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Abstract

For a,b,cef{0,12},neNn=a+b+c, and n=a+ b+ c (mod3), explicit formulae for

Tape(M) = Yi=q j=bk=c (mod 3) ({ +j + k)!/i!j! k!, where the sum is over all non-negative integers i, j, k such

that n = i + j + k, are established by Carlitz [1] via properties of the cube root of unity. In this paper, another

method to get these formulae is presented. Almost all T, (n) are also expressed in terms of the cube root of

unity.
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1. Introduction Where

_ . inJ ok
Some sums of binomial coefficients (see (x+y+2)t= Z (i), k)x'y 2",

i+jtk=n
for example [3]) suggest Carlitz [1] to consider Fora,b,c €{0,1},n € N,n>a+b +c, and
simple sums of trinomial coefficients, defined by n=a+b + c (mod 2), define
- (+j+00
(k) = )k ENUOD, Sape(n) = > ik,

i=a,j=b,k=c (mod 2)
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where the sum is over all non-negative integers

i,j,k such that n=i+j+k. Then all of

the Sqpc(n) are:

S000(1), So01(1) = Sp10(n) = S190(n),
So11(M) = S101(M) = S110(M), S111(M).

In 1976, Carlitz [1] provided explicit formulae for

such S, as follows:

3"+ 3 3"+1
So00(M) = ——,Sp01(n) = 2
3"—1 3"—-3
So11(n) = T,5111(n) = 7

Later in 1988, a general formula for some
sums of multinomial coefficients in terms of values
of Krawtchouk polynomials was provided by
Fixman [2].

Fora,b,c € {0,1,2},neN,n>a+ b+
c,andn = a + b + ¢ (mod 3), define

(iljl k)!
i=a,j=b,k=c (mod 3)

Tapc(n) =

where the sum is over all non-negative integers
i,j,k such that n=i+4j+ k. Then all of the
Tapc(n) are:

Tooo (M),

Too1 (M) = To10(n) = T1g0(n),

To02(M) = Toz0(n) = Tag0 (1),

To11(M) = T1o1(M) = Ty10(n),

To12(n) = Toz1(n) = T1p2(n)
= To1(n) = Ty30(n)
= Ta10(n),

To22(M) = Ta02(n) = Tap0(n),

T111(0),

T112(n) = Tip1(n) = Ty (),

Ti22(n) = T212(n) = Tap1(n),

T2, ().

Carlitz [1] also provided explicit formulae
for each T, (n) by using properties of the cube

root of unity as follows:

n
Tooo () = {3"-2 +2(-1)6327 ifn = 0 (mod 6),
3n-2 ifn = 3 (mod 6),
3n-2 ifn = 4 (mod 6),
Toor () = n-1 n-1_,
32 4+2(-1)6 32 * ifn=1(mod6),
ifn = 2 (mod 6),

n-5 n-5

3n 2
{3" 2-2(- 1)TBT+1

n2n—2

n->5
3n2+( 1)632+1

n-2
To11(n) = {3 D e

Tp12(n) = 3™~ -2,

n-2
Toz2(n) =

2 (- 1) 6§32z ' ifn=1(mod6),
_ _{3" - 1)632 ifn = 0 (mod 6),
111 -
3"2 4 (= 1)632+ ifn = 3 (mod 6),
Ty () = 3"2+( 1)632+ ifn = 4 (mod 6),
112
"2 (= 1)632‘1 ifn = 1 (mod 6),
n—-2 n 2
Ty (n) = 2 (-1)6 ifn = 2 (mod 6),
3n2 4 (— 1)632“ ifn = 5 (mod 6),
—(~1)63271 ifn = 0 (mod 6),
Tzzz(n) [ - )n 3 n-3 o (mod 6)
2_(-1) 63z "™ ifn=3(mod6).

—4 —4
- (- 1) 3 3nT+1
n-1 n-1

ifn =5 (mod 6),
ifn = 2 (mod 6),
ifn =5 (mod 6),

ifn =4 (mod 6),

Some of Ty.(n) are expressed in terms

of the cube root of unity. Several examples are also

given in [1].

