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Abstract

In this paper, we present generalized identities involving common factors of k-generalized

Fibonacci, k-Jacobsthal and k-Jacobsthal-Lucas numbers and related identities. Binet’s formula will employ

to obtain the identities.
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1. Introduction

It is well-known that the Fibonacci
sequence is the most prominent example of
recurrence sequences of positive integers. It has
been studied by many researchers for a long time to

get intrinsic theory and applications of this
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numbers in many research areas as Physics,
Engineering, Architecture, Nature and Art.

On the other hand, other recurrence
sequences of positive integers that also important

are the sequences of Jacobthal and Jacobthal-
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Lucas. These sequences have been studied and
some its basic properties are known; (see [3-4]).

There are a lot of identities of Fibonacci,
Lucas, Jacobthal and Jacobthal-Lucas numbers
have been presented in the literatures; (see [6-7, 9-
11]).

More recently, Fibonacci, Lucas, Jacobsthal
and Jacobsthal-Lucas sequences were generalized
for any positive real number k. Also the study of
the k-Fibonacci sequences, the k-Jacobsthal
sequences and the k-Jacobsthal-Lucas sequences
appeared (see [1-2, 5, 7]).

Motivated by the research going on in

this direction, in this paper, we present generalized
identities involving common factors of k-

generalized Fibonacci, k-Jacobsthal and A-
Jacobsthal-Lucas numbers and Binet’s formula will

employ to obtain the identities.

2. Preliminaries

In this section, we will introduce some
known results and notations that will be used in our
main results.

Throughout this paper, let k£ be any positive
real number.
The k-generalized Fibonacci sequence [8] is
defined by

U, =ku, ,+20, ,,forn=2 (2.1)
with U, , =2, U, , =0.
The first few terms of {U, }., are
2,0,4,4k,4k* +8 and so on. Terms of this

sequence are called k-generalized Fibonacci

numbers.

Ifk =1, then the classical generalized
Fibonacci sequence is obtained. U; =2, U, =0
and

u,=U,,+2U, , ,forn>2.

{U.}..0 ={2,0,4,4,12,20,...}.

Binet’s formula for the n® k-generalized Fibonacci

numbers is defined by

U, =4+—2—, 2.2)
L-n

where I, I, are the roots of the characteristic

equation

Ck+k?+8

X*=kx+2and I, >1,; [ =——o-—

2
k—k?>+8

r,= — which gives

nL+r, =K, r1r2=—2,r1—r2=\/m (2.3)
The K -Jacobsthal sequence [5], is defined by
Jyn =k 1 +23  ,,forn=2 (2.4)
with J, ;=0,J,, =1.
The first few terms of {J,  },., are
0,1k, k*+2,k*+4k and so on. Terms of this
sequence are called K -Jacobsthal numbers.
Ifk =1, then the classical Jacobsthal
sequence is obtained.
Jo=0,J,=1and J, =3, ,+2J, , for n=2
{J.}..0 ={0,1,1,3511,..}
Binet’s formula for the nN™ k-Jacobsthal numbers is

defined by

(2.5)

where [, I, are the roots of the characteristic

equation as in (2.3).

The k-Jacobsthal-Lucas sequence [1], is defined by
Jen =Kina +2Jino.forn=2 (2.6)

with j o =2, j, =K.
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The first few terms of {jk,n}nzo are
2,k,k?+4,k*+6k and so on. Terms of this
sequence are called k-Jacobsthal-Lucas numbers.
Ifk =1, then the classical Jacobsthal-
Lucas sequence is obtained.
Jjo=2, jy=1and j, =j,,+2]j,, forn=2
{i.}..o ={215717,.}.
Binet’s formula for the n™ k-Jacobsthal-Lucas
numbers is defined by
Jin=0"+0" (2.7)
where I, I, are the roots of the characteristic

equation as in (2.3).

3. Main Results

In this section we present generalized
identities involving common factors of k-
generalized Fibonacci, k-Jacobsthal and 4-
Jacobsthal-Lucas numbers. We shall use the
Binet’s formula for the k-generalized Fibonacci, .-
Jacobsthal and k-Jacobsthal-Lucas numbers for

derivation.

