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Abstract

In this paper, we consider the generalized Fibonacci sequence which is (p,q)- Fibonacci sequence.
We used the Binet’s formula to show some properties of (p,q)- Fibonacci number. We get some generalized

identities of (p,q)- Fibonacci number.
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1. Introduction

Fibonacci numbers cover a wide range of
interest in modern mathematics as they appear in
the comprehensive works of Koshy [4] and Vajda
[5]. The Fibonacci numbers F, are the terms of the
sequence where each term is the sum of the two
previous terms beginning with the initial values

F,=0, F=1and F

n+l

=F +F , for n>1.

Falcon and Plaza [1] introduced the
k - Fibonacci sequence{Fk,n} which is defined as
Fo=0 FR,=1 and K, =kR, +F,, for nx1
k>1. If k=1, we get the classical Fibonacci
sequence {0,1,1,2,35813,...}. If k=2, we get the

Pell sequence {0,1,1,2,5,12,29,70,...} .

The well-known Binet’s formulas for

k- Fibonacci numbers, see [1], are given by

- _k+k?+4

Fen =% where r and
nL—r, 2
— % 2 . .
r,= % are roots of the characteristic

equation r’—kr—1=0.

In 2007, Falco and Plaza [2] studied the
k - Fibonacci sequence and the Pascal 2 - triangle.
Next, they considered the 3- dimensional k-
Fibonacci spiral in [3]. In this paper, we find some

properties of the (p,q)— Fibonacci numbers.

2. The (p,q)- Fibonacci Number

The (p,q)- Fibonacci sequence {F } is

p.a,n

0=0F =1 and

pal =

defined as F,

Il

Fp,q,n = pr‘q‘nfl +qF

p.g,n-2

for p>1, g>1and n>2.

The Binet’s formulas for (p,q)-

-,

Fibonacci numbers are given by F, =

1=

/2 _ %2
where 'Fw and rzzw are

roots of the characteristic equation r?—pr—q=0.

We note that

rlfrzzafp2+4q.

IL+1,=p, rr,=—q and

3. Main Results

Theorem 3.1. Let p, g and n be positive integers.
Then

FranaFoans —Fran =(-1)" g™

p.a.n+L’ p,g,n-1 p.a.n

Proof. Let p, g and n be positive integers.

We have

2
Fp,qmle,q,n—l - Fp,q,n

n+l n+l n-1 n-1 n n 2
— n-n n-n _ h-n
h-n h-n h-rn
n-1 n+l,.n-1

2n 2n n+l 2n n.n 2n
(B0 =yt =gty (0 - 200 )

(n-r,) o (n)

B U At i R A
2
(rl - rz)
nr (1 —2nr, +17)
(h-r, )2
(D' (n-n)’

(r-r)

=(1"a"™

m}

Remark 3.2. From Theorem 3.1, if p=1 and gq=1
then the Cassini’s identity is obtained, i.e.,
Fanafans =R =(1 It s

similarly as

Fn+1Fn—1 - I:n2 = (71)” .
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Theorem 3.3. Let p, g and n be positive integers Remark 3.5. From Theorem 3.4, if p=1 and gq=1

and n>2. Then then the shifting property is obtained, i.e.,
FoanoFoana ~FoanaFogn =(-1) " pa™2 Famen = FanFisns +FamaFisn:

Proof. Let p, g and n be positive integers and n>2. It is similarly as F,,, =F,F ,+F,,F,.

