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Abstract 

 For 𝑎, 𝑏, 𝑐 ∈ {0,1,2}, 𝑛 ∈ ℕ, 𝑛 ≥ 𝑎 + 𝑏 + 𝑐, and 𝑛 ≡ 𝑎 + 𝑏 + 𝑐 (mod 3), explicit formulae for 
𝑇𝑎𝑏𝑐(𝑛) ≔ ∑ (𝑖 + 𝑗 + 𝑘)! 𝑖! 𝑗! 𝑘!⁄𝑖≡𝑎,𝑗≡𝑏,𝑘≡𝑐 (mod 3) , where the sum is over all non-negative integers 𝑖, 𝑗, 𝑘 such 
that 𝑛 = 𝑖 + 𝑗 + 𝑘, are established by Carlitz [1] via properties of the cube root of unity. In this paper, another 
method to get these formulae is presented. Almost all 𝑇𝑎𝑏𝑐(𝑛) are also expressed in terms of the cube root of 
unity. 
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1. Introduction 
 Some sums of binomial coefficients (see 

for example [3]) suggest Carlitz [1] to consider 
simple sums of trinomial coefficients, defined by 

(𝑖, 𝑗, 𝑘) =
(𝑖 + 𝑗 + 𝑘)!

𝑖! 𝑗! 𝑘!
     (𝑖, 𝑗, 𝑘 ∈ ℕ ∪ {0}). 

Where 
(𝑥 + 𝑦 + 𝑧)𝑛 = ∑ (𝑖, 𝑗, 𝑘)𝑥𝑖𝑦𝑗𝑧𝑘

𝑖+𝑗+𝑘=𝑛

. 

For 𝑎, 𝑏, 𝑐 ∈ {0,1}, 𝑛 ∈ ℕ, 𝑛 ≥ 𝑎 + 𝑏 + 𝑐, and 
𝑛 ≡ 𝑎 + 𝑏 + 𝑐 (mod 2), define 

𝑆𝑎𝑏𝑐(𝑛) = ∑ (𝑖, 𝑗, 𝑘)

𝑖≡𝑎,𝑗≡𝑏,𝑘≡𝑐 (mod 2)

, 
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where the sum is over all non-negative integers 
𝑖, 𝑗, 𝑘 such that 𝑛 = 𝑖 + 𝑗 + 𝑘. Then all of 
the 𝑆𝑎𝑏𝑐(𝑛) are:  

𝑆000(𝑛), 𝑆001(𝑛) = 𝑆010(𝑛) = 𝑆100(𝑛), 
𝑆011(𝑛) = 𝑆101(𝑛) = 𝑆110(𝑛), 𝑆111(𝑛). 

In 1976, Carlitz [1] provided explicit formulae for 
such 𝑆𝑎𝑏𝑐 as follows: 

𝑆000(𝑛) =
3𝑛 + 3

4
, 𝑆001(𝑛) =

3𝑛 + 1

4
, 

𝑆011(𝑛) =
3𝑛 − 1

4
, 𝑆111(𝑛) =

3𝑛 − 3

4
. 

Later in 1988, a general formula for some 
sums of multinomial coefficients in terms of values 
of Krawtchouk polynomials was provided by 
Fixman [2]. 

For 𝑎, 𝑏, 𝑐 ∈ {0,1,2}, 𝑛 ∈ ℕ, 𝑛 ≥ 𝑎 + 𝑏 +

𝑐, and 𝑛 ≡ 𝑎 + 𝑏 + 𝑐 (mod 3), define 

𝑇𝑎𝑏𝑐(𝑛) = ∑ (𝑖, 𝑗, 𝑘)

𝑖≡𝑎,𝑗≡𝑏,𝑘≡𝑐 (mod 3)

, 

where the sum is over all non-negative integers 
𝑖, 𝑗, 𝑘 such that 𝑛 = 𝑖 + 𝑗 + 𝑘. Then all of the 
𝑇𝑎𝑏𝑐(𝑛) are: 
𝑇000(𝑛), 
𝑇001(𝑛) = 𝑇010(𝑛) = 𝑇100(𝑛), 
𝑇002(𝑛) = 𝑇020(𝑛) = 𝑇200(𝑛), 
𝑇011(𝑛) = 𝑇101(𝑛) = 𝑇110(𝑛), 
𝑇012(𝑛) = 𝑇021(𝑛) = 𝑇102(𝑛) 
               = 𝑇201(𝑛) = 𝑇120(𝑛) 
               = 𝑇210(𝑛), 
𝑇022(𝑛) = 𝑇202(𝑛) = 𝑇220(𝑛), 
𝑇111(𝑛), 
𝑇112(𝑛) = 𝑇121(𝑛) = 𝑇211(𝑛), 
𝑇122(𝑛) = 𝑇212(𝑛) = 𝑇221(𝑛), 
𝑇222(𝑛). 

Carlitz [1] also provided explicit formulae 
for each 𝑇𝑎𝑏𝑐(𝑛) by using properties of the cube 
root of unity as follows: 

𝑇000(𝑛) = {3
𝑛−2 + 2(−1)

𝑛
63

𝑛
2−1         if 𝑛 ≡ 0 (mod 6),

3𝑛−2         if 𝑛 ≡ 3 (mod 6),
 

𝑇001(𝑛) = {
3𝑛−2 if 𝑛 ≡ 4 (mod 6),

3𝑛−2 + 2(−1)
𝑛−1

6 3
𝑛−1

2 −1 if 𝑛 ≡ 1 (mod 6),
 

𝑇002(𝑛) = {
3𝑛−2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 − 2(−1)
𝑛−5

6 3
𝑛−5

2 +1 if 𝑛 ≡ 5 (mod 6),
 

𝑇011(𝑛) = {
3𝑛−2 + (−1)

𝑛−2
6 3

𝑛−2
2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 + (−1)
𝑛−5

6 3
𝑛−5
2 +1   if 𝑛 ≡ 5 (mod 6),

 