In this

work, we present

another

technique to get these explicit formulae by using
the product of some matrices and properties of the
cube root of unity. Almost all T,y (n) are also

expressed in terms of the cube root of unity.

2. Explicit formulae for T ;. (n)

Let w be the cube root of unity, given by

_ (21r>+. . (Zn)
w = COS 3 L SIn 3 .

14+ w+ w?=0and w3 = 1.

Then
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Note that Substituting (x, y, z) in (2.7) by
(w+2)P=(w-1)°=3Qw+1), 2.1 1,1,1),(1,1,w),(1,1,0?),1, 0 ), (1,0 «?)
Qw+1)? = (0 +2)’w (1, 0%, w?), (0, w, w), (w0, ®, w?), (0, W?, w?),
=(w-1?*(~w-1) and (w?, w?, w?),
= 2 —-1)=-3 2.2 . .
(@+2)(w-1) ’ 22) respectively, we obtain the 10 equations in the
(W+2)(w+1D)=(0-ww
= w?(~w—2) indeterminate values
@ @3) To00(n), Tgo1 (1), Too2 (1), To11 (M), To12(0),
(w+2)?=3(w+1), (2.4) To22(n), T111 (), T112 (1), T122(n), and T35 (n)
(0 —-1)?%=-30. 2.5) with coefficients in terms of w. We can write this
Consequently, if n = 0 (mod 6), then 10-equation system in the form of matrix equation
(W+2)"+(w—1D"+ Qw + 1" as follows:
n o (2.6)
= (=1)s3z"". N=WT, (2.8)
For n€N and x,y,z € {1, w, w?}, we where
3" [T 00 (1)
have 000
o (w+2)" Tg01(n)
(x+y+2)" = Z (i,j, k)xtyl z* 1-w)" Too2()
i+j+k=n QCw+1)" To11(0)
=Tgoo(n) + (x + y + 2)Tgo1 (M) N = 0 T = To12(n)
+(x?2 + y% + 22)T g2 () (2o =) T T T m)|
+(xy +yz + x2)T1,(n) Bw)" T111(0)
+(xy? + xz% + yx* + yz* + zx? (w—1)" T112(n)
+Zy2)T012 (n) (_w - 2)11 lez (n)
+(x2y? + y?z% + x%2*)T g2 (n) (Bw?)" | Tp,(0)]
+(xyz)T111(n)
+(xy?z? + x%yz? + x2y?z)T122(n)
+(xyz? + xy?z + x%yz)T112(n)
+(x2y2z*)T 52, (n). 2.7
and
r1 3 3 3 6 1 3 3 1
1 w+2 -w+1 2w+1 0 —2w-1 w w—1 —-w—-—2 -w-1
1 —w+1 w4+ 2 —2w-1 0 20+1 —-w-1 —-w-2 w—1 w
1 2w+1 2w-1 w—1 0 -w—2 -w-1 -w+1 w+2 w
W = 1 0 0 0 -3 1 0 0 1
1 2w—-1 2w+1 —-—w—2 0 w—1 w w+2 —-w+1 —-w-1
1 3w —3w—-3 -3w—-—3 6 3w 1 3w —3w—3 1
1 w-—1 —w—2 —w+1 0 w+ 2 w —2w—-1 2w+1 -w-1
1 —w-2 w—1 w+ 2 0 —-w+1 -w-1 2w+1 -2w-1 w
L1 —3w-—3 3w 3w 6 —-3w-3 1 —3w—3 3w 1
From (2.8), we have
W-IN =T, 2.9)
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where
ril 1 1 1 2 1 1 1 1 1
27 9 9 9 9 9 27 9 9 27
1 w+1 w 1 0 -1 —-w+1 - —-w—-1 —w-2
27 a a a a 3a a a 3a
1 w w+1 -1 0 1 —-w—-2 —w-1 - —w+1
27 a a a a 3a a a 3a
1 1 -1 ) 0 —-w—-1 —w-2 w w+l1l —-w+1
27 a a a a 3a a a 3a
1 0 0 -1 1 0 0 1
w-l = 27 9 27 27
1 -1 1 —w—1 0 —w —-w+1 w+1 w —-w—2
27 a a a a 3a a a 3a
1 —w+l1l —-w—-2 —-w-2 2 —-w+1 1 —-w+1 —w-2 1
27 a a a 9 a 27 a a 27
1 —-w —-w—-1 w 0 w+1l —-w+1 -1 1 —-w—2
27 a a a a 3a a a 3a
1 —w-1 ) w+1 0 w —w—2 1 -1 -w+1
27 a a a a 3a a a 3a
1 w-2 —-w+1 —-w+1 2 —-—w-2 1 —-w—-2 —-w+1 1
L27 a a a 9 a 27 a a 27
and @ = 9(2w + 1). Next we calculate all of the T, (n) from (2.9).
. . _ 3 (@+2)"(w+]) (1-w)'w Qe+1)"
Row 1 in (2.9): In this case, n > 0 and = 2 9w+ 1) 9Co+D) T92e+ D
_ (—20-1" QGw)'(-w+1) (w—1"w
n = 0 (mod 3). T 9Q2w+1) 27Qw+1)  9Qw+1)
Tooo(1) (co-2"(cw—-1)  Bw?)"(~w-2)
3" (@+2)" (1-w)" Qe+ (—2w-1)" 92w + 1) 27CQw + 1)
27 9 9 + 9 + 9 _ 3 (@+2)"Q2ew+1) (1-w0)"'Qew+1)
+ Bw)" + (w—1)" + (o -2)" (Bw?)" To27 92w + 1) 92w + 1)
27 9 9 27 Ro+1)" D"Qow+1D" 3"0"Qw+1)
= gnzy (4 (@ DTH @D+ Qo+ DY 92w+ 92w+ 27Qw + 1)
. 9 (w-—D"Qw+1)  (—w-2)""'Qw+1)
{3"-2 +2(-1)s3z ifn=0(mod6), (by(2.6)) 92w+ 1) 92w+ 1)
3n-2 ifn = 3 (mod 6). 32D (2w + 1)
27w + 1) (by 23)
Row 2 in (2.9): In this case, n = 1 and = 324+ 1+ (DY)

