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Abstract

In this paper, we obtain the Binet’ s formula for (S,t) -Pell and (S,t) - Pell- Lucas numbers and then
we get some identities for these numbers by using the Binet’ s formula. Moreover, we obtain the generating
functions for (S,t) -Pell and (S,t) - Pell- Lucas sequences and another expression for the general term of the

sequences by using the ordinary generating functions.
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1. Introduction classical Fibonacci {F,} and Lucas {L.}

It is well-known that the Fibonacci and sequences are defined by the recurrence relation:

Lucas numbers are the most famous of the recursive Fo=F.+F_, and L =L, +L,,, with the

sequences that have been studied in the literature initial  conditions F, =0,F, =1L, =21, =1

over several years. They are widely used in a variety respectively. On the other hand, other sequences

of research areas such as Engineering, Architecture, that also important are Pell and Pell- Lucas

Nature and Art. (see: [6-10]). For N>2, the sequences. The Pell and Pell- Lucas sequences are
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defined by R, =0,R =1P, =2P _,+P,_,, for
nz2 and Q,=00Q =20,=2Q,,+Q,.,,
for n>2, respectively. For more detailed
information about Pell and Pell- Lucas sequences
can be found in [4, 6]. Recently, Pell and Pell-Lucas
numbers were generalized and studied by many
authors in the different ways to derive many
identities. For a lot of identities of Pell, Pell-Lucas
numbers and their generalization can be found in [1,
2, 5-7] and the references therein.

In this paper we investigate the
generalization of Pell and Pell- Lucas numbers,
which is called (S,t) -Pell and (S,t) - Pell- Lucas
numbers and then we obtain the Binet’s formula and
some identities for these numbers. Also, we give the
generating functions for the (S,t) -Pell and (S,t) -
Pell- Lucas sequences and another expression for
the general term of the sequences, by using the

ordinary generating functions.

2. (S,t)-Pell and (S,t)-Pell-Lucas
Numbers and some identities

In this section, a new generalization of
Pell and Pell-Lucas numbers are introduced and it’s
Binet’s formula are obtained. After that, by using
the Binet’s formula, we obtain some identities for
these numbers. We begin this section with the

following definition.

Definition 2.1 [2] Let S,t be any real number with

s°+t>0,5>0 and t=0. Then the (s,t) -Pell

©

n=0

sequences {Pn (s, t)} and the (S,t) -Pell-Lucas

sequences {Q, (s, t)}:: , are defined respectively by

P (s,t) =2sP, ,(s,t) +tP, _,(s,t), for n>2, (2.1)
Q,(s,t) =2sQ,,(s,t) +1Q, _,(s,t), for n=>2, (2.2)

with initial conditions P, (s,t) =0, (s,t) =1 and
Q,(s,t) =2, Q,(s,t) = 2s.

The first few terms of {Pn (S,t)}::0 are
0,1,2s,4s? +t, 85> +4st and so on. Also, the
first few terms of {Qn (S,'[)}:):(J are
2,2s,4s? +2t,85% +6st and so on. The terms of
(s,t) - Pell and (S,t) - Pell- Lucas sequences are
called (s,t) - Pell-numbers and (S,t) - Pell- Lucas-
numbers respectively.

Throughout this paper, for convenience
we will use the symbol P, and Q, instead of
P.(s,t) and Q,(s,t) respectively. Also, we
denoted the set of whole numbers by N (i.e.

N, = {O,l, 2,3,...} ).
Particular case of the Definition 2.1 are :
1
« If S= E,t =1 then the classical Fibonacci and

Lucas sequence are obtained.
« If s=1t =1 then the classical Pell and Pell-Lucas

sequence are obtained.
1
o If S= E,t =2 then the classical Jacobsthal and

Jacobsthal-Lucas sequence are obtained.

