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Abstract

In this paper, we present generalized identities for Fibonacci, Lucas, Fibonacci-Like and Generalized

Fibonacci-Like sequence. We obtain some identity relations by using the matrix method and Binet's formula.
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1. Introduction

The Fibonacci sequence is a very
important research in the study and research in the
past decade. This sequence can be applied to

engineering business as well as to science.
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Researcher study about the generalized
Fibonacci sequence by changing the initials
conditions F,=a and F =b. Moreover the
coefficients p and q of the recurrence sequence are
changing by F, =pF,_, +qF,_,for n>2(see [1]-
[15D.
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In addition to studying the Fibonacci
numbers from the recurrence sequence, we also want
to study the Fibonacci numbers using matrix
operations to find some properties (see [16]-[18]).

Sequence can be used with many aspects
and this direction is very interesting. For this reason,
researchers are motivated to study of Fibonacci,
Lucas, and Fibonacci-Like sequences. In addition,
the sequence can be proved using the matrix method
and Binet’s formula. In this paper, we use matrix

method to show some identity.

2. Preliminaries

In this section, we will introduce the
previous article, which is well-known for use in our
research.

The Fibonacci sequence {Fn} [3] is

defined by the recurrence relation

F,=F_,+F,_,, forn=3 .10

n

with initial conditions F, = F, =1. The first few
terms of the sequence {Fn} are 1,1,2,3,5,8,13,21
and so on.

Binet's formula allows us to show the
Fibonacci numbers in the function of the root
R, &R, from the recurrence relation (2.1), which
is related to the following characteristic equations
x2—x-1=0, (2.2)
145 145

2 P2
Rf -1=R,,R;-1=R,,R,R, =-1.

and R, =

so that R; +R, =1,

Thus the Binet’s formula of Fibonacci

numbers is given by
R"-R"
F = ﬁ , (2.3)
where R; &R, are the root of the characteristic
equationand R; >R,.

The Lucas sequence {Ln} [1] is defined

by the recurrence relation
L,=L,,+L,,, for n>2 24

with initial conditions L, =2 and L, =1. The first
few terms of the sequence {Ln} are
2,1,3,4,7,11,18,29 and so on.

The Binet’s formula allows us to express
the Lucas numbers in function of the roots
R, &R, of the following characteristic equation
asin (2.2).

Thus the Binet’s formula of Lucas
numbers is given by

Ln:RT+R'21 , (2.5)
where R, & R, are the root of the characteristic
equationand R, >R,.

The Generalized Fibonacci-Like

sequence {Tn} [4] is defined by the recurrence

relation
T =T,+T ,, forn>2. (2.6)

with initial conditions T, =m and T, =m, where
m is positive integer. The first few terms of the
sequence {Tn} are

m,m,2m,3m,5m,8m,13m,21m and so on.
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The Binet’s formula allows us to express
the Generalized Fibonacci-Like numbers in function
of theroots R; & R, ofthe following characteristic
equation as in (2.2).

Thus the Binet’s formula of Fibonacci-

Like numbers is

given by
Rn+1_ n+l
T, =m—_272, 2.7
Rl - RZ

where R; &R, are the root of the characteristic
equationand R, >R,.

Particular cases of (2.6), if Mm=2 then
we call the Fibonacci-Like sequence {Sn} [12] is

defined by
S, =S,,+S,,, forn=>2 (2.8)

with initial conditions Sy =2 and S, =2 . The
first few terms of the sequence {Sn} are
2,2,4,6,10,16,26 and so on.

The Binet’s formula allows us to express
the Fibonacci-Like numbers in function of the roots
R, &R, of the following characteristic equation
as in (2.2).

