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Abstract

In this paper, we present generalized identities for k-Fibonacci, k-Lucas and k-Fibonacci-Like

sequence. We obtain the Binet’s formula for related some identities.
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1. Introduction

The Fibonacci sequence is well-known
and popular in the study and research. Because the
sequence is a recurrence sequence of positive
integers that apply to various aspects, such as
Science, Engineering and Business.

The article discusses the Fibonacci
sequence of positive integers and has studied some
of the properties. The changed the first two

conditions of the sequence, resulting in a recurring

Received: October 27, 2017

Revised: June 05, 2018

Accepted: June 27,2018

relationship with the change slightly (see [3], [6],
[10], [19]-[21]).

Previously, the article studied about
generalized of a large number of Fibonacci, Lucas,
and Fibonacci-Like numbers and its properties (see
(41, [7]1, [12]-[18D).

Next, the studies Fibonacci, Lucas, and
Fibonacci-Like sequences have been generalized for
positive real number k, resulting in k-Fibonacci, k-

Lucas, and k-Fibonacci-Like sequence respectively.
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Some properties were later studied and more
interesting was received (see [8], [11]).

The inspiration for doing this research,
since to the direction of this research and
development. Researcher present generalized
identities involving factors of k-Fibonacci, k-Lucas,
and k-Fibonacci-Like sequences and Binet's formula

used to find some related identities.

2. Preliminaries

In this section, we will introduce the
previous article, which is well-known for use in our
research.

Throughout this paper, let k be any
positive real number.

The k-Fibonacci sequence [2], say {Fn'k}
is defined recurrently by

=kR , +F, forn=1, 2.1

k n+l

with R, =0,F, =1.

The first few the k- Fibonacci numbers are

Fk2=
Fos=k*+1
R =k +2K

Fes =k*+3Kk*+1
Feo = K° +4K® +3k
Fe, =k° +5k* +6k*+1

Fes = k' +6k° +10k® + 4k .
It k =1, k- Fibonacci sequence is obtained
F=0F =1.
And
F..=F +F_ forn>1

{F.}={0112,3581321,..}.

We will find the Binet’s formula allows us
to express the k-Fibonacci numbers in function of
the roots R; & R, of the following characteristic

equation, associated to the recurrence relation (2.1).

k+k?+

x> —kx—-1=0 and R, = —,

2
k—+k*+4

R, :T will get
R,+R, =k, RiR,=-1
R, =vk? +4,R? ~1=kR,, RZ~1=kR,.
(2.2)
Thus the Binet’s formula of k-Fibonacci

numbers is given by
R"-R"
F =—2%, (2.3)
““ R -R
1 2
where R; &R, are the root of the characteristic
equationand R, >R,.
The k-Lucas sequence [1], say {kan} is

defined recurrently by

=kL,,+L,, for n>1, 24

k n+l

with initial conditions L, , =2,L,, =K.

Expressions of first k-Lucas numbers are

presented and from these expressions.

L, =k*+2

Ly, =k +3k

L, =k'+4k*+2

L, s =k°®+5k®+5k

Ly =k°+6k*+9k*+2

Ly, =k"+7k® +14k® + 7k

Ly s =k®+8Kk°® +20k* +16k* +2.

It k =1, k-Lucas sequence is obtained

And



Sci. & Tech. RMUTT J. Vol.8 No.1 (2018)

71

L,,=L,+L,, forn>1,
{L,}={2134,7,1118,29,47...} .

The Binet’s formula allows us to express
the k-Lucas numbers in function of the roots
R, &R, of the characteristic equation as in (2.2).

Thus the Binet’s formula of k-Lucas numbers
is given by
Ly, = RT + R: , (2.5)
where R; & R, are the root of the characteristic
equationand R; >R, .
The k-Fibonacci-Like sequence [9], say
{Tin} is defined by

Ten =KT 1+ T, forn=2, (2.6

with T, o =m, T, =mk, where m is positive

integer.

The first few k-Fibonacci-Like numbers are
T, =mk’+m
Tz = mk® +2mk
T =mMk* +3mk? +m
Ts = MK® +4mk® + 3mk
Teo = MK® +5mk* +6mk* +m
Te; =Mk’ +6mk® +10mk® + 4mk

Ts = Mk® +7mk® +15mk* +10mk?® +m .

It k =1, k-Fibonacci-Like sequence is obtained
T,=m,T, =m.
And

T,=T,,+T,

n

, forn>2
{T,}={mm,2m,3m,5m,8m,13m,21m...}.

The Binet’s formula allows us to express

the k-Fibonacci-Like sequence in function of the

roots R; &R, of the following characteristic
equation as in (2.2).
Thus the Binet’s formula of k-Fibonacci-

Like numbers is given by
R n+l R n+1

T =m—r2 2.7

. R -R
1 2
where R; &R, are the root of the characteristic
equationand R, >R,.
From equation (2.6), if m=2 then we

get the Fibonacci-Like sequence [5] as

Sin =KSyp1 +Sk, forn=2, (2.8)
with S, , =2,S,, =2k .

The first few k-Fibonacci-Like numbers are
S, =2Kk*+2
S,s = 2K° +4K
Sea =2K" +6k*+2
Sis = 2k° +8k> + 6k
Sis = 2k® +10k" +12k* + 2
S = 2K’ +12k° +20k® +8k
Sis = 2K® +14Kk° +30k" +20k* +2 .

It k =1, k-Fibonacci-Like sequence is obtained

And
S, =S,,+S,, forn>2
{S.}=1{2,2,4,6,10,16,26...} .

The Binet’s formula allows us to express
the k-Fibonacci-Like numbers in function of the
roots R, &R, of the following characteristic
equation as in (2.2).

Thus the Binet’s formula of k-Fibonacci-

Like sequence is given by
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Rn+l_ n+l
S, =2——2— (2.9)
) R1 _Rz

where R; &R, are the root of the characteristic

equationand R; >R,.

3. Main Results

In this section, we present generalized
identities of the k-Fibonacci sequence {Fk'n} , the
k-Lucas sequence { Lk'n} , the k-Fibonacci-Like

sequence {Sk'n} , the k-Fibonacci-Like sequence
(Thn)

Lemma 3.1: Let N>0,r>0 and Kk is positive

real number Then the following equalities hold:

m

1) Tk,n :Esk,n
H) Tk,n = ka,n+1
_ m _ n+l
iii) Ty, _—k2+4(Lk‘“+l 2R;™) (3.1)
Proof. By Binet’s formula (2.3), (2.5), (2.7) and
(2.9), it is easy to prove. |:|
Theorem 3.2:
Tk.4n+r+1 + Tk.r+1 = Tk,2n+r+1Lk,2n s (32)

where N >0,r >0 and K is positive real number .

Proof. By Binet’s formula (2.5) and (2.7), we have

Tk.4n+r+1 +TkAr+1
an+r+2 4n+r+2 r+2 r+2
=m R1 B Rz +m R1 -R 2
R -R, R -R
1 1 2
R4n+r+2 _ R4n+r+2 o Rr+2 _ Rr+2
-m—4—2 4 (_1) m—2z
R -R R -R
1 1 2
R4n+r+2 _ R4n+r+2 n Rr+2 _ Rr+2
=m————=—+(RR ) m—_t———
R1 -R v R1 -R ,
4n+r+2 4n+r+2 r+2 r+2
_ R1 B Rz 2np2n 1 B 2
=n——+R"R"'M———
R -R vz R -R,

men+r+2 _ mRzzln+r+2 + men+r+2Rjn _ men R§n+r+2

Rl - RZ
men+r+2 + men+r+2R§n _ menRjMHZ _ ijn+r+2
- Rl - RZ
R2n+r+2 _ R2n+r+2
= m— 2 (RZn + RZn)
R1 _ Rz 1 2
= Tk,2n+r+1Lk,2n .
Thus, this completes the Proof. |:|
Corollary 3.3:
2
Sk,4n+r+1 + Sk,r+l: ETk,2n+r+1Lk,2n s (33)

where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.4:
K> +4

L + L., 2R DRYZ = Tl

K, 4n+r+2 ko2 k,2n+r+1=k,2n?

34

where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.5:

1

Fk,4n+r+2 + Fk,r+2 = ET Lk,Zn s (35)

K,2n+r+1

where N >0,r >0, m is positive integer and K is

positive real number.
Theorem 3.6:

Tk,4n+r+2 _Tk,r = Tk,2n+r+lLk,2n+l > (3.6)

where N >0,r >0 and K is positive real number .

Proof. By Binet’s formula (2.5) and (2.7), we have

Tk.4n+r+2 - Tk.r
4n+r+3 4n+r+3 r+1 r+1
=m R1 -R 2 -m R1 -R 2
R —-R R -R
1 2 1 2
Rzltn+r+3 _ Rzztn+r+3 amit mR;+1 _ sz+1
—m ()M
R -R R -R
1 2 1 2
R4n+r+3 _ R4n+r+3 onsl mRr+1 _ Rr+1
=m—2 «—+RR,) m——*
R -R, o R -R,
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R4n+r+3 _ R4n+r+3 mRH—l _ Rr+1 T
_ 1 2 2n+lp 2n+l 1 2 - mF
=m R - R + R1 R . mW K,4n+r+1 k,r
. ) . ) R4n+r+2 _ R4n+r+2 Rr r
MR8 _ MR8 | mR2MTH2R2H _ R R2T+2 =m—L 2 —_m— 2
= £l 2 = 1 = 2 1 2 R1 _ R2 R1 -R Z
! ? an+r+2 An+r+2 r r
:men+r+3 +men+r+2Rjn+1 _men+1Rin+r+2 _mR:n+r+3 -m Rl R - 2 2 4 (_1)2n+1 m 21 - 22
R -R - -
1 2 1 2 1 2
R12n+r+2 _ R§n+r+2 - - Rélln+r+2 _ Rézln+r+2 sl R; _ RZ
{n (R 4 e RR )
R -R R 1 R 2 R 1 R 2
1 2
An+r+2 An+r+2 r r
=T ansralizni- =m Rl _ RZ + RznARz'”lm;F22
_ [ R -R, © 7t R -R
Thus, thlS Completes the PrOOf' mRzltn+r+2 _ mR;tn+r+2 + mR]2n+r+1Rin+1 _men+1R§n+r+l
Corollary 3.7: R,~R,
2 mRAItn+r+2 + meerlRiml _ menARinwﬁ _ mR:n+r+2
Sk,4n+r+2 _Sk,r = ETk,2n+r+1Lk,2n+l > G.7 Rl - RZ
2n+r+l 2n+r+l
. .. . . — R1 _Rz R2n+1 R2n+1
where N> 0,r >0, m is positive integer and K is = m R _R . TR,
1 2
positive real number
:Tk,2n+rLk,2n+l'
Corollary 3.8: Thus, this completes the Proof. |:|
N1+ [£% kz +4
Licanersa Ly g = 2R3 -2R{™ = T el Corollary 3.11:
(3.8) 2
Sk,4n+r+1 - 2Fk,r = _Tk,2n+rLk,2n+1 > (31 1)
m

where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.9:

1
Fk,4n+r+3 - I:k,r+l = ETK,2n+r+lLk,2n+l P (39)

where N >0,r >0, m is positive integer and K is

positive real number.

Theorem 3.10:

T, mE., =T,

k,2n+r

Ly onias (3.10)

An+r+l
where N >0,r >0 and K is positive real number .

Proof. By Binet’s formula (2.3), (2.5) and (2.7), we

have

where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.12:

K> +4

4n+r+2 r
L 2t Lk‘r -2R; -2R; = m Tk,2n+rLk,2n+1 ’

K,4n+r+

(3.12)
where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.13:

FL=—T

Fk s m k,2n+rL (3'13)

Aan+re2 k,2n+l
where N >0,r >0, m is positive integer and K is

positive real number.
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Theorem 3.14: Corollary 3.17:
_ 1
Tk,4n+r +Tk,r_ Tk,2n+r I—k,2n ’ (314) Fk,4n+r+1 + Fk,r+l: HTK,ZTHTLK,ZH Py (317)

where N >0,r >0 and K is positive real number .

Proof. By Binet’s formula (2.5) and (2.7), we have

Tk,4n+r +Tk,r
an+r+1 _ R:n+r+1 R;+l _ Rr:l
=m +m
R -R R -R
1 2 1 2
- Rzlln+r+1 _ Rzzln+r+1 +( 1)2n . RI+1 _ 1;1
R1 -R 2 R1 -R 2
R4n+r+l _ R4n+r+1 on r+l Rr+1
=m— 2 + (R R ) m—=——->
Rl - R 2 ' ’ Rl - R 2
4n+r+l 4n+r+l r+l r+1
— R1 — Rz 2np2n A
=m +R"R"'m———
Rl - R 2 ' ‘ Rl - R 2
mRzltn+r+1 _ mR:n+r+1 + men+r+1Rin _ menRjnHﬂ
- R -R
1 2
menﬂA + men+r+1Rin _ men Rin+r+1 _ mR;thA
Rl - RZ
2n+r+1 2n+r+l
_ R1 B Rz 2n 2n
=m————+ |(R"+R’
Rl - R 2
=Tk,2n+r|-k,2n :
Thus, this completes the Proof. |:|
Corollary 3.15:
2
Sk,4n+r +Sk,r = ETk,ZnJrrLk,Zn ’ (315)

where N >0,r >0, m is positive integer and K is

positive real number.

Corollary 3.16:
. . k?+4
Lk,4n+r+1 + Lk,r+1 - 2R;n "t ZR; t= Tk,2n+rLk,2n'
(3.16)

where N >0,r >0, m is positive integer and K is

positive real number.

where N >0,r >0, m is positive integer and K is

positive real number.

Theorem 3.18:
(k2 +4)

r
om Tk,2n+rsk.2n+rLk,2n = Lk‘6n+2r+2 + Lk,2n+2r+2 + 2(_1) I‘k.2n'

(3.18)

where N >0,r >0, m is positive integer and K is

positive real number.

Proof. By Binet’s formula (2.5), (2.7), and (2.9), we

have
(k2+4)
W K,2n+r k,2n+rLk,2n
(k2+4) R2n+r+1_R2n+r+l R2n+r+1_R2n+r+1
— m—= 2 21 2
2m R -R, R -R,

(R )
_ (an+r+l _ Rjn+r+1)2 (an + Rjn )
_ (an+2r+2 _ 2an+r+1R§n+r+1 + Rzzln+2r+2 )(an + an )

_ R?n+2r+2 _ZRzlln+r+1Rjn+r+l + an Rzzln+2r+2 + an+2r+2R§n

2n+r+lpy 4n+r+l 6n+2r+2
2RMTHARAMTH 4 RS

— R6n+2r+2 + R6n+2r+2 + RZn R4n+2r+2 + R4n+2r+2 R2n
1 2 1 2 1 2
_2R4n+r+1R2n+r+l _ 2R2n+r+lR4n+r+1
1 2 1 2
— R6n+2r+2 + R6n+2r+2 + RZn RZn (R2n+2r+2 + R2n+2r+2)
1 2 1 2 1 2
_2R2n+r+lR2n+r+1 (RZn + R2n )
1 2 1 2
2n
:R6n+2r+2+RGn+2r+2+(R R ) (R2n+2r+2+R2n+2r+2)
1 2 1 2 1 2
2n+r+l
2 2
-2(RR,) (R™+R™)
102 1 2
2n
_ R6n+2r+2 + R6n+2r+2 +(_1) (R2n+2r+2 + R2n+2r+2)
1 2 1 2
2n+r+l 2 2
=2(-1)"" (R +R")
1 2
— R(fn+2r+2 + R(Zn+2r+2 + an+2r+2 + R§n+2r+2

21" (1) (R +RY)
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_ REM2I+2 | REN+2+2 | R2M2r2 | p2ne2ri2
+2(-1) (R7"+RY')

=Lionezrz + Licznezria + 2(_1)r Ly zn-

Thus, this completes the Proof. |:|
Corollary 3.19:

2

r
Sk,2n+rFk,2n+r+1Lk,2n = Lk‘6n+2r+2 + Lk,2n+2r+2 +2(71) Lk,Zn’

(3.19)
where N >0,r >0, m is positive integer and K is
positive real number.

Corollary 3.20:

(K+4)

r
k,2n+r k‘2n+r+lLk,2n = Lk,6n+2r+2 + Lk‘2n+2r+2 + 2(_1) I—k‘2n'

(3.20)

where N >0,r >0, m is positive integer and K is

positive real number.

Theorem 3.21:

(k2 + 4) " _F
TFKMLK%\ TeaniraScanirs = Fegniar 7 2(=1) " Foan ~iar?

(3.21)

where N >0,r >0, m is positive integer and K is

positive real number.

Proof. By Binet’s formula (2.3), (2.5), (2.7), and
(2.9), we have

(k2 + 4)
W Fk,2n Lk,2n Tk,2n+r—1Sk,2n+r—1

(k2+4) an_Rin 2n 2n an”_Rinﬂ
T Rror RURY MR
anﬂ _anw
R -R
1 2
:ﬁ(an7R:n)(an+2r72an+rR§n+r+Rjn+2r)

1 2

1
R —R,
_an+2rRzzln + 2an+er23n+r _ szn+2r)

(R?n+2r _ 2R?n+ern+r + Rzlln R;ln+2r

— = 1 = (R?n+2r _ Rin+2r _ 2an+rR§n+r + ZanHRinH

1 2
+Rzltn Rzzln+2r _ Rzltn+2rR;1n )

RO _ QBN _ppEnap2ni y op2nipénst  panpani2r _ pans2rpan
—_ 2 2 2 s IR ) 2

R -R R -R R -R
1 2 1 2 1 2
8n+2r 8n+2r 4n 4n 2r 2r
— R1 7R2 2nirmy2ner Ny Y, npan N TN,
=——2*—-2R"R -
R -R ' * R -R ' R -R
1 2 1 2 1 2
8n+2r 8n+2r 4n 4n 2r 2r
R1 7R2 2nirmy2nar Ny Y, npan N, T,
=12 _9R™R -
R -R ' * R -R ' R -R
1 2 1 2 1 2

Ren+2r _ pen+2r ey RY — R
e alrR (R

1 2

an R* —R¥
1 2
R —-R
1 2
8n+2r 8n+2r 4n 4n
_R1 7R2 2"”R1 7Rz

2r 2r
4n R1 7Rz

-2 9(q —
RI_RZ ( ) RI_RZ ( ) RI_RZ
R8n+2r _ R8n+2r n . RAn _ R4n an Rzr _ RZr
- 1 2 _2 _1 _1 1 2 _1 1 2
TR D7 () R R (-1) R R
R8n+2r _ R8n+2r . RAn _ RAn R2r _ R2r
—_1 2 _2(_1) 1 2 1 2
R17R2 R17R2 R17R2
= Fk,En+2r + 2(_1)H1 Fk,4n - Fk,Zr °
Thus, this completes the Proof. |:|
Corollary 3.22:
(k2 +4) .
TFk,ZnLk‘ZnTk,ZnHSk,ZnH = Tk‘8n+2r+1 + Zm(_l) Fk,4n _Tk‘2r+1’

(3.22)

where N >0,r >0, m is positive integer and K is
positive real number.
Corollary 3.23:

(k*+4)

r
Fk,ZnLk,Zn Tk,2n+rsk,2n+r = Sk‘8n+2r+l + 4(_1) Fk,zln - Sk‘2r+1’

(3.23)

where N >0,r >0, m is positive integer and K is

positive real number.
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Corollary 3.24:
3
(k2 + 4)2 r+1
T Fk.Zn Lk,Zn Tk,2n+rflsk.2n+r71 = Lk‘8n+2r + 2(_1) Lk,dn

r+l

—2R¥" _4(-1)"'RY" + 2R,
3.24)

where N >0,r >0, m is positive integer and K is

positive real number.

4. Conclusions

In this paper, the properties of number are
proved by Binet’s formula. We obtain some
properties and related some identities for k-
Fibonacci sequence {Fk'n} , k-Lucas sequence
{kan} , k-Fibonacci-Like sequence {Sk,n} and k-

Fibonacci-Like sequence {Tk,n} .
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