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Abstract

In this paper we introduce a new distribution, called proportional exponential difference (PED)

distribution, such that its probability density function is in the form:
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1-2a

Received: February 06, 2016
Revised: June 09, 2016

Accepted: June 09, 2016



Sci. & Tech. RMUTT J. Vol.6 No.1 (2016)

165

where 4 >0uag a €(0,3) U (5,1). We study some properties of PED distribution such as expected

value, variance, moment generating function and its limit at & =0, % and 1.

Keywords: exponential distribution, PED distribution.

1. Introduction

The positive random variable X is called
an exponential distribution with parameter 4 >0,
denoted by X ~eXp(A),and its probability
density function is in the form

f(x;1)=1e", x>0. (1)

Expected value and variance of the

exponential distribution with parameter 4 are
obtained by ; and ?, respectively. In

addition, its moment generating function is

satisfied
A
M(t) =——, t< A,
(t) T

(these proof see in [3,4]).

The exponential distribution is widely
applied for data modeling in several phenomena
such as actuarial science, life time data and waiting
time problems. Therefore, the extension of
exponential distribution is an interested problem
because it maybe not suitable for some models.
Thus, many researchers are interested in the
extension of exponential distribution for describing
the interested models. For example, Gupta and
Kundu [1,2] introduced an extension of the
exponential distribution called the generalized
exponential (GE) distribution and exponentiated
exponential (EE) distribution which is clarified in

term of the probability density function:

) _(x

fee(Ka, A, u)=2%e * (1-e iﬂ))‘”"l, X> i,

and
foe (X, ) =ade™™ (L-e )", x>0,
where @ >0 and 4 >0.

In 2013, Oguntunde, et al.[6] described
the sum of two independent exponentially
distributed random variables, Z = X +Y where
X ~exp(4,) and Y ~exp(A,). The probability

density function is obtained by

f,(2) =&(e“1Z —e ), z>0.
=4
Our goal is to introduce a new

distribution which is constructed by the difference

of exponential function and study its behaviors.

2. Definition and Notation

Firstly, we shall present the motivation
of our research. A new distribution is constructed
by the difference of exponential functions as
following form

h(x)=(1-a)e ™ —ae *,
where A >0and a €(0,1) — {%} . We obtain that

["h()dx =2,

So that

j:L h(x)dx =1.

1-2a

Next, we shall show 7%—h(x) >0 forall x> 0.

Case 1: 0<a<%.Wehave 1—a>%>a and

we get 1—2a > 0. Since the negative exponential
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o ax
[(1—(1)6 o _ge @ j, x>0.

function is decreasing, so we obtain that
& f (X a,A)=

R -2a
€ ¥« >e < .This implies that

= - Th 1Let X ~PED(«, A). Then th
(l-a)e % _ e * >0. Therefore, eorem 1 Le (a, A). Then the

cumulative distribution function (cdf) of X is

%-h(x) > 0.

obtained by
Case 2: %<0{ <1.Wehave 1— <%<a,we

. 1 9 _x g _ix

get 1— 2 < 0. This implies that F (X a, ) zl_m((l_a) e —-ae- )v x20.
(1—a)e“% —ae @ <0. Therefore, Proof. Consider
A
2z () >0. F (X, 1) = JOX fy (X0, A)dx

This leads to the new distribution defined as

- [(Z(-a e’%—ae’%)dx
follows: IO -2 (( )

=2 (-2a)-(1-a) e ™ +a’e @
Definition 1 Let 4 >0and o €(0,1) —{%} 12 (( )= ) )

1-2a

_1__1 N2 242
A positive random variable X is called a =1 ((1 a) e a€ )

proportional exponential difference (PED) So we have done.

distribution with proportional parameter & and

Fig. 1 and Fig. 2 show the pdf and cdf of PED on
scale parameter A, denoted by

various values of parameters.

X ~PED(a, A), if its probability density

function (pdf) satisfies

25 ; ;
a=0.2,1306
a=04,221

- «=0.63=215 |
a=0.81=25

density

Fig. 1 The probability density function of the PED (0.2,0.6) (blue), PED (0.4,1) (green),

PED (0.6,1.5) (red), PED (0.8,2.5) (sky blue).
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Fig. 2 The cumulative distribution function of the PED (0.2,0.6) (blue), PED (0.4,1) (green),
PED (0.6,1.5) (red), PED (0.8,2.5) (sky blue).

3. Some Properties of PED distribution

In this section, we shall study the
expected value, variance, moment generating
function of PED distribution and limit properties

of proportional parameter.

3.1 Moment generating function
Theorem 2 Let X ~PED(c,A). Then the
corresponding moment generating function of X is

obtained by

(-a)’ o?
M (t) l ( A-(-a)t M)’

for all t<m|n{ i}.

l-a’'a

Proof. The result of Theorem 2 is derived as

follows:

12,1.'. A-a)e™ dx_“aj e 0 gy
(IlmJ' @1- a)e
i im{-2 ) (e ) )

bl Hlim( - B
= o (e ).