𝑇012(𝑛) = 3𝑛−2, 

𝑇022(𝑛) = {
3𝑛−2 − (−1)

𝑛−4
6 3

𝑛−4
2 +1    if 𝑛 ≡ 4 (mod 6),

3𝑛−2 − (−1)
𝑛−1

6 3
𝑛−1
2 −1    if 𝑛 ≡ 1 (mod 6),

 

𝑇111(𝑛) = {
3𝑛−2 − (−1)

𝑛
63

𝑛
2−1    if 𝑛 ≡ 0 (mod 6),

3𝑛−2 + (−1)
𝑛−3
6 3

𝑛−3
2 +1    if 𝑛 ≡ 3 (mod 6),

 

𝑇112(𝑛) = {
3𝑛−2 + (−1)

𝑛−4
6 3

𝑛−4
2 +1    if 𝑛 ≡ 4 (mod 6),

3𝑛−2 − (−1)
𝑛−1

6 3
𝑛−1
2 −1    if 𝑛 ≡ 1 (mod 6),

 

𝑇122(𝑛) = {
3𝑛−2 − (−1)

𝑛−2
6 3

𝑛−2
2    if 𝑛 ≡ 2 (mod 6),

3𝑛−2 + (−1)
𝑛−5

6 3
𝑛−5
2 +1    if 𝑛 ≡ 5 (mod 6),

 

𝑇222(𝑛) = {
3𝑛−2 − (−1)

𝑛
63

𝑛
2−1    if 𝑛 ≡ 0 (mod 6),

3𝑛−2 − (−1)
𝑛−3

6 3
𝑛−3
2 +1    if 𝑛 ≡ 3 (mod 6).

 

 Some of 𝑇𝑎𝑏𝑐(𝑛) are expressed in terms 
of the cube root of unity. Several examples are also 
given in [1]. 

 In this work, we present another 
technique to get these explicit formulae by using 
the product of some matrices and properties of the 
cube root of unity. Almost all 𝑇𝑎𝑏𝑐(𝑛) are also 
expressed in terms of the cube root of unity. 

2. Explicit formulae for 𝑻𝒂𝒃𝒄(𝒏) 

 Let 𝜔 be the cube root of unity, given by 
𝜔 = cos (

2𝜋

3
) + 𝑖 sin (

2𝜋

3
). 

Then  
1 + 𝜔 + 𝜔2 = 0 and 𝜔3 = 1. 
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Note that 
(𝜔 + 2)3 = (𝜔 − 1)3 = 3(2𝜔 + 1), (2.1) 
(2𝜔 + 1)2 = (𝜔 + 2)2𝜔 

                     = (𝜔 − 1)2(−𝜔 − 1) 

                     = (𝜔 + 2)(𝜔 − 1) = −3, (2.2) 
(𝜔 + 2)(𝜔 + 1) = (1 − 𝜔)𝜔 

                               = 𝜔2(−𝜔 − 2) 

                               = 2𝜔 + 1, (2.3) 
(𝜔 + 2)2 = 3(𝜔 + 1), (2.4) 
(𝜔 − 1)2 = −3𝜔. (2.5) 

Consequently, if 𝑛 ≡ 0 (mod 6), then 
(𝜔 + 2)𝑛 + (𝜔 − 1)𝑛 + (2𝜔 + 1)𝑛

= (−1)
𝑛
63

𝑛
2
+1. 

(2.6) 

For 𝒏 ∈ ℕ and 𝒙, 𝒚, 𝒛 ∈ {𝟏,𝝎,𝝎𝟐}, we 
have 
(𝒙 + 𝒚 + 𝒛)𝒏 = ∑ (𝒊, 𝒋, 𝒌)𝒙𝒊𝒚𝒋𝒛𝒌

𝒊+𝒋+𝒌=𝒏

 

= 𝑻𝟎𝟎𝟎(𝒏) + (𝒙 + 𝒚 + 𝒛)𝑻𝟎𝟎𝟏(𝒏) 
    +(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝑻𝟎𝟎𝟐(𝒏) 
    +(𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛)𝑻𝟎𝟏𝟏(𝒏) 
    +(𝒙𝒚𝟐 + 𝒙𝒛𝟐 + 𝒚𝒙𝟐 + 𝒚𝒛𝟐 + 𝒛𝒙𝟐 
    +𝒛𝒚𝟐)𝑻𝟎𝟏𝟐(𝒏) 
    +(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒙𝟐𝒛𝟐)𝑻𝟎𝟐𝟐(𝒏) 
    +(𝒙𝒚𝒛)𝑻𝟏𝟏𝟏(𝒏) 
    +(𝒙𝒚𝟐𝒛𝟐 + 𝒙𝟐𝒚𝒛𝟐 + 𝒙𝟐𝒚𝟐𝒛)𝑻𝟏𝟐𝟐(𝒏) 
    +(𝒙𝒚𝒛𝟐 + 𝒙𝒚𝟐𝒛 + 𝒙𝟐𝒚𝒛)𝑻𝟏𝟏𝟐(𝒏) 
    +(𝒙𝟐𝒚𝟐𝒛𝟐)𝑻𝟐𝟐𝟐(𝒏). (2.7) 

 

Substituting (𝒙, 𝒚, 𝒛) in (2.7) by 
(𝟏, 𝟏, 𝟏), (𝟏, 𝟏,𝝎), (𝟏, 𝟏,𝝎𝟐), (𝟏,𝝎,𝝎), (𝟏,𝝎,𝝎𝟐),  