Thus the Binet’s formula of Fibonacci-

Like sequence is given by

Rn+1_Rn+1
S, =2—--—", 2.9
5 R R 2.9

where R; &R, are the root of the characteristic
equationand R, >R,.
In 1960, Charles H. King [22] studied on

the following Q-matrix

0- 11
1 0)
He showed that det (Q) =-1and

F F
Qn :( ';+1 F”lj,for n>1

n n

Moreover, it is clearly shown below that
det(Q“):(—l)” then
FuF.-F =(-1)".

n+l'n

3. Main Results

In this section, we establish some identity
relations of the Fibonacci sequence { F } , the Lucas
sequence { L, } , the Fibonacci-Like sequence {Sn } ,
the Generalized Fibonacci-Like sequence {T, } by
using matrix methods. We begin with the following

Lemma.

Lemma3.1: T,, 3 =2T,,4+ T, 3.1)
where N is positive integer.

Proof. By Binet’s formula (2.7), we have
2n+2 _ R2n+2
Topg=m :

Rl_Rz
2n -1 2n -1
:le (2+RM)-R>"(2+R})
R -R
1 2
2R2n+R2n—l_2R2n_R2n—l
=m 1 1 2 2
R -R
1 2
2R2n_2R2n+R2n—l_R2n—l
=m 1 2 1 2
R -R
1 2
2n 2n 2n-1 2n-1
:Zle e +mRl R,

R -R R -R
1 2 1 2
=2Tona+Ton -

Thus, this completes the Proof. |:|
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2m m 2m m
Theorem 3.2: Let Q = . Then Corollary 3.4: Let Q = . Then
m m m m
T. T. F F
Q'T’ :mnl[ 2n 2n—1], Q'T’ :mn1£ 2n+1 2n ]’ (3.4)
T2n 1 T2n—2 l:2n I:Zn—l
(3.2) where m and n are positive integer.
where m and N are positive integer. Corollary 3.5: Let Q, :(i ;j Then
T. T.
Proof. We proof that Q = m”l[ 2n 2n—1j n
T2n—l T2n—2 > T T
ST M 1) gorn iseven
for everyne N, by using the Principle of m\T,;, T., ! '

Mathematical Induction on n. Because
Q 2m m T T
Tlm o m) T, T,)
Thus N =1 is true. We assume the result is true for

a positive integer n =K, then

K ka Tk Toka
Tok1r Tk
Since Lemma 3.1, we consider the positive integer
n=Kk+1. Then
k+1 k
T+ =QrQy

-
e
o
o

T2 k

T2 k-1

T2k—1
T2k—2

|

2mT,, +mTy 4
2mTyy 4 +MTy

2Ty + Ty
2Ty 4+ Ty

T2k+2
T2k+l

T2k+1]
T2k

2m m
m m}
MTy +MTy 4
MTop 1 +MTy 5

To + Toka j
Toka +Toxo

Thus n =K +1 is true, this completes the Proof.

]

2m m
Corollary 3.3: Let Q = . Then
m m

n_mn—l
T 2

SZn S2n—1}
S2n—1 S2n—2 '

(3.3)

where m and N are positive integer.

)

-1
SnT (Ln+l I-n

n n-1

J, for n isodd,

(3.5)

where m and N are positive integer.

31
From Corollary 3.5, so that if Q| = [1 2] then

n
2(S S
5—( n ”lj, for n iseven,
2 Sy S
Q=
n-1
— (L L
5 2 [ o T J for n isodd,
I-n n-1

where m and N are positive integer.

Theorem 3.6: For a positive integern, following
equalities hold:

) det(Q?) =m™",

i) TonTono—Tong =M’ (3.6)

Proof. By det(QT):mz . Thus det(QQ):

() = () <

determinant for Q-T- in (3.2) will be ii), we get

and the

2n-2 2 — m2n
m*" (T2nT2n—2_T2n—1) =m-,

TonTon—2 _T22n—l =m?, |:|

thus
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Corollary 3.7: For a positive integer n, following

equalities hold:
i) det(Q?) =m*",
ii) S,Son o —San1 =4 (3.7)

Corollary 3.8: For a positive integer n , following

equalities hold:
i) det(QQ) =m®,
i) FonaFong = Fon =1. (3.8)