Next, we give the explicit formula for the
term of order N of (S,t) - Pell and (S,t) - Pell-
Lucas numbers. From the Definition 2.1, we have
that the characteristic equation of (2.1) and (2.2) are

in the form

X% = 2sx +t (2.3)
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and the root of equation (2.3) are & =S +A/s% +t
and f=s—+/s’ +t. We note that cr+ /5 = 25,
a—f=2\s’+t and aff =—t and we get the

following theorem.

Theorem 2.2 (Binet’s formula)
The n" (s,t) -Pell number and the n™ (s,t) -Pell-

Lucas number are given by

aﬂ _ﬂn
p="—Fr 2.4
i 2.4
and
Q,=a"+p" (2.5)

respectively, where a, 8 are the roots of the

characteristic equation (2.3) and o > f3.

Proof. Since the characteristic equation (2.3) has

two distinct roots, the closed form of {Pn} is given

by
P =ca’+c,p",

for some coefficients ¢, and C,. Givingto n the
values N=0 and n=1 then solving this system

of linear equations

1
we obtain ¢, = —— =—C,, and therefore
a-p
an _ n
P = —ﬂ .
a-p

Similarly, the closed form of Q, is given by

n n
Qn = Cla + Czﬂ '
for some coefficients ¢, and C,. By the same

fashion as above, we obtain C; =C, =1, and hence

Q,=a"+p" []

Theorem 2.3 (Catalan’s identity)
Let n,r e Nywith n>r. Then

P.P_ —P*=—(-t)""P? (2.6)

n+r

and

QnJrr(?n—r _Qrf = (_t)n—r (Qrz - 4(_t) r) (27)

Proof. Using the Binet’s formula (2.4), we have

b p PZ ~ an+r _ﬁn+r .an—r _ﬁn—r
n+r' n-r n —
a-p a-p

a-p
_—(ep) (@ -B)
(a-p)?
= _(_t)n_r Pr2 .

Using the Binet’s formula (2.5), we have
QuirQur —Qr = (@™ + ™)™ + )
—(@"+ ")
= (@p)"" ((a" +B) —4(ap)")
=" (QF-4¢n). [
Note that for r =1, equation (2.6) and

(2.7) give Cassini’s identity for the (S,t) -Pell and

(s,t) -Pell-Lucas numbers respectively.

Theorem 2.4 (Cassini’s identity)

Let neN. Then

F)nJrlpn—l - Pn2 = _(_t)ml (2.8)
and
Qn+1Qn—l _Qr? = 4(82 +t)(_t)n_l (29)

Proof. By letting r =1 in Theorem 2.3,

we get the results. O
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Theorem 2.5 (d’Ocagne’s identity)
Let m,ne Njwith m>n.. Then

PP =Pk =(-0)"R._, (2.10)

m’ n+l

and
QQOl - Qm+1Qn
= 2(—t)"$? +t (men —2(s++/s? +t)™ ).(2.11)

Proof. Using the Binet’s formula (2.4), we have

IDm Pn+1 - Pm+1|:>n = o _ﬂm ' aml _ﬂnﬂ
a-p a-p
am+1 _ﬂm+1 an _ﬂn
a-p . a-pf
_ (@) @=B)a"" =)
(a-p)
n am—n _ﬂm—n

A

= (_t)n Pm—n '

Using the Binet’s formula (2.5), we have
Qan+1 _Qm+1Qn
— (am +ﬂm)(an+1 +ﬂn+l)_(am+l +ﬂm+l)(an +ﬁn)

=(@B)" (a@=p)a" " +p"" = 2a™").

Since a = S+\/S2 +t and B = s—+/s%+t,we get
Qan+1 _Qm+1Qn
=2(-t)"Vs? +1(Q,_, —2(s+s* +t)™™") .

Theorem 2.6 Let {P,} and {Q,} be (s,t) -Pell

and (S,t) -Pell-Lucas sequences. Then

. P
lim L =¢ (2.12)
n—+w0 F)ni1
and
lim &:a. (2.13)
N—+ow anl

Proof. By using the Binet’s formula (2.4), we have

1_@”

. P . n_pg" .

lim —— = lim 0{ ’szllm e .