n =1 (mod 3).
Too1(1)

(

(W+2)" '+ (w-D"' + Qw+ 1™

{

9
3n-2 ifn = 4 (mod 6),

n-1 n-1
3242(-1) 63z "' ifn=1(mod6). (by(2.6))
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Row 3 in (2.9): In this case, n > 2 and If n = 5 (mod 6), then
n = 2 (mod 3). To11(n) (0 +2)"3 (w = 1)"3
= 3 24———(-w)+——(w+1)
Too2(n) 3 3
3 (@D - (w+1) Qo+ D" Ok 3 1)
T 277 9Qw+1) T 9Rw+1)  9Qw+1) B - -
(20 -1)" GBo)'(-0-2) (w-1)"(-w-1) = 3 + (w+ 2)5 -Sl- (w—-1) +Qw+1) (by (2.2))
92w+1) | 27Qw+1) 92w +1) = 324 (-1) 532" (by(26))
_ (~0—-2)"w0 @Bo)'(-w+1)
92w +1) 27Qw +1) Row 5 in (2.9): In this case, n = 3 and
3 9w+ 2)"Re+1)  —9(1 - w)" 2w +1)
T 27 92w+ 1) 92w+ 1) n = 0 (mod 3).
IRw+ 1" QR +1) —9(—2w— 1" 5Qw +1) n n .
- 9Qw + 1) 9w + 1) To12(n) = 3_ + €0 + Bw7) = 3n2,
3" 2Qw+1)  —9(w — D" 32w + 1) 27 27 27
27(2 92w + 1
9(_1)( _wz-)'—ng(m +1) 3510(;(:-2))(20) +1) Row 6 in (2.9): In this case, n = 4 and
B 92w +1) 272w + 1) _
(by (2.1),(2.2),and (2.3)) n=1(mod3).
= 37— (L4 (1) Toz2 () . 5 "
(@ +2)"5 + (0 — D)™ + Qo + 1)) _ 3_ 3 (w+2) + (1-w) QCw+1D"(~w-1)
n-2 ifn =2 (mod 6), 27 9Qw+1)  9CQw+1) 9Q2w + 1)
= { . ns n-s 3 (20-1D"0w Bw)'(-0+1) (w-D"(w+1)
32 —-2(-1)% 32 ifn=5(mod6). (by(2.6)) 9o+ 1) 270+ 1) 9Co+ 1)
(—o-2)"0 @Bo)"(—w-2)
Row 4 in (2.9): In this case, n = 2 and 9Qw + 1) 27Qw + 1)
3" 3w+ 2)"3Rw+1) 3(1- )" 3QRw+1)
n = 2 (mod 3). T 277 9w+ T 9w+
To11 (1) 3Qw+ 1" (-0 - 1DRw+1)
92w + 1)
3 (w +2)" A1-w)" Qw+1Dw
= 27T00e+D 9Co+D 9w+ D _3(20-D"*0Rw+1) 3"0"'Qw+1)
(20 -1D"(~w-1) Bw)"(~w-2) 92w +1) 27Qw+1)
92w +1) 27Qw +1) 3(w-1)"3(w+1DQw + 1)