Corollary 3.9: For a positive integern,
following equalities hold:

i) det(Q[) =5",

i) T,T, ,-T2, =m?,

i) S.S, ,-S%,=4,

iv) L4, —L%=5. (3.9)

Theorem 3.10: Let n is positive integer. Then the
Binet’s formula of the Generalized Fibonacci-Like

sequence {Tn} is given by

n+l _ pn+l
T=m——2 3.10
o R R (3.10)
1 1-+5
where R1=+—J§ and R2=—J_.
2 2
Proof. Let Qg is matrix in Theorem 3.2,
3m+4/5m 3m—+/5m

M= +T\/_ and A, = T\/_ are the

eigenvalues of matrix Qr, V; Z(Rl 1) and
Vy Z(Rz 1) are eigenvectors that is correspond

to a eigenvalues. Then we find diagonalizable of

matrix Q1 by

3m+ \/gm 0
D=PQP=| 2
3m—+/5m
0
2
where

P=(vi.v;)=| 2 2 =l
1 1
and
3m++/5m 0
. 2
D =diag (A, A, )=
(1 2) 0 3m—J§m
2

i 2m m
Thus Q; =PDP™ = N

Since properties of the Diagonal Matrix, we obtain

2n+1 2n+1 2 2
n le _Rzm n Rln _Rzn
m m

Qn _Panfl_ Rl_RZ RI_RZ
T= = - _
RMCRY L RERE
Rl - Rz R1 - Rz
where n is positive integer. We get
anﬂ_R;nﬁ R12n _Rgn
T, T. R, -R R, -R
n-1 2n 2n-1 | _ an-1 1 2 1 2
m [T T j_m R2" _R2" Rt _R2 |
2n-1 2n-2 m 1 2 1 2
R1 - Rz R1 - Rz
This completes the Proof. |:|

Corollary 3.11: Let m and n are positive integer.
Then the Binet’s formula of the Generalized

Fibonacci-Like sequence {Tn} is given by

n+l _ pn+l
-I—n:msnzm—1 2 y (3]1)
2 R -R,

15

1+5 -
2

where R, = and R, =

N ‘
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Corollary 3.12: Let m and n are positive integer. = (Rf” — Rin )2
Then the Binet’s formula of the Generalized 5<R2” _R™ )2
Fibonacci-Like sequence {Tn} is given by B (R -R )2
n+l _ pn+l ! :
T, :mle:mﬁ, (3.12) =5F,.
Thus, this completes the Proof. |:|
1445 1-5
where R, = and R, =——.
2 2 Theorem 3.15: The generalized two roots of QY are
L,, ++/5F
Lemma 3.13: T,, +T,,_, =mL,,, (3.13) A = m( 2n 2\/_ ?.n) and
where m and N are positive integer.
. (LZn - ‘/EFZn )
Proof. By Binet’s formula (2.5) and (2.7), we have =M. (3.15)
2
Ton + o Where A, and A, are roots of QF. Then
an+l _ Riml an—l _ Rjn—l R2n _ R2n
=m +m L _ R2n RZn d F _ 1 2
R -R, R -R, an =, TR and =
R2M _R2 | R20-1 _ p2n-1 ! 2
=m— ZR Rl 2 Proof. The characteristic equation of Q? .By
Y
R2n | R2n1_ g2 _ g2l Lemma 3.13 and Theorem 3.6, we get
=m—2 : : z n-1: n-1
_ m T, —A m T,
R1 R2 det(Ql}_}\.l): n_lzn T 2n-1
R™(R +R*)-R” (R +R}) M Tong M Ton =2
— m 1 1 1 2 2 2 n_2 22
R -R, =m*" (T2n —k)(Tanz—k)—m i P
2 2 2n—24 2 2n-2
R 2 (T Ty
R -R,

2n-2 2
-m (T2nT2n—2 _T2n—l)
=m(R* +R")

: 2 =222 _ 22, ) —m2 22

=mL,, .
2n — m2n—2k2 _ m2n—lL2nx _ rT.|2n )
Thus, this completes the Proof. |:| o . n.
Thus, the characteristic equation of Q7 is
2 2 _
Lemma 3.14: 13, —4=5F%,, (3.14) A" —mlayph—m" =0,

where m and N are positive integer and we get the generalized characteristic roots as

Proof. By Binet’s formula (2.3) and (2.5), we have following:
L2 -4 _ mLZnimVLZZn_‘"
2n AoAg = .