Theorem 3.1
H n
Uk,2n+p]k,2n :Uk,4n+p +4 Uk,pv G.D
where N>0and p=0.
Proof:

2n+p-1 _ p2n+p-1
r1 r2

(I,.lZn + r2Zn)
n-rn

4n+p-1 4n+p-1 p-1 p-1
¢ - T —r
=4(—1 2 ]+4(r1r2)2n [—1 2 J

- 1~ h

_ 4[ rl4n-¢-p—1 _ r2An-v-p—]. j . (_2)2n4[ rlp—l _ rzp—lj

L-n h-n

Uk,2n+p jk,zn =4

= Uk,4n+p + (_Z)Znuk,p
=U +4"U, .

k,4n+p

Corollary 3.2
Uk,2n+p jk,2n = 4(‘]k,4n+p—1 + 4“ ‘]k,pfl)v (3~2)

where N 20and p=>1.

Theorem 3.3
Uk,2n+p jk,2n+1 = Uk,4n+p+1 - 22n+1Uk,p—1’ . B3
where N> 0and p>1.

Proof.

2n+p-1 _ .2n+p-1
h 7

- _ 2n+1 2n+1
Uk,2n+p Jk,2n+1 - 4 (rl + r2 )

n-n

4n+p 4n+p p-2 p-2
P —r P2 —r

=4 A ——2 |4 A(rr) A
h-nrn h-n

4n+p 4n+p p-2 p-2
_ {ﬁj N (_Z)ML{QJ
h-r h-r

— U + (_2)2n+lU pt

k,4n+p+1
2n+1,
= Uk,4n+p+l -2 Uk,p—l'
Corollary 3.4

Uk,2n+p jk,2n+1 = 4(‘]k,4n+p - 22n+1‘]k,p72)1 (3-4)

where N> 0and p > 2.

Theorem 3.5
H 2n-1
Uk,Zn Jk,2n+p :Uk,4n+p +2 Uk,p+2’ (3'5)

where N>0and p=0.

Proof:
2n-1 2n-1
. I —I
_ 1 2 2n+p 2n+p
Uk,Zan,2n+p =4 (rl +n )
-
4n+p-1 4n+p-1 p+l p+l
r - r’t—r
_ 1 2 2n-1 1 2
A 2257
1772 1N

4 -1 4 -1 1 1
=4(r1 n+p _rz n+p ]_(_Z)Zn—l4[r1p+ _r2P+ j

h—-n 17 2

=U k.4n+p (_2)2n—1U
=U, 4n.p +2°'U

k,p+2

k,4n+p k,p+2*

Corollary 3.6

Uk,2n jk,2n+p = 4(‘]k,4n+p—1 +22n71‘]k,p+1)1 (36)

where N>0and p=0.



80

Sci. & Tech. RMUTT J. Vol.5 No.1 (2015)

Theorem 3.7

U =U ~4'U, ., G

k,2n+1Jk,2n+p k,4n+p+1

where N>0and p=0.

Proof:
2n 2n
h-n
n-n

4n+p 4n+p p_ p
g2 —4(rr,)™" "2
h-nn G_B

r4n+p r 4n+p r p
h-n G_E

H _ 2n+p 2n+p
Uk,2n+ljk,2n+p - (rl +n )

= Uk,4n+p+1 - (_Z)ZnUk,;m
= Uk,4n+p+l _4nUk,p+l'
Corollary 3.8

Uk,2n+ljk,2n+p :4(Jk,4n+p 4n ) (3 8)

where N >0and p=>0.
Theorem 3.9

Uk,2n+pjk,n :Uk,3n+p +(_2)nuk,n+p' (39)

where N =0and p=0.