(𝟏,𝝎𝟐, 𝝎𝟐), (𝝎,𝝎,𝝎), (𝝎,𝝎,𝝎𝟐), (𝝎,𝝎𝟐, 𝝎𝟐), 

𝐚𝐧𝐝 (𝝎𝟐, 𝝎𝟐, 𝝎𝟐), 

respectively, we obtain the 10 equations in the  
indeterminate values 

𝑻𝟎𝟎𝟎(𝒏), 𝑻𝟎𝟎𝟏(𝒏), 𝑻𝟎𝟎𝟐(𝒏), 𝑻𝟎𝟏𝟏(𝒏), 𝑻𝟎𝟏𝟐(𝒏), 
𝑻𝟎𝟐𝟐(𝒏), 𝑻𝟏𝟏𝟏(𝒏), 𝑻𝟏𝟏𝟐(𝒏), 𝑻𝟏𝟐𝟐(𝒏), 𝐚𝐧𝐝 𝑻𝟐𝟐𝟐(𝒏) 

with coefficients in terms of 𝝎. We can write this 
10-equation system in the form of matrix equation 
as follows: 

𝑁 = 𝑊𝑇, (2.8) 
where 

𝑵 =

[
 
 
 
 
 
 
 
 
 
 

𝟑𝒏

(𝝎 + 𝟐)𝒏

(𝟏 − 𝝎)𝒏

(𝟐𝝎 + 𝟏)𝒏

𝟎
(−𝟐𝝎 − 𝟏)𝒏

(𝟑𝝎)𝒏

(𝝎 − 𝟏)𝒏

(−𝝎 − 𝟐)𝒏

(𝟑𝝎𝟐)𝒏 ]
 
 
 
 
 
 
 
 
 
 

, 𝑻 =

[
 
 
 
 
 
 
 
 
 
 
𝑻𝟎𝟎𝟎(𝒏)
𝑻𝟎𝟎𝟏(𝒏)
𝑻𝟎𝟎𝟐(𝒏)

𝑻𝟎𝟏𝟏(𝒏)
𝑻𝟎𝟏𝟐(𝒏)
𝑻𝟎𝟐𝟐(𝒏)

𝑻𝟏𝟏𝟏(𝒏)
𝑻𝟏𝟏𝟐(𝒏)

𝑻𝟏𝟐𝟐(𝒏)
𝑻𝟐𝟐𝟐(𝒏)]

 
 
 
 
 
 
 
 
 
 

, 

 

and 

𝑊 =

[
 
 
 
 
 
 
 
 
 
1 3 3 3 6 3 1 3 3 1
1 𝜔 + 2 −𝜔 + 1 2𝜔 + 1 0 −2𝜔 − 1 𝜔 𝜔 − 1 −𝜔 − 2 −𝜔 − 1
1 −𝜔 + 1 𝜔 + 2 −2𝜔 − 1 0 2𝜔 + 1 −𝜔 − 1 −𝜔 − 2 𝜔 − 1 𝜔
1 2𝜔 + 1 −2𝜔 − 1 𝜔 − 1 0 −𝜔 − 2 −𝜔 − 1 −𝜔 + 1 𝜔 + 2 𝜔
1 0 0 0 −3 0 1 0 0 1
1 −2𝜔 − 1 2𝜔 + 1 −𝜔 − 2 0 𝜔 − 1 𝜔 𝜔 + 2 −𝜔 + 1 −𝜔 − 1
1 3𝜔 −3𝜔 − 3 −3𝜔 − 3 6 3𝜔 1 3𝜔 −3𝜔 − 3 1
1 𝜔 − 1 −𝜔 − 2 −𝜔 + 1 0 𝜔 + 2 𝜔 −2𝜔 − 1 2𝜔 + 1 −𝜔 − 1
1 −𝜔 − 2 𝜔 − 1 𝜔 + 2 0 −𝜔 + 1 −𝜔 − 1 2𝜔 + 1 −2𝜔 − 1 𝜔
1 −3𝜔 − 3 3𝜔 3𝜔 6 −3𝜔 − 3 1 −3𝜔 − 3 3𝜔 1 ]

 
 
 
 
 
 
 
 
 

. 

From (2.8), we have 
𝑊−1𝑁 = 𝑇, (2.9) 
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where 

𝑊−1 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1

27

1

9

1

9

1

9

2

9

1

9

1

27

1

9

1

9

1

27
1

27

𝜔 + 1

𝛼

𝜔

𝛼

1

𝛼
0

−1

𝛼

−𝜔 + 1

3𝛼

−𝜔

𝛼

−𝜔 − 1

𝛼

−𝜔 − 2

3𝛼
1

27

𝜔

𝛼

𝜔 + 1

𝛼

−1

𝛼
0

1

𝛼

−𝜔 − 2

3𝛼

−𝜔 − 1

𝛼

−𝜔

𝛼

−𝜔 + 1

3𝛼
1

27

1

𝛼

−1

𝛼

−𝜔

𝛼
0

−𝜔 − 1

𝛼

−𝜔 − 2

3𝛼

𝜔

𝛼

𝜔 + 1

𝛼

−𝜔 + 1

3𝛼
1

27
0 0 0

−1

9
0

1

27
0 0

1

27
1

27

−1

𝛼

1

𝛼

−𝜔 − 1

𝛼
0

−𝜔

𝛼

−𝜔 + 1

3𝛼

𝜔 + 1

𝛼

𝜔

𝛼

−𝜔 − 2

3𝛼
1

27

−𝜔 + 1

𝛼

−𝜔 − 2

𝛼

−𝜔 − 2

𝛼

2

9

−𝜔 + 1

𝛼

1

27

−𝜔 + 1

𝛼

−𝜔 − 2

𝛼

1

27
1

27

−𝜔

𝛼

−𝜔 − 1

𝛼

𝜔

𝛼
0

𝜔 + 1

𝛼

−𝜔 + 1

3𝛼

−1

𝛼

1

𝛼

−𝜔 − 2

3𝛼
1

27

−𝜔 − 1

𝛼

−𝜔

𝛼

𝜔 + 1

𝛼
0

𝜔

𝛼

−𝜔 − 2

3𝛼

1

𝛼

−1

𝛼

−𝜔 + 1

3𝛼
1

27

−𝜔 − 2

𝛼

−𝜔 + 1

𝛼

−𝜔 + 1

𝛼

2

9

−𝜔 − 2

𝛼

1

27

−𝜔 − 2

𝛼

−𝜔 + 1

𝛼

1

27 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

and 𝛼 = 9(2𝜔 + 1). Next we calculate all of the 𝑇𝑎𝑏𝑐(𝑛) from (2.9).