(w—Dw (o-2"(w+1) @e)(-w+1) 92w +1)
92w + 1) 92w+ 1) 272w + 1) 3w -2)"Fww+1) 3" V(2w +1)
3" 3+2)"PRw+1)  3(1-w)"?Rw+1) 92w +1) 27Qw + 1)
27 92w + 1) 92w +1) (by (2.1),(2.2),and (2.3))
3w+ D" 3w(w + 1) I (OF ) PN
92w + 1) = 3 (1= ()"w)
L 320- D30 -1)Ruw+1) 3" 2Qw+ 1) N 3 @41 (1))
92w + 1) 27Qw + 1) 3 s
3(w - 1)"*wRw+1)  3(-w—2)"(w+ 12w+ 1) Qo+ D™ 1 (cD)m1w),
92w + 1) - 92w + 1) 3
n,,2(n-2) =
3"w Qw+1) (by (21, 2.2)and (23)) If n = 4 (mod 6), then
27QRw + 1) Tozz(n)
= 3n24 (w+2) 1+ (0 + 1)(=1)"2) g2 4 (w+2)"3(-1+w) + (w—1)"3(w+2)
1 nfg 3 3
+ (@ —3 ) (@ = (~1)™2) . Qo+ D" 3Qw+1)
n-3 3
N Qw+1) @+ @+ D(=1)™?). S (Chs 2"t = 3(w — D" - 3Qw + )"
3 3
If n = 2 (mod 6), then (by (2.2))
To11(n) = 32— (_1)1%437%1“- (by (2-6))
n-2 n-2 n-2
= gz @EDTH (w-D"*+ Qo +1) Ifn = 1 (mod 6), then

3
372 4+ (—1)716;23"2;2. (by (26))

Toz2(n)
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_ ognzg (w+2)"3(~-1-w) N (w—-1D"3%w If n = 3 (mod 6), then
3 3 Ty11(n)
Qw + ™2 111\L ~ " L
e = 3" 24+ (w+2)" P+ (w—-D" 3+ Quw+ 1"
I —(w+2)"*Qw+1) + —(w—-D"*Qw+1) = 3" 24 (—1)"7733"7_3“. (by (2.6))
h 3 3
n-3
+w (by (2.3)) Row 8 in (2.9): In this case, n > 4 and
_ gn @7 2)"3'7(2“) +1? n =1 (mod 3).
3-D""Qo+1)? Qw+1)"3 T112(n)
(by 2.1))
Loy ’ _ 3 @+2)"w)  (-e)(-w-1)
9w +2)"7 +9(w - D7 + 92w + 1) 27 9Qw+1) 92w +1)

3 (by (22))

= 34 (13T (by (26))

= 3o ()ERT
Row 7 in (2.9): In this case, n = 3 and

n = 0 (mod 3).
T111()
3" (w+2)"(~w+1) (Q1-w"(-w-2)
27t T 9Re+ D 92w + 1)
Qu+D)"(~0—-2) (R2o-D"(-w+1) QGw)"
92w + 1) 92w+ 1) 27
(w-D"(~0+1) (~o-2)"(-0-2) @Bw?)"