Proof.
r.2nJr p-1_ r 2n+p-1
1 — 1 2 n n
Uk,2n+p Jk,n - (rl + I’2 )
n-rn
3n+p-1 3n+p-1 n+p-1 n+p-1
I - I -
—4t +4<r1r2)“(—1 2 }
17 2 h-rn
3n+p-1 3n+p-1 n+p-1 n+p-1
T, - T, -
=41 T2 L A-D) [%j
17 2 h-n
k ,3n+p + ( 2) U
Corollary 3.10

Uk,2n+p jk,n = 4(‘]k,3n+p—1 + (_Z)n ‘Jk,n+p—1)’ (3'10)

where N> 0and p=>1.

Theorem 3.11

~(-2™'u (3.11)

Uk,n Jk,2n+p k3n+p k.n+p+2?

where N>0and p=0.

Proof-
et
1 _ 1 2 2n+p 2n+p
Uk,an,2n+p _4 (rl +r2 )
n-nrn
3n+p-1 3n+p-1 n+p+1 n+p+1
I = N
=41 _4(rr2)”l¥
n-n 1~
3n+p-1 3n+p-1 n 1 n 1
:4r1 +p _rz +p _(_Z)n—14(r + P+ _rz +p+)
nL-r, nL-r,
n-1
k3n+p ( 2) Uk N+p+2°
Corollary 3.12

: -1
Uk,n Jk,2n+p = 4(‘]k,3n+p—1 _(_2)n ‘]k,n+p+1)’ (3.12)
where N>0and p=0.
Theorem 3.13

4jk,4n+p—1 _4n+l jk,p_1 = (r1 - r2)2 Jk,ZnUk,2n+p1 (3.13)

where N>0and p>1.

Proof:
2
(rl - rz) Jk,ZnUk,2n+p
2n 2n 2n+p-1 2n+p-1
- I -
()| | a——2
1~ h h-rn

_ 4(rl4n+p—1 + r24n+p—1 _ (rlrz)Zn(rlp—l +1, p—l))

— 4(r14n+p—1 + r24nJr p-1_ (_2)2n (rlp—l + r2 p—l))
= 4(jk,4n+ p-1 —4° jk,p—l)

Y n+l ;
- 4Jk,4n+p—1 -4 Jk,p—l'

Theorem 3.14

(3.14)

H 2n+l ; 2
4Jk,4n+p—1+2 Jk,p+1:(r1_r2) ‘]k,2n+p k,2n?

where N20and p>1.
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Proof:

2
(rl - rz) ‘]k,2n+pUk,2n

2n+p 2n+p 2n-1 2n-1
P —r K —r
2 1 2 1 2
= (rl - rz) 4
n-rn n-r

_ 4(rl4n+ Ly rz4n+p—l _ (rlrz)Zn—l(rlerl +, p+1))
— 4(rl4n+ p-1 + rz4n+p—1 _ (_Z)Zn—l(r.lpﬂ + rz p+l))

= 4(jk,4n+p—1 + 22n_1 jk,p+1)

Y 2n+l
_4Jk,4n+p—l+2 Jk,p+1'

Theorem 3.15

4jk,4n+p—1 _4n+1 jk,p—l = (rl - r-Z)Z‘Jk,n jk,nUk,2n+p' (315)
where N>0and p>1.

Proof:

(ri - rZ)Z‘Jk,n jk,nUk,2n+p

r.n_r.n r2n+p—l_r.2n+p—l
:(rl_rz)z( : 2 j(r1n+rzn)[4 : —

n-n

=4(r" - rzz”)l(rf”z*p’l -5
=45 () (7 4 )
_ 4(r14n+ Pl I,.24n+p—1 _ (_Z)Zn (rlp—l +, p—l))
= 4( jk,4n+p—1 -4 jk,p—l)

A n+l
_4Jk,4n+p—l_4 Jk,p—l'

For different values of p Theorem 3.1 to
Theorem 3.14 can be expressed for even and odd
k -generalized Fibonacci, K -Jacobsthal and K -

Jacobsthal-Lucas numbers.

4. Conclusion

In this paper, by using the Binet’s
formula we obtained some generalized identities
involving common factors of K -generalized
Fibonacci, K -Jacobsthal and K -Jacobsthal-Lucas
numbers. The results presented in this paper extend

some previous results in the literature.
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