Row 1 in (2.9): In this case, 𝑛 > 0 and 
𝑛 ≡ 0 (mod 3).   
𝑇000(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛

9
+

(1 − 𝜔)𝑛

9
+

(2𝜔 + 1)𝑛

9
+

(−2𝜔 − 1)𝑛

9

+
(3𝜔)𝑛

27
+

(𝜔 − 1)𝑛

9
+

(−𝜔 − 2)𝑛

9
+

(3𝜔2)𝑛

27

= 3𝑛−2 + (1 + (−1)𝑛)
((𝜔 + 2)𝑛 + (𝜔 − 1)𝑛 + (2𝜔 + 1)𝑛)

9

= {3
𝑛−2 + 2(−1)

𝑛
63

𝑛
2−1 if 𝑛 ≡ 0 (mod 6),     (by (2.6))

3𝑛−2 if 𝑛 ≡ 3 (mod 6).

 

Row 2 in (2.9): In this case, 𝑛 ≥ 1 and 
𝑛 ≡ 1 (mod 3). 
𝑇001(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛(𝜔 + 1)

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛𝜔

9(2𝜔 + 1)
+

(2𝜔 + 1)𝑛

9(2𝜔 + 1)

−
(−2𝜔 − 1)𝑛

9(2𝜔 + 1)
+

(3𝜔)𝑛(−𝜔 + 1)

27(2𝜔 + 1)
−

(𝜔 − 1)𝑛𝜔

9(2𝜔 + 1)

+
(−𝜔 − 2)𝑛(−𝜔 − 1)

9(2𝜔 + 1)
+

(3𝜔2)𝑛(−𝜔 − 2)

27(2𝜔 + 1)

=
3𝑛

27
+

(𝜔 + 2)𝑛−1(2𝜔 + 1)

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛−1(2𝜔 + 1)

9(2𝜔 + 1)

+
(2𝜔 + 1)𝑛

9(2𝜔 + 1)
−

(−1)𝑛(2𝜔 + 1)𝑛

9(2𝜔 + 1)
+

3𝑛𝜔𝑛−1(2𝜔 + 1)

27(2𝜔 + 1)

+
(𝜔 − 1)𝑛−1(2𝜔 + 1)

9(2𝜔 + 1)
+

(−𝜔 − 2)𝑛−1(2𝜔 + 1)

9(2𝜔 + 1)

+
3𝑛𝜔2(𝑛−1)(2𝜔 + 1)

27(2𝜔 + 1)
     (by (2.3))

= 3𝑛−2 + (1 + (−1)𝑛−1)

((𝜔 + 2)𝑛−1 + (𝜔 − 1)𝑛−1 + (2𝜔 + 1)𝑛−1)

9

= {
3𝑛−2 if 𝑛 ≡ 4 (mod 6),

3𝑛−2 + 2(−1)
𝑛−1
6 3

𝑛−1
2 −1 if 𝑛 ≡ 1 (mod 6).     (by (2.6))

 

 
 
 
 
 
 
 
 



Sci. & Tech. RMUTT J. Vol.10 No.1 (2020) 165 

 

Row 3 in (2.9): In this case, 𝑛 ≥ 2 and 
𝑛 ≡ 2 (mod 3). 
𝑇002(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛𝜔

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛(𝜔 + 1)

9(2𝜔 + 1)
−

(2𝜔 + 1)𝑛

9(2𝜔 + 1)

+
(−2𝜔 − 1)𝑛

9(2𝜔 + 1)
+

(3𝜔)𝑛(−𝜔 − 2)

27(2𝜔 + 1)
+

(𝜔 − 1)𝑛(−𝜔 − 1)

9(2𝜔 + 1)

−
(−𝜔 − 2)𝑛𝜔

9(2𝜔 + 1)
+

(3𝜔2)𝑛(−𝜔 + 1)

27(2𝜔 + 1)

=
3𝑛

27
+

−9(𝜔 + 2)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)
+

−9(1 − 𝜔)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)

−
9(2𝜔 + 1)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)
+

−9(−2𝜔 − 1)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)

+
3𝑛𝜔𝑛−2(2𝜔 + 1)

27(2𝜔 + 1)
+

−9(𝜔 − 1)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)

−
9(−𝜔 − 2)𝑛−5(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔2(𝑛−2)(2𝜔 + 1)

27(2𝜔 + 1)

     (by (2.1), (2.2), and (2.3))

= 3𝑛−2 − (1 + (−1)𝑛−5)

((𝜔 + 2)𝑛−5 + (𝜔 − 1)𝑛−5 + (2𝜔 + 1)𝑛−5)

= {
3𝑛−2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 − 2(−1)
𝑛−5
6 3

𝑛−5
2 +1 if 𝑛 ≡ 5 (mod 6).     (by (2.6))

 

Row 4 in (2.9): In this case, 𝑛 ≥ 2 and 
𝑛 ≡ 2 (mod 3). 
𝑇011(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛

9(2𝜔 + 1)
−

(1 − 𝜔)𝑛

9(2𝜔 + 1)
−

(2𝜔 + 1)𝑛𝜔

9(2𝜔 + 1)

+
(−2𝜔 − 1)𝑛(−𝜔 − 1)

9(2𝜔 + 1)
+

(3𝜔)𝑛(−𝜔 − 2)

27(2𝜔 + 1)

+
(𝜔 − 1)𝑛𝜔

9(2𝜔 + 1)
+

(−𝜔 − 2)𝑛(𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔2)𝑛(−𝜔 + 1)

27(2𝜔 + 1)

=
3𝑛

27
+

3(𝜔 + 2)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)
+

3(1 − 𝜔)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)

+
3(2𝜔 + 1)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)

+
3(−2𝜔 − 1)𝑛−3(−𝜔 − 1)(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔𝑛−2(2𝜔 + 1)

27(2𝜔 + 1)

+
3(𝜔 − 1)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)
−

3(−𝜔 − 2)𝑛−3(𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

+
3𝑛𝜔2(𝑛−2)(2𝜔 + 1)

27(2𝜔 + 1)
     (by (2.1), (2.2)and (2.3))

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(1 + (𝜔 + 1)(−1)𝑛−2)

+
(𝜔 − 1)𝑛−3

3
(𝜔 − (−1)𝑛−2) 

+
(2𝜔 + 1)𝑛−3

3
(𝜔 + (𝜔 + 1)(−1)𝑛−2).

