, S, = o~ N, (7).
For the case s > 7, we conjugate (3.3) and obtain
the same estimates. Finally, we combine these

results to complete the proof. O

Lemma 3.3. Assume the Riemann Hypothesis; let
o€(1/21), let ¢ be a positive constant, let
a(n) and b(n) be arithmetic functions such that

a(n) < landb(n) < 1foralln € N. Then,

QWMWWEF””
gy 69

— o(N,(T)).

Proof. The proof has the same method as the proof

of Lemma 3.1. |

Lemma 3.4. Assume the Riemann Hypothesis; let
o€ (1/21), let ¢ be a positive constant, let
a(n) and b(n) be arithmetic functions such that

a(n),b(n) < landa(n),b(n) < 1foralln € N.

2.

/
0<y,y <T 7n,77,,/1,,1/§c\/7'+7'/

Then,

s mn=py
a(m)b(n)a(u)b (v) [ w ]W”’") 3.5)
(mnpv)® mn

< N,(T).

Proof. The proof has the same method as the proof

of Lemma 3.2. O

Proposition 3.5. Suppose s = o +i(y +7/),
o€ (1/21),v,7" > 0. Then, under the

Riemann Hypothesis,

> B(s,P)L(s,x,)L(s, x,)

0<y,y/<T
y+y'<T

D P

n?a

(3.6)

9

and

(3.7)

where

Bl P)L(s. ) = > 4,

(3.8)

B(s, P)L(5,x,) = . en)

n=1 ns

Proof. By Theorem 2.3 with A = \/Z , we have

L(8>X]) = VVI +X(87X])VV2

3.9
FO(y +7) Y og(y +4)), O
where
l1—s4+a
1/2-s F[ ]
2
X(s,x) =e(x)|— —F
F[SJF a]
2
And also, for x, with A= \/;R ,
L(s,x,) = Y, + X(s5,X,)Y;
(sx,) =Y, 2/¥s (3.10)

+O0((y +7) * log(y + 7).
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Then,

Z B(s, P)L(s,x,)L(s, x,)
0<7, v '<r
y+'<T

= Z B(s, P)

0<y [ '<T
vy <T

W, + X(s,x, )W,
+O((y +~') M log(y ++"))

(3.11)
X

Y, + X(5,x,)Y,
+O((v +~) M log(y ++"))

We begin compute a product of each the first term
in (3.11) and denote by M (T') . Then,

B(s,P)

qC(v+7")
27
-5

M(T) = X (n)n

0<7,y'<T
Y+7'<T n<

Y

2l(y+7")

X, (n)n

0<7,5'<T (4
v++'<T | mn<R a0+

We split the inner sum into two terms. Then

Z d'(n)x,(n)
20
- 27

d'(m)x,(n)
ol 3 Lo

a
n,m<R lal(y+7) (nm)

i(v+")
n
m]

n=m

For Z1 , we have

=L d( n)_2
DT

n=1

For Cl , we have

§ : n—?a

0<7,Y'<T > Jy++/
v+9'<T K

< D (N = 0Ny (T)),
0<7, "'<T
v+’ <T

For 02 , we have

>, 2T
0<y,y'<T 71>\"y+7/

¥ +’* I<T

Thus,

P30 |

o(N,(T)).

In order to estimate the remaining terms in (3.11),
we need to estimate the following summations.

Working similarly to M (T'), we have

onfj;/fTT n<R flzf(vﬂ”)
27

< N,(T),

dl(ﬂ)nfﬂfi(’y +7) |2

(3.12)
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and z X (o +i(y + ’Y/)J?Q) |2
0<7y, '\/<T
. , ﬂ+~’<T
T neens
oser g TS DI A0 el XY
Sgr R 1) (3.13) 2 '
n<l ’[(VJF )
< N2( ) R 2mq

With the change of the above argument, we have

Z n’- 1+i(y+7") |2

0<,7 ’<T al !
7+7)
n<

<t 2t

< T7'2N,(T),

(3.14)

since

> by

0<, 7 '<T
y++'<T

< o= 1/2]\72 (T)

and Lemma 3.1. Similarly to above, we get

= o—1=i(y+v") |2

21 2 x
0<y, ”,<<TT ael ()
A "R 2mq

o—1/2
< T772N,(T).

(3.15)

We use
| X(s, ) P87,

and

= X(s,x) Pt

| x50
fors=o0+it,|t}— oo (cf. [3]), NQ(t)z
O(If2 log2 t), (3.14), (3.15) and summation by
parts to find that

Z X(o +i(vy+7"),) P

0<y,7'<T
'\,+"/<T

~ | z Xl (n)n071+i(’)'+’7 ) |2

N "
< a(y+7)
27l

= o(N,(T)),

(3.16)

and

— o(N,(T)).