: 2
=(R2n +R2n) _4
41 22 ) 4 By Lemma 3.14, it can be writing
— n n n n_
=R’ +2R1 RT+RT -4

(L2n + \/gFZn )

=R"+2(RR, )" +R" 4 Mok =m 2 '

= an +2+ R:n -4 Therefore,

= an _2+R:n R2N — Lan +\/§F2n 2n _ Lon _\/gFZn
L= and Rj ===

~R" —2R”R" +R"
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Thus, we give the Binet’s formula by matrix method

Corollary 3.18: The generalized two roots of QQ
for the Fibonacci numbers and Lucas numbers are
. . 2
given in (2.3) and (2.5) by mL,, +\/(«/§mF2n + Zngn) +4m?2
RZn _RZn 7\‘ —
— 1 2 _pP2n 2n 1 2
o =———— and L,, =R +R"" .
R _R 1 2
1 2 and
This completes the Proof. |:| 2
mL,, —\/(\/ngZn +2mR§”) +4m?
Corollary 3.16: The generalized two roots of Q? Ao = 2 ’
are (3.18)
2 here ) I8 f Qf. Th
ML, +\/(\/§T2n_1+2mR§”) +am? where A, and A, are roots of Qg en
}\41 =
2
and

RZH _ RZH
L, = Rf" +R§n and F,, =————

Rl - RZ
2
2n 2 . T
My —\/(@Tzn_l +2mR3" )" +4m Lemma 3.19: lim 2L =R, . (3.19)
}\,2 = > s n—so TZn—Z
(3.16) Proof. By Binet’s formula (2.7), we have
2n 2n
where A, and XA, are roots of Qf. Then lim Tons =lim Ijnl,l Rgnil
) n—om o2 n—o Rl — R2
n_p2n n
_p2n 2n _ 2n
L,, =R +Rand TZH—m—F;l_R: . 1_(;}
=lim =
Corollary 3.17: The generalized two roots of QT o 1 (RZ) 1
are R, \R,) R,
R 2n
2 . .
JBm ) ) liml- Ilm(zj
mL,, +\/[282n1 + 2mR2“j +4m e on(R
7“1 - 1 R 2n 1
2 lim———lim (2) =
and eR, e {R, ) R,
2 R 2n
. . )
mL,, J{Jim Szn—1+2mR§nJ +4m? !I—rﬂal_!@c[&J
Ao = s 2
2 2 . (R, 1
lim——| lim| == | lim—
(3.17) n—o Rl n—ow R1 n—w R2
where A, and X, are roots of Q. Then

=R,.
Zn_RZn

L, = R +R? and S, =2 R1 2 Thus, this completes the proof. |:|
! : R -R
2

1
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Th 3.20: Let 207
corem © determinant of lim i as follows
Ton Tons M=% M Sy,
n T T . . . . ST
n_?T _ T2n72 20-2 | Then the characteristic equations of the Fibonacci-Like
m*Tenz | fona 4 sequence {Sn} is given by
Ton2 )
Q R; -R; -1=0.
determinant of lim ﬁ as follows
n—wom
2n-2 I:2n+1 I:2n
characteristic equations of the Generalized n F E
d Corollary 3.22: Leth—T =| 21 Tendd
Fibonacci-Like sequence {Tn} is given by M Fp Fan 1
Fon_
R?-R, -1=0. (3.20) o
. . Qr
Proof. Since the matrix QY in (3.2), we can write Then the determinant of HITJOmT as follows
2n-1
T2n T2n 1 .. . . .
n characteristic equations of Fibonacci sequence
Qr _ Ton2 Tonz o
mnfszn_z Tons L {Fn } is given by
Ton2 R?-R, -1=0.
and by Lemma 3.19 , thus
T T Theorem 3.23: Let nand k are positive integer.
. lim —20  |jm —20-L )
lim # | T 7 Tong | [Rl Rl]_ Then the following relation between {Sn} and
M T | fim Tt jimg R, 1 .
el PRICEEEL e {Tn } is given by