 

If 𝑛 ≡ 2 (mod 6), then 
𝑇011(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−2 + (𝜔 − 1)𝑛−2 + (2𝜔 + 1)𝑛−2

3

= 3𝑛−2 + (−1)
𝑛−2
6 3

𝑛−2
2 .     (by (2.6))

 

 

If 𝑛 ≡ 5 (mod 6), then 
𝑇011(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔) +

(𝜔 − 1)𝑛−3

3
(𝜔 + 1)

+
(2𝜔 + 1)𝑛−3

3
(−1)

= 3𝑛−2 + (𝜔 + 2)𝑛−5 + (𝜔 − 1)𝑛−5 + (2𝜔 + 1)𝑛−5     (by (2.2))

= 3𝑛−2 + (−1)
𝑛−5
6 3

𝑛−5
2

+1.     (by (2.6))

 

Row 5 in (2.9): In this case, 𝑛 ≥ 3 and 
 𝑛 ≡ 0 (mod 3). 

𝑇012(𝑛) =
3𝑛

27
+

(3𝜔)𝑛

27
+

(3𝜔2)𝑛

27
= 3𝑛−2. 

Row 6 in (2.9): In this case, 𝑛 ≥ 4 and 
𝑛 ≡ 1 (mod 3). 
𝑇022(𝑛) 

=
3𝑛

27
−

(𝜔 + 2)𝑛

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛

9(2𝜔 + 1)
+

(2𝜔 + 1)𝑛(−𝜔 − 1)

9(2𝜔 + 1)

−
(−2𝜔 − 1)𝑛𝜔

9(2𝜔 + 1)
+

(3𝜔)𝑛(−𝜔 + 1)

27(2𝜔 + 1)
+

(𝜔 − 1)𝑛(𝜔 + 1)

9(2𝜔 + 1)

+
(−𝜔 − 2)𝑛𝜔

9(2𝜔 + 1)
+

(3𝜔2)𝑛(−𝜔 − 2)

27(2𝜔 + 1)

=
3𝑛

27
−

3(𝜔 + 2)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)
−

3(1 − 𝜔)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)

−
3(2𝜔 + 1)𝑛−3(−𝜔 − 1)(2𝜔 + 1)

9(2𝜔 + 1)

 

−
3(−2𝜔 − 1)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔𝑛−1(2𝜔 + 1)

27(2𝜔 + 1)

+
3(𝜔 − 1)𝑛−3(𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(−𝜔 − 2)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔2(𝑛−1)(2𝜔 + 1)

27(2𝜔 + 1)

     (by (2.1), (2.2), and (2.3))

= 3𝑛−2 +
(ω + 2)𝑛−3

3
(−1 − (−1)𝑛−1𝜔)

+
(𝜔 − 1)𝑛−3

3
(𝜔 + 1 − (−1)𝑛−1)

+
(2ω + 1)𝑛−3

3
(𝜔 + 1 − (−1)𝑛−1𝜔).

 

If 𝑛 ≡ 4 (mod 6), then 

𝑇022(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−1 + 𝜔)

3
+

(𝜔 − 1)𝑛−3(𝜔 + 2)

3

+
(2𝜔 + 1)𝑛−3(2𝜔 + 1)

3

= 3𝑛−2 +
−3(𝜔 + 2)𝑛−4 − 3(𝜔 − 1)𝑛−4 − 3(2𝜔 + 1)𝑛−4

3
     (by (2.2))

= 3𝑛−2 − (−1)
𝑛−4
6 3

𝑛−4
2 +1.     (by (2.6))

 

If 𝑛 ≡ 1 (mod 6), then 
𝑇022(𝑛) 
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= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−1 − 𝜔)

3
+

(𝜔 − 1)𝑛−3𝜔

3

+
(2𝜔 + 1)𝑛−3

3

= 3𝑛−2 +
−(𝜔 + 2)𝑛−4(2𝜔 + 1)

3
+

−(𝜔 − 1)𝑛−4(2𝜔 + 1)

3

+
(2𝜔 + 1)𝑛−3

3
     (by (2.3)) 

= 3𝑛−2 +
−3(𝜔 + 2)𝑛−7(2𝜔 + 1)2

3

+
−3(𝜔 − 1)𝑛−7(2𝜔 + 1)2

3
+

(2𝜔 + 1)𝑛−3

3
     (by (2.1))

= 3𝑛−2 +
9(𝜔 + 2)𝑛−7 + 9(𝜔 − 1)𝑛−7 + 9(2𝜔 + 1)𝑛−7

3
     (by (2.2))

= 3𝑛−2 + (−1)
𝑛−7
6 3

𝑛−7
2

+2     (𝑏𝑦 (2.6))

= 3𝑛−2 − (−1)
𝑛−1
6 3

𝑛−1
2

−1.