This completes the proof.

Py — Ilmj ae )xdx)

Theorem 3 Let X ~ PED(ex, A). Then,

M)((n)(»[):M(M(Ht)“*2 __a"? ), @)

1-2a\ (A-(1-a)t)™  (A-at)™
forall t < m|n{m,;}
Proof. We will prove Theorem 3 by mathematical

induction.

Consider N=1
(1—05)3 _ o
M) (1) =1 Za( A-(-a)t)? (lfat)z)'

Obviously, equation (2) holds for n =1.

Now assume that equation (2) is true for

Nn=Kk >1.Then,

M () =SMP (1)

(1-
::I.Elzla((n—i_l) (A- (1a) n+2 _(n+1

_ (n+)1a )™ g3
1-2¢ (ﬂr(lfa)t)"*z (ﬂrat)"*z

which proves equation (2) for N=K +1 and

concludes the proof.

Corollary 4 If X ~ PED(a, A) and
Y ~exp(A4) then

)

My (1) = 52 (- a)* M, ((-a)t) - &’ M, (a1)),

and
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M () =2 (A-2)’ MP (- o)) - a* M\ (at) ),

forall t < min{ﬁ,i}.

a

3.2 Expected value and Variance

Theorem 5 The expected value of random variable
X ~PED(e, A) is
_ a1
E[X] = T+ >0.
Proof. Since E[X]= M}, (0), we have
A (1- 0‘) a*
E[X] =% (S - =)

1 [ -2a)(a?-a+l)
T 1-2a 12

— -atl

1 1\2 3

= 7((“ _E) +Z) > 0
Theorem 6 The variance of random variable

X ~PED(e, 4) is
Var(X) =

20°-50* +5a2—4a+1
(1-2a) 22

Proof. From E[X*]=MY (0), we have
21 _ ouf_ ot g
E[X ] - 1—29‘((/1—(1—0:)03 (ﬁ.—at)g)

2(-4a° +6a% —4a+1)

(1-2a) 22
Thus
var(X) = E[X*]-(E[X])*
_ 2(-4a’+6a’-4a+l)  (dP-a+l)’
- (1-2a) 22 22

20° 50" +50% —4a+1
(1-2a) A%

3.3 Limit properties of proportional
parameter
From the definition of PED distribution
as mentioned in section 2, we found that the set of
proportional parameter ¢ is quite strange because
the points ¢« =0, >and 1 are not defined for our

distribution. However, we can treat these points as

removable point of continuity of function.

Theorem 7 Let X ~ PED(cx, A). Then

lim £, (@, 4) = lim f, (@, 4) = Ae,
for all X >0.
Proof. Since € ¢ —0as o — 0", this leads to
the following:

I|m fy (X a,A) = I|m
h = le‘“.
Similarly, since gt —>0as a—>1,

lim £, (e, 2) = lim £ ((1 a)ete - ae‘%)=
a—-1"

Theorem 8 Let A >0and f be a probability
density function as mentioned in Section 2. For

each x=0. Then

lim f (2, 2) = 1(24e*"

a—%

+41%xe M )

Proof. Let x =0 be given.
. _ax _ax
Since |Im((1— a)e T —qe ) =0and
a—1

I|m1 2a =0, by using the L'Hospital's Rule

a—}
( L )
a

_ax

{(1 a) _—AX e 1 o _gp l-a

(see [5]), we obtain that

(1- a)e =
1- 2(1

I|m f(xa, /‘L)_Ilmxl

=limA - ’2

a—>2

nZ

-2

_Ax
’—)e @ —e

1 ( (~2Ax-1-2Ax-1)e 2™ )

-2

2+47x)e 72
A=)

=1(22e + 42 xe ™).

This completes the proof.

((1 a)e e

]%
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From Theorem 7 and 8, we extend the set of

proportional parameter of PED distribution from

0,1 - {%} to [0,1] as following form

Ae ™ ifa=0or a=1,

‘ w wy ifO0<a<i

f(xa,A)= ﬁ((l_a)e il a) or l<a<l
L ,

H22e ™ +ar2xe™)  ifa=1,

forall X>0and A>0.

4. Conclusion

We propose a new distribution which is
more complex distribution than exponential
distribution because PED(a,A) is closed to
exponential distribution as mentioned in Theorem
7 when parameter ¢ approaches 0 or 1. Thus PED
distribution is a generalized exponential
distribution. Moreover, we found that the limit of
PED(, A) has the probability density function
in the term of average of exponential and gamma
distributions as shown in Theorem 8. Finally, we
expect that the PED distribution shall be attracted

to modeling and some analysis in actuarial science,

finance and related fields for statistical inferences.
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