ButR{ =R; +1, thus

lim— 91 :[Rl +l Rl}

n—oo m"’lTZH R, 1
Therefore
n R,+1 R
det| fim — 2T |1
n—om T2n—2 Rl 1
=R?-R, -1,

and thus Rlz —R; —1=0. This completes the

Proof. |:|

Corollary 3.21: Let

SZn SZn—l
ﬂ = Sz Sn-z . Then the
m"S,, , Sana 1

S2n—2

MSzns2k = ToksaS2n1 + TakSan2-
3.21)
Proof. By relation between Fibonacci-Like

sequence {Sn} and Fibonacci-Like sequence

(M)
SZn+l _ SZn—l
m[ SZn \J - QT [SZnZ\J .

And we multiply with Q$ , we get
k SZI‘H—l _ Nk+1 S2n—1
mQz =0Qz .
S2n SZn—Z
Thus

m £82n+2k+1J — (T2k+282nl + T2k+1SZnZ\J )
SZn+2k T2k+182n—1 +T2kSZn—2

This completes the Proof. |:|
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Corollary 3.24: Let nand k are positive integer. _{ TonTor o —TonaTors —TonTorg +Tona Ty,

Then the following relation between {Fn } and TonaTor2 = Ton2Tora —TanaTora + Ton2Tor

and iv) immediately seen. This completes the

T
Proof. |:|

} is given by

M. k01 = TokeaPontz + Toke2Fonaa -

(3.22) Corollary 3.26: Let n and r are positive integers
Theorem 3.25: Let N and r are positive integers and N > r. Then the following equalities are hold:
and n > r. Then the following equalities are hold: D 2000 = TonSyr + Ton_1Soras
D MTy,0r = Ton Tor + TonaTora, i) 2Ty, =TonSon + TonaSonas
i) MTy =T, + oo, i) 2Tani2 = TonSans2 + TonaSonas

i) MTy00 =Ton Tonss + Tont )
o Zn( S l) V) 2Ton_or = TonSar2 = Ton4Spr4- (3.24)

iv) M Ty o =TonTorp = Tona Tor g

(3.23) Corollary 3.27: Let n and r are positive integers
Proof. Let the Q$ -matrix in (3.2). By and N 2> r. Then the following equalities are hold:
T =QIQ~, we get D Tonsar = TonFaria + TonaFor
mn+r1( Tansor T2n+2r—1] i) Tyn =TonFonia + TonaFon,
Tonsora Tonior2

i) Tanio = TonFonis + TonaFons2s

— -2 TonTor +TonaTora TonTora + TonaTor2 .
V) Tonar = TonFor s = TonaFor (3.25)

TonaTor * Ton2Torn TonaTora + Tona Tz
Thus

m( T2n+2r T2n+2r—1

4. Conclusions
T2n+2r—1 T2n+2r—2j

In this paper, the properties of number are

[ TonTor + Tonia Tora TonTora + TonaTors ] proved by Binet’s formula and matrix

TonaTor + Ton2Tora TonaTora + Ton2Torz representation. We obtain some properties and

Therefore, equalities i), ii), and iii). And we get related some identities for Fibonacci sequence

Q; =m'1(T2f2 ~Tara _ {F.} . Lucas sequence {L, } , Fibonacci-Like
_TZr—l TZr

sequence {Sn} and Generalized Fibonacci-Like
. n-r n —I
Since Q7 ' =Q7Q7 . We have

mnrl( T2n—2r T2n—2r—1]
T2n—2r—l T2n—2r—2

sequence {T, }.

—mT2 [ TonToro = TonaTors —TonTorma + Tonoa Ty
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