 

Row 7 in (2.9): In this case, 𝑛 ≥ 3 and 
𝑛 ≡ 0 (mod 3). 
𝑇111(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛(−𝜔 + 1)

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛(−𝜔 − 2)

9(2𝜔 + 1)

+
(2𝜔 + 1)𝑛(−𝜔 − 2)

9(2𝜔 + 1)
+

(−2𝜔 − 1)𝑛(−𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔)𝑛

27

+
(𝜔 − 1)𝑛(−𝜔 + 1)

9(2𝜔 + 1)
+

(−𝜔 − 2)𝑛(−𝜔 − 2)

9(2𝜔 + 1)
+

(3𝜔2)𝑛

27

=
3𝑛

27
+

3(𝜔 + 2)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(1 − 𝜔)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)

 

−
3(2𝜔 + 1)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)

+
3(−2𝜔 − 1)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔𝑛

27

+
3(𝜔 − 1)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(−𝜔 − 2)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔2𝑛

27

     (by (2.1) and (2.2))

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 + 1 + (−1)𝑛(−𝜔 − 2))

+
(𝜔 − 1)𝑛−3

3
(−𝜔 + 1 + (−1)𝑛(−𝜔 − 2))

+
(2𝜔 + 1)𝑛−3

3
(𝜔 + 2 − (−1)𝑛(−𝜔 + 1)).

 

If 𝑛 ≡ 0 (mod 6), then 
𝑇111(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−2𝜔 − 1) +

(𝜔 − 1)𝑛−3

3
(−2𝜔 − 1)

+
(2𝜔 + 1)𝑛−3

3
(2𝜔 + 1)

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3

(𝜔 + 2)3

−3
+

(𝜔 − 1)𝑛−3

3

(𝜔 − 1)3

−3

+
(2𝜔 + 1)𝑛−3

3

(2𝜔 + 1)3

−3
     (by (2.1)and (2.2))

= 3𝑛−2 − (−1)
𝑛
63

𝑛
2−1.     (by (2.6))

 

 

If 𝑛 ≡ 3 (mod 6), then 
𝑇111(𝑛) 
= 3𝑛−2 + (𝜔 + 2)𝑛−3 + (𝜔 − 1)𝑛−3 + (2𝜔 + 1)𝑛−3

= 3𝑛−2 + (−1)
𝑛−3
6 3

𝑛−3
2 +1.     (by (2.6))

 

Row 8 in (2.9): In this case, 𝑛 ≥ 4 and 
𝑛 ≡ 1 (mod 3). 
𝑇112(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛(−𝜔)

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛(−𝜔 − 1)

9(2𝜔 + 1)

+
(2𝜔 + 1)𝑛𝜔

9(2𝜔 + 1)
+

(−2𝜔 − 1)𝑛(𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔)𝑛(−𝜔 + 1)

27(2𝜔 + 1)

−
(𝜔 − 1)𝑛

9(2𝜔 + 1)
+

(−𝜔 − 2)𝑛

9(2𝜔 + 1)
+

(3𝜔2)𝑛(−𝜔 − 2)

27(2𝜔 + 1)

=
3𝑛

27
+

3(𝜔 + 2)𝑛−3(−𝜔)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(1 − 𝜔)𝑛−3(−𝜔 − 1)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(2𝜔 + 1)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)

+
3(−2𝜔 − 1)𝑛−3(𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔𝑛−1(2𝜔 + 1)

27(2𝜔 + 1)

−
3(𝜔 − 1)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)
−

3(−𝜔 − 2)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)

+
3𝑛𝜔2(𝑛−1)(2𝜔 + 1)

27(2𝜔 + 1)
     (by (2.1), (2.2), and (2.3))

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − (−1)𝑛−1)

+
(𝜔 − 1)𝑛−3

3
(−1 + (−1)𝑛−1(𝜔 + 1))

 

If 𝑛 ≡ 4 (mod 6), then 
𝑇112(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−𝜔 + 1)

3
+

(𝜔 − 1)𝑛−3(−𝜔 − 2)

3

+
(2𝜔 + 1)𝑛−3(−2𝜔 − 1)

3
= 3𝑛−2 + (𝜔 + 2)𝑛−4 + (𝜔 − 1)𝑛−4 + (2𝜔 + 1)𝑛−4

     (by (2.2))

= 3𝑛−2 + (−1)
𝑛−4
6 3

𝑛−4
2 +1.     (by (2.6))

 

If 𝑛 ≡ 1 (mod 6), then 
𝑇112(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−𝜔 − 1)

3
+

(𝜔 − 1)𝑛−3𝜔

3

+
(2𝜔 + 1)𝑛−3

3

= 3𝑛−2 −
(𝜔 + 2)𝑛−1 + (𝜔 − 1)𝑛−1 + (2𝜔 + 1)𝑛−1

9
     (by (2.2), (2.4), and (2.5))

= 3𝑛−2 − (−1)
𝑛−1
6 3

𝑛−1
2

−1     (by (2.6))
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Row 9 in (2.9): In this case, 𝑛 ≥ 5 and 
𝑛 ≡ 2 (mod 3). 
𝑇122(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛(−𝜔 − 1)

9(2𝜔 + 1)
−

(1 − 𝜔)𝑛𝜔

9(2𝜔 + 1)

+
(2𝜔 + 1)𝑛(𝜔 + 1)

9(2𝜔 + 1)
+

(−2𝜔 − 1)𝑛𝜔

9(2𝜔 + 1)

+
(3𝜔)𝑛(−𝜔 − 2)

27(2𝜔 + 1)
+

(𝜔 − 1)𝑛

9(2𝜔 + 1)
−

(−𝜔 − 2)𝑛

9(2𝜔 + 1)

+
(3𝜔2)𝑛(−𝜔 + 1)

27(2𝜔 + 1)

=
3𝑛

27
+

3(𝜔 + 2)𝑛−3(−𝜔 − 1)(2𝜔 + 1)

9(2𝜔 + 1)

+
3(1 − 𝜔)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)

−
3(2𝜔 + 1)𝑛−3(𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

+
3(−2𝜔 − 1)𝑛−3𝜔(2𝜔 + 1)

9(2𝜔 + 1)
+

3𝑛𝜔𝑛−2(2𝜔 + 1)

27(2𝜔 + 1)

+
3(𝜔 − 1)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)
+

3(−𝜔 − 2)𝑛−3(2𝜔 + 1)

9(2𝜔 + 1)

+
3𝑛𝜔2(𝑛−2)(2𝜔 + 1)

27(2𝜔 + 1)
     (by (2.1), (2.2), and (2.3))

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − 1 − (−1)𝑛−2)

+
(𝜔 − 1)𝑛−3

3
(1 − (−1)𝑛−2𝜔)

+
(2𝜔 + 1)𝑛−3

3
(−𝜔 − 1 − (−1)𝑛−2𝜔).