9Qw + 1) o+ 27
3" 3w+ 23 (—w+ 1w+ 1)
T 27 92w + 1)
31 —w)" 3 (~w—-2)Qw + 1)
B 92w + 1)
3w + )" 3 (—w — 2) 2w + 1)
- 92w + 1)
3(20 - D" 3 (~w+1)QRw+1) 3"
92w + 1) 27
3lw—-D"3*(—w+1)QRw+1)
92w + 1)
3o —-2)"3(~w—-2)QRw+1) 3"
- 92w + 1) t7
(by (2.1) and (2.2))
e +32)n (Fo+1+(D"(-w-2)
+ (“’_341)%3 (~0+ 1+ (~D"(~w —2))
+M(w +2-(-D)"(~w+1).
If n = 0 (mod 6), then
Ti111(n) s s
g2 g @D 1t % (~20-1)
+ M Qw+1)
s, @2 P (@+2)° (0-D)"P(w=-1)°
324 3 — 3 —
o +31) (2“’:’3 D (by (2.Dand (22))

= 3m2_(~1)832 L, (by 2.6))

Qu+DN)'w (Ro-D"(w+1) Go)"(—w+1)

92w + 1) 92w + 1) 27Qw + 1)
(0—-1" (~0-2)" Bo)"(-w-2)
T9Qw+1) 9w+ 1) 272w + 1)
3" 30+ 2)"*(-0)(2w + 1)
- 27 92w + 1)
31—w)" 3 (—w—1)Qw+1)
B 92w + 1)
3w + D" 2w(w + 1)
B 92w + 1)
3(20—1D"3(w+1D)QRw+1) 3"" 'Qw+1)
92w + 1) 27Qw + 1)
3w-1D)"3QRw+1) 3(~0-2)"3Qw+1)
B 92w + 1) B 92w + 1)
3" D 2w + 1)
et D (by (2.1),(2.2),and (2.3))
n-3
= 3 Oy
_ 1\n-3
+%(—1 + (D" (@ + 1)
If n = 4 (mod 6), then
T112(n) s s
- g2y (w+2) 3(—(u+ 1) + (w—1) 3(—(1)—2)
+ Qw+ 1)”‘;(—2(» -1)
= 324 (w+2)"*+ (w— D"+ Q2w+ 1)
(by (2.2))

= 324 (—1)nT43"T_4“. (by (2.6))
If n = 1 (mod 6), then

T112(n)
g2 4 (w+2)"3(~w—-1) (w—1D"3w
3 3
+ Qw+ 13
3
gn-2 (w+2)" T+ (w— D"+ Qw + 1)1
9

(by (2.2),(2.4),and (2.5))
= 3"-2—(—1)'17_13"7_1‘1 (by (2.6))
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Row 9 in (2.9): In this case, n = 5 and

n = 2 (mod 3).
Ty22(n)
3" (w+2)"(~w—-1) (1-w)w
- 27 9Cw+1)  9Qw+1D
Qo+ (w+1) (—20-1D"w
92w+ 1) 92w +1)

27Qw+1)  9Cw+1) 9Qw+1)
BoH"(—w+1)
272w + 1)
3" 3w+ 2)" (o -1DQRw+1)
27 92w + 1)
31 — )" }wRw + 1)
92w + 1)
3w+ 1" 3(w+1)Q2w + 1)
h 92w + 1)
3(20 — D" 32wRw +1) 30" 2Qw+1)
92w + 1) 27Qw + 1)
3w-1D"3QRw+1) 3(—w-2)"3Qw+1)
92w + 1) 92w + 1)
3w (2w + 1)
n-3
= 324 %(—w —-1-(-1D"?)
_ n-3
O 0 o)
n-3
%(—w -1-(-1D)"?w).
If n = 2 (mod 6), then
T12,(n) s -
3n_2+(ou+2) 3(—w—2)+(w—1) : 1-w)
+ Qw+ D" 3(—2w-1)