We have Theorem 3.6. Let p, g, m and n be positive

Foan2Foan —FoaniFoan integers. If m>n, then

I,n—2 _ rn—z I,n+1 _ I.n+1 rn—l _ rn—l I.n _ rn 2 _ m-n _m-ne2
=[ i 2 i 2 |_h 2 1 —h oam 7Fp.q.m—an.q.m+n —(71) q Fp‘q‘n.
h-n h-n h-rn h-rn

- (r12n—1+r22n—1 _rlnfzrgwl _rlrwlr;—z) (r12n4 +|,22n4 —Iffz‘{ _Ifaln )

B > Proof. Let p,g, m and n be positive integers.
2 2
(r17r2) (r17r2)
A Al 7 e Al A Suppose that m>n, we have
2
(n-r)
F2om—FomaF
-2 .n-2 3 3 2 2 p.g.m p.g.m-n’ p,g,m+n
rln rzn (—1)(!’1 +hL 0L -0 )

2 m m 2 m-n m-n m+n m-+n
(rl_rz) R -n _ no-n h-n
[t P* [t P* [l P
= (_1)"71qn72 (rl + rz)

2m m.m 2m 2m 2m m-+n m-n m-n m-+n
(Bm =2 +5") (T -y - )

=(-)"*pq"2. (n— 2)2 (rl—rz)2
O _rlm—n I,zm—n (r12n _ 2[.1n rzn + r22n )
i (n-r.)
Theorem 3.4. Let p,g, mand n be positive v
n n n 2
integers. Then _ D™"q™" (17 -17)

(rl_rZ)z

Fp,q,m+n =F Fp,q,n+1 + qu R

p.am .q.m-1"pg,n* )
— (_1)™-nym-n
=(=D""a" "R g0
Proof. Let p, g are nbe positive integers. We have O
FamPoana TR amaFoqn Remark 3.7. From Theorem 3.6, if p=1 and q=1
[rl’“ - j[ - r;*lj ( )[ g j[ oo j then the Catalan’s identity is obtained, i.e.,
=2 L2 |4(-rr,
h—r h—r h—n h—r
F121 —FimaFia :(71 " Fi1 :
(r1m+n+1 L _pedpm rlmrzml) (7r1m+n - e rlmrzml) Lm Am-n-1lmen ) LN
= 2 + 2
n—r n—r . P -
: (5 ) ) ) (6-r) It is similarly as F2—F,_F,,. =(-1)""F.
N r1m+r|+ + rzrn+r\+ _ rlm+n r2 + rzl‘ﬂ+ rl
2
(n-r) Theorem 3.8. Let p, g, m, n and k be positive
m+n m+n .
AN Ul A Uy integers. Then
2
(n-r,)
m
[ pmen FoamnFoamk = FoqmFoamn = (_q) Foanfoak:
—1 1
(rl - rz) .. .
Proof. Let p, q, m, n and k be positive integers.
= Fp‘q‘m+n N

We have
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Fp‘q‘mm Fp‘q‘m+k - Fp,q,me,q,m+n+k SO,
n
. ¢
r1m+n _ r2rn+n r.1m+k _ rzm+k rlm _ rzm r1m+n+k _ r2m+n+k ||m p.g.n — llm ln .

= - n—wo o 0 1 r 1

L= [t P L= [t P* pan —_| 2 =

n n I
0 (=0 = )
- (n-r) Since |2/ <1, we obtain that
1

n

h

,,—2"))

(-a)" (7r2" (=) +n(

(_q)m (rlk - rlk )Z(I’ln - rzn)

O

Remark 3.9. From Theorem 3.8, if p=1 and q=1

then the Vajda’s identity is obtained, i.e.,

E

m
11,m+n Fl,l,m+k - Fl,l,mFl,l,m+n+k = (71) F1,1,nF1.1,k'

It is similarly as F,,F FoF ik =(—1)rn F.FR.

mik ~ 'm'm

Theorem 3.10.
lim Foan. =
o ':Pv‘?lv"*1
and
lim ars 1

Proof. We have

A
. nL—r
lim 2% = lim —1—2 .
n—w noo ML _pnt
p.g,n-1 2
h—r,
Then
n n
lim -8 — Jim 1.2
n-1 n-1°
n—® Fp,q.nfl o [ — 1,

In addition, we have

fim pant _ 1

" Fan N
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