 

If 𝑛 ≡ 2 (mod 6), then 
𝑇122(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−𝜔 − 2)

3
+

(𝜔 − 1)𝑛−3(1 − 𝜔)

3
 

+
(2𝜔 + 1)𝑛−3(−2𝜔 − 1)

3

= 3𝑛−2 − (−1)
𝑛−2
6 3

𝑛−2
2      (by (2.6))

 

If 𝑛 ≡ 5 (mod 6), then 
𝑇122(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−𝜔)

3
+

(𝜔 − 1)𝑛−3(1 + 𝜔)

3

+
(2𝜔 + 1)𝑛−3(−1)

3

= 3𝑛−2 +
3(𝜔 + 2)𝑛−5 + 3(𝜔 − 1)𝑛−5 + 3(2𝜔 + 1)𝑛−5

3
     (by (2.2))

= 3𝑛−2 + (−1)
𝑛−5
6 3

𝑛−5
2 +1     (by (2.6))

 

Row 10 in (2.9): In this case, 𝑛 ≥ 6 and 
𝑛 ≡ 0 (mod 3). 
𝑇222(𝑛) 

=
3𝑛

27
+

(𝜔 + 2)𝑛(−𝜔 − 2)

9(2𝜔 + 1)
+

(1 − 𝜔)𝑛(−𝜔 + 1)

9(2𝜔 + 1)

+
(2𝜔 + 1)𝑛(−𝜔 + 1)

9(2𝜔 + 1)
+

(−2𝜔 − 1)𝑛(−𝜔 − 2)

9(2𝜔 + 1)
+

(3𝜔)𝑛

27

+
(𝜔 − 1)𝑛(−𝜔 − 2)

9(2𝜔 + 1)
+

(−𝜔 − 2)𝑛(−𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔2)𝑛

27

=
3𝑛

27
+

3(𝜔 + 2)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(1 − 𝜔)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(2𝜔 + 1)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)

+
3(−2𝜔 − 1)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔)𝑛

27

+
3(𝜔 − 1)𝑛−3(−𝜔 − 2)(2𝜔 + 1)

9(2𝜔 + 1)

−
3(−𝜔 − 2)𝑛−3(−𝜔 + 1)(2𝜔 + 1)

9(2𝜔 + 1)
+

(3𝜔2)𝑛

27

     (by (2.1) and (2.2))

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − 2 + (−1)𝑛(−𝜔 + 1))

+
(𝜔 − 1)𝑛−3

3
(−𝜔 − 2 + (−1)𝑛(−𝜔 + 1))

+
(2𝜔 + 1)𝑛−3

3
(𝜔 − 1 + (−1)𝑛(𝜔 + 2)).

 

If 𝑛 ≡ 0 (mod 6), then 
𝑇222(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−2𝜔 − 1)

3
+

(𝜔 − 1)𝑛−3(−2𝜔 − 1)

3

+
(2𝜔 + 1)𝑛−3(2𝜔 + 1)

3

= 3𝑛−2 +
−(𝜔 + 2)𝑛 3⁄ − (𝜔 − 1)𝑛 3⁄ − (2𝜔 + 1)𝑛 3⁄

3
     (by (2.1) and (2. .2))

= 3𝑛−2 − (−1)
𝑛
63

𝑛
2−1     (by (2.6))

 

If 𝑛 ≡ 3 (mod 6), then 
𝑇222(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3(−3) + (𝜔 − 1)𝑛−3(−3) + (2𝜔 + 1)𝑛−3(−3)

3

= 3𝑛−2 − (−1)
𝑛−3
6 3

𝑛−3
2 +1     (by (2.6))

 

3. Conclusions 
 For 𝑎, 𝑏, 𝑐 ∈ {0,1,2}, 𝑛 ∈ ℕ, 𝑛 ≥ 𝑎 + 𝑏 +

𝑐, and 𝑛 ≡ 𝑎 + 𝑏 + 𝑐 (mod 3), define  
𝑇𝑎𝑏𝑐(𝑛) = ∑ (𝑖, 𝑗, 𝑘),

𝑖≡𝑎,𝑗≡𝑏,𝑘≡𝑐 (mod 3)

 

where the sum is over all non-negative integers 
𝑖, 𝑗, 𝑘 such that 𝑛 = 𝑖 + 𝑗 + 𝑘 and 

(𝑖, 𝑗, 𝑘) =
(𝑖 + 𝑗 + 𝑘)!

𝑖! 𝑗! 𝑘!
     (𝑖, 𝑗, 𝑘 ∈ ℕ ∪ {0}). 
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Then all of the 𝑇𝑎𝑏𝑐(𝑛) are: 
𝑇000(𝑛), 
𝑇001(𝑛) = 𝑇010(𝑛) = 𝑇100(𝑛), 
𝑇002(𝑛) = 𝑇020(𝑛) = 𝑇200(𝑛), 
𝑇011(𝑛) = 𝑇101(𝑛) = 𝑇110(𝑛), 
𝑇012(𝑛) = 𝑇021(𝑛) = 𝑇102(𝑛) 
               = 𝑇201(𝑛) = 𝑇120(𝑛) 
               = 𝑇210(𝑛), 
𝑇022(𝑛) = 𝑇202(𝑛) = 𝑇220(𝑛), 
𝑇111(𝑛), 
𝑇112(𝑛) = 𝑇121(𝑛) = 𝑇211(𝑛), 
𝑇122(𝑛) = 𝑇212(𝑛) = 𝑇221(𝑛), 

 𝑇222(𝑛).  

Carlitz [1] provided explicit formulae for 𝑇𝑎𝑏𝑐(𝑛) 
by using properties of the cube root of unity. 

In this paper, we present a different 
method to get these explicit formulae. The cube 
root of unity 𝜔, is defined by  

𝜔 = cos (
2𝜋

3
) + 𝑖 sin (

2𝜋

3
). 

Explicit formulae for 𝑇𝑎𝑏𝑐(𝑛) are 
calculated from (2.9) and almost all 𝑇𝑎𝑏𝑐(𝑛) are 
also expressed in terms of  𝜔 as follows: 
𝑇000(𝑛) 

= 3𝑛−2 +
(1 + (−1)𝑛)((𝜔 + 2)𝑛 + (𝜔 − 1)𝑛 + (2𝜔 + 1)𝑛)

9

= {3
𝑛−2 + 2(−1)

𝑛
63

𝑛
2−1 if 𝑛 ≡ 0 (mod 6),

3𝑛−2 if 𝑛 ≡ 3 (mod 6),

 

 
𝑇001(𝑛) 
= 3𝑛−2 +

(1 + (−1)𝑛−1)((𝜔 + 2)𝑛−1 + (𝜔 − 1)𝑛−1 + (2𝜔 + 1)𝑛−1)

9

= {
3𝑛−2 if 𝑛 ≡ 4 (mod 6),

3𝑛−2 + 2(−1)
𝑛−1
6 3

𝑛−1
2 −1 if 𝑛 ≡ 1 (mod 6),

 

𝑇002(𝑛) 
= 3𝑛−2 −

(1 + (−1)𝑛−5)((𝜔 + 2)𝑛−5 + (𝜔 − 1)𝑛−5 + (2𝜔 + 1)𝑛−5)
 

 

= {
3𝑛−2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 − 2(−1)
𝑛−5
6 3

𝑛−5
2 +1 if 𝑛 ≡ 5 (mod 6),

 

𝑇011(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(1 + (𝜔 + 1)(−1)𝑛−2)

+
(𝜔 − 1)𝑛−3

3
(𝜔 − (−1)𝑛−2)

+
(2𝜔 + 1)𝑛−3

3
(𝜔 + (𝜔 + 1)(−1)𝑛−2)

= {
3𝑛−2 + (−1)

𝑛−2
6 3

𝑛−2
2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 + (−1)
𝑛−5
6 3

𝑛−5
2 +1 if 𝑛 ≡ 5 (mod 6),

 

𝑇012(𝑛) = 3𝑛−2 
𝑇022(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−1 − (−1)𝑛−1𝜔)

+
(𝜔 − 1)𝑛−3

3
(𝜔 + 1 − (−1)𝑛−1)

+
(2𝜔 + 1)𝑛−3

3
(𝜔 + 1 − (−1)𝑛−1𝜔)

= {
3𝑛−2 − (−1)

𝑛−4
6 3

𝑛−4
2 +1 if 𝑛 ≡ 4 (mod 6),

3𝑛−2 − (−1)
𝑛−1
6 3

𝑛−1
2 −1 if 𝑛 ≡ 1 (mod 6),

 

𝑇111(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 + 1 + (−1)𝑛(−𝜔 − 2))

+
(𝜔 − 1)𝑛−3

3
(−𝜔 + 1 + (−1)𝑛(−𝜔 − 2))

+
(2𝜔 + 1)𝑛−3

3
(𝜔 + 2 − (−1)𝑛(−𝜔 + 1))

= {
3𝑛−2 − (−1)

𝑛
63

𝑛
2
−1 if 𝑛 ≡ 0 (mod 6),

3𝑛−2 + (−1)
𝑛−3
6 3

𝑛−3
2

+1 if 𝑛 ≡ 3 (mod 6),

 

𝑇112(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − (−1)𝑛−1)

+
(𝜔 − 1)𝑛−3

3
(−1 + (−1)𝑛−1(𝜔 + 1))

+
(2𝜔 + 1)𝑛−3

3
(−𝜔 + (−1)𝑛−1(𝜔 + 1))

= {
3𝑛−2 + (−1)

𝑛−4
6 3

𝑛−4
2 +1 if 𝑛 ≡ 4 (mod 6),

3𝑛−2 − (−1)
𝑛−1
6 3

𝑛−1
2 −1 if 𝑛 ≡ 1 (mod 6),

 

𝑇122(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − 1 − (−1)𝑛−2) 

+
(𝜔 − 1)𝑛−3

3
(1 − (−1)𝑛−2𝜔)

+
(2𝜔 + 1)𝑛−3

3
(−𝜔 − 1 − (−1)𝑛−2𝜔)

= {
3𝑛−2 − (−1)

𝑛−2
6 3

𝑛−2
2 if 𝑛 ≡ 2 (mod 6),

3𝑛−2 + (−1)
𝑛−5
6 3

𝑛−5
2 +1 if 𝑛 ≡ 5 (mod 6),

 

𝑇222(𝑛) 

= 3𝑛−2 +
(𝜔 + 2)𝑛−3

3
(−𝜔 − 2 + (−1)𝑛(−𝜔 + 1))

+
(𝜔 − 1)𝑛−3

3
(−𝜔 − 2 + (−1)𝑛(−𝜔 + 1))

 

+
(2𝜔 + 1)𝑛−3

3
(𝜔 − 1 + (−1)𝑛(𝜔 + 2))

= {
3𝑛−2 − (−1)

𝑛
63

𝑛
2−1 if 𝑛 ≡ 0 (mod 6),

3𝑛−2 − (−1)
𝑛−3
6 3

𝑛−3
2 +1 if 𝑛 ≡ 3 (mod 6).
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