To complete the proof, we use Cauchy- Schwarz
inequality, (3.12), (3.13), (3.14), (3.15), (3.16), and
(3.17) to estimate the remaining terms in (3.11) as

o(N,(T)). O

Proposition 3.6. Suppose s = o + i(y + /),
oc(1/21). 7.7 >0 andlet
Ay ++') = B(s, P)

X L(s, x; )L(s, x,) — L(s,

X)L(s: xp) -
Then, under the Riemann Hypothesis,

> Ay + )P Ny(T).
0<7y <T
Y+v'<T

Proof. Since

[ AG+7) P | L) PLEGs ) P

it is sufficient to show that

> 1L x) Pl s x) [
0<v,'<T
o' <T

< N,(T).

(3.13)

By (3.4) and (3.5), we have

L(87X1) = I/Vl + X(Sv Xl)VV2
+O0((y +~") " log(y ++")),
and
L(s,x,) = Y) + X(5,,)Y,

1/4

+O0((y+7")" " log(y + 7).
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Let M(T) = Z Y,Y,W,W,. Then

0<~, i '<T
+y'<T

M(T) = Z

0<'y'y’<T ¢ Y
Y+ <T mnpur< ! Zﬂ)
v

X4 ()X, ()X, ()X, (V)

(mnpw)”

=22

0<y, '<r 5
'\+’)n,/<T M,y < it ;+ )
v

mn=/u

i(y+7)
v
mn]

X, (m)x, ()X, (1)X, (v)

20
2

0<v,y/'<T !
”lv/<T m71/11/< 1+97)
27
mn=

X, (m)x, ()X, (1)X, (¥)
(mnuv)’

(mn)

:M

i(y+7")
24
mn]

=27, + 7,
First, we consider Z1 . Since the number of solutions
mn = p = ris less than or equal to d*(r),

7, < ZZdQ < N,(T).

0<y,7/'<T r=1
A+ﬂ’<T

By Lemma 3.4, we have

M(T) < N,(T).

Working similarly to M (T") , we obtain

W, ['< Ny(T),
Z 1 ’ (3.19)
'y+~/ <

and
Z ¥, ['< N, (T).

o<rTer (320
¥ +«’<T

With the change of the above argument, we get

Z ‘VV2 |4<< T2071+EN2(T) ,

0<v,y/<T (3.21)
y+y'<T
since
Z Xl(m)XQ (n);(l(ﬂ)y(Q (V)
0<y,y'<T (v++") (mn)Q(l_U)

7+ry’<T m,n, (o< 9
mn=pw=r"

SIPIND Y

0<7y, ~'<T q[( +7')
vy <T TS

< Z (’7 + v )20 —14e

0<vy,y'<T
v+ <T

< T2r7 1+.:N2 (T)

and because of Lemma 3.2. Similarly to the above

method, we obtain

Z |Y2 ‘4<< T2(I—1+EN2 (T)
05T (3.22)
'v+'v <T

We use

d 4 1-40
— | X{(s, <t
at | ( X) ‘

for s =0 +it,|t|— o0 (cf. [3]), NQ(t):
O(t2 log2 t), (3.21), (3.22) and summation by
parts to find that
4 4
ST X[, |
o (3.23)
= O N (7)),
and
> XG0 1Y, !
ey (3.24)

— O(Tl 20+5N2 (T))



146

Sci. & Tech. RMUTT J. Vol.10 No.1 (2020)

To finish the proof, we use the Cauchy-
Schwarz inequality, (3.19), (3.20), (3.21), (3.22),
(3.23), and (3.24) to estimate the remaining terms
in(3.18)as O(N,(T)) . O

Proposition 3.7. Suppose s = o +i(y + 7’),
o€(1/21),7,~7 >0 and let
Ay +4') = Bls,P)

X L(s, %, )L(8,x,) — L(5, %, )L(s; X)) -

Then, under the Riemann Hypothesis,

> A(y+4) - C-Ny(T)
0<y,y/<T
vHy'<T

for some non-zero constant C .

Proof.  The proof is similar to the proof of

Proposition 2.3 in [3]. |

Theorem 3.8. Assume the Riemann Hypothesis; let
o €(1/2,1). Then, for a positive proportion of
1/2+i(y+7"), withy,7' > 0, the values of
the Dirichlet L-functions L(o + i(y +~),x;) and
L(o +i(y+7"),x,) associated with primitive
characters x; and x;, to different prime moduli are

linearly independent over R .

Proof. By the Cauchy-Schwarz inequality, we have

1 >0 My +)P

0<y,y'<ST || 0<y,y/<T
y+'<T Y+7'<T
Aly+9)=0
n 2
> Ay +1) [
0<y,7'<T
Y+y'<T

By Proposition 3.6 and 3.7, we have

| D A+

0<7,y'<T
Z 1> vy <T
0<v,~'<T Z lA(7 + "//) |2
+4'<T )
Alyih=o O ET
C P N, (T
M =|CP N,(T). O
Ny(T)
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