3
= 32— (—1)"7_23"7_2 (by (2.6))
If n = 5 (mod 6), then

Ti22(n)
gn-z y (@ F 2);'3(—00 (w— 1)”:(1 + )
+ Cw + 1;"‘3(—1)
g2 4 3(w+2)"% +3(w —31)”‘5 +3Qw+1)"°
(by (2.2))

= 324 (—1)"7_53717_5“ (by (2.6))
Row 10 in (2.9): In this case, n = 6 and

n = 0 (mod 3).
T2, (1)

3" (w+2)"(~w-2) (1-w)"(-w+1)

27 92w + 1) 9Qw + 1)
QCu+D)"(~0+1) (Ro-D"(-w-2) Q@Go)"
92w + 1) 92w + 1) 27

(w-D"(~0—-2) (~o-2)"(-o+1) @Bw)"
92w + 1) 92w +1) Tz
3" 3(w+2)"3(—w—-2)QRw+1)
27t 92w + 1)
31— )" (~w+1)Qw+ 1)
B 92w + 1)
3QRw+ 1D 3 (—w+ 1)QRw + 1)
B 92w + 1)
N 3(—2w — 1) 3 (—w — 2)Qw + 1) N Bw)"
92w + 1) 27
3(w—-1)"3(~w—-2)Qw+ 1)
92w + 1)
3w —-2)"3(—w+1DRw+1) (Bwd)"
B 92w + 1) t 7
(by (2.1) and (2.2))
ey @H+2)"3
= 324 T
% (~w =2+ ()"~ +1))
Qw + 1)n3
e

If n = 0 (mod 6), then
T22(M)

(ro-2+(-D"(-w+1)

(w -1+ (D"(w + 2)).

(w+2)"3(2w-1) (w—D"3(2w-1)
+ 3

= 3"+
Lo+ 1)"3 Q2w + 1)

—— (w3+ 2)"/3 - (w —31)"/3 - (2w +1"/3
(by (2.1) and (2. .2))

372 — (—1)53z"  (by (2.6))

If n = 3 (mod 6), then

T3z, (1)

3%+
(@+2)"3(=3)+ (@ = D" ?(=3) + Qo + D" *(=3)
3

= 32 (—1)"%33"%3“ (by (2.6))

3. Conclusions
Fora,b,c € {0,1,2},n€ N,n>a+b +
c,andn = a + b + ¢ (mod 3), define

Tanc (n) = Z (i:j, k),
i=a,j=b,k=c (mod 3)

where the sum is over all non-negative integers

i,j,ksuchthatn =i+ j+kand

(i +j R

@i,j, k) = ik (i,j,k e Nu {0}).
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Then all of the T, (n) are:

Too0 (M),

To01 (M) = To10(M) = Ty90(n),

Too2(M) = Toz0(n) = Ta00 (1),

To11(n) = T101(n) = Ti10(n),

To12(n) = Toa1(n) = Typ2 (1)
= T01(M) = Ty20(n)
= Ta10(n),

Toz2 (M) = T202(n) = Tapo(n),

Ti11(0),

T112(0) = T121(M) = Taq1(n),

T12:(n) = To12(n) = Top1 (),

Ta22(0).
Carlitz [1] provided explicit formulae for Ty (1)
by using properties of the cube root of unity.

In this paper, we present a different
method to get these explicit formulae. The cube

root of unity w, is defined by

_ (271) +isi (Zn)
w = cos{— isin{—).
Explicit formulae for Tgp.(n) are

calculated from (2.9) and almost all T,p.(n) are

also expressed in terms of w as follows:
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