N—>+0 Pni n—+0 op" 1_ﬂn 1 noiw 1 1 ﬂ n
a_,[i'( )

o

n
Since |&|[<1, lim (ﬁj =0 ,and therefore
a n—+oo a
. P
lim —/—=qa.
n—+0 Pn—l

On the other hand, using the Binet’ s formula (2.5)

and using the same way as above, we obtain

Q

n n
. . a" +
lim —/ = lim 1—ﬂ1
n—+o Qn—l n—-+oo an’ +ﬂn’

1+[ﬁ]n
- lim —\%/

na+wl+l(ﬁ)”
a pl\a

3. Generating Functions for (S,t)-Pell

and (S,t)-Pell-Lucas Numbers

In this section, the generating functions
for the (,t) -Pell and (S,t) - Pell- Lucas sequences
are given. First, we shall give the generating
functions for the (S,t) -Pell sequences. We shall
write the (S,t) - Pell sequence as a power series
where each term of the sequence correspond to
coefficients of the series and from that fact, we find
the generating function. Let us consider the (S,t) -
Pell sequences for any positive integer S,t . By
definition of ordinary generating function of some
sequence, considering this sequence, the ordinary

generating function associated is defined by

G(Pn;x):ian”
n=0

=P +PX+PxX* +..+Px"+... (3.0
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From (2.1) and P, =0,P, =1, we have

[Ms

P X" =X +§:(25Pn71 +tP_,)x"
n=2

Il
o

n

=X+25) P X" +t) P X"
n=2 n=2

=X+25x)_ P X"t +tX* Y P, ,x"2.(3.2)

n=2 n=2

Now, consider that k =n—1 and j=n-2, the

equation (3.2) can be written by

ian” = x+23xikak +txzi Px’
n=0

k=1 =0

= x+25xi P x" +D(2§:ijj .

k=0 j=0

Thus,

i PX" = x+25xzm: P X" +txzzx: P x".

n=0 n=0 n=0
Therefore, the ordinary generating function of the
(s,t) -Pell sequence can be written as

= X
G(PX)=Y Px = ——— 33
(%) nzzé X 1-2sx —tx? 53

Applying the ratio test for absolute convergence and
using (2.12), we have
n

P x

n-1
P_X

S lim g, G

n—-+o00 Pn

lim

nN—+o0

. . 1

and so the series converges absolutely if |X| <—
a
Thus it’ s radius of

and diverges if |X|>i .
a

. 1
convergence R is equal to —
a

. Now, by the

similar argument as above, we get that the ordinary
generating function of (S,t) - Pell- Lucas sequence
can be written as

2—2sX

=—, 3.5
1-2sx —tx? 3.5)

6(Q,%) =3 QX"
n=0

. . . 1
and it’s radius of convergence R is equal to —.
a

Finally, we give another expression for the general
term of the (S,t) -Pell sequence using the ordinary

generating function.
Theorem 3.1
: P o 11
Let p(X)=G(P;x) =Y PX", forxe(-=,~).
n=0 a a

~ p™(0)
Y

Then P

n

' (3.6)

where p(”)(x) denotes the N"™ order derivative of

the function p(X).

Proof. Since p(X) = Z P.x", we have
n=0

p'(X) =Y AP x|
n=1

p’(x) = n(n-1)Px"? .

n=2

=3 (-0 -2Px"

n=3

P"(x)

P9 (x) = n(n-1)(n-2)-(n— (K -D)Px"*

=k

—k(k-1)(k-2)--1-P,

+3 n(n-1(n-2)-(n-(k-1)Px"*

n=k+1

=

—KIR+ S n(n=-1)(n-2)(n—(k-1)Px"",

n=k+1

then p® (0) = K!P,. Thus for all n>1, we have

p - PO 0
n!

By using the same approximation as in Theorem

3.1, we obtain the following theorem.
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Theorem 3.2 Let

400 = 6(QiK) = L. o xe (-, 2).

Then

(n)
Q=1 (3.7

n!

where ™ (X) denotes the N'™ order derivative of

the